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”Don’t wish it was easier, wish you were better”
Jim Rohn
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Preface
General Relativity is, in its own right, a very elegant and mathematically well established
Theory of Gravity. Even though it has passed many tests, it has some serious drawbacks
and therefore cannot be regarded as the fundamental Theory to describe Gravitation. As
it is well known the basic drawbacks of GR are, the inability to explain the late time
Cosmological acceleration, the dark matter problem, the early Universe description and the
fact that it is not renormalizable. Along with the aforementioned problems, there is also
the need for the Grand Unification, that certainly demands that GR should be modified,
at least in the microscopic world. Therefore, the past few years, there was a tremendous
interest in Modified Gravity. In general, there are many ways to modify General Relativity.
To name a few, one can consider extra fields (scalar, vector,... etc), extend the spacetime
dimensions (n > 4), generalize the geometry to include torsion and so on (see for instance
[1] for a more extensive discussion). Among the many approaches to modify gravity, in this
Thesis we will consider modifications that arise due to the generalization of the spacetime
geometry. In particular, we will study what is broadly known as Metric-Affine Theories of
Gravity(MAG).
The main feature of MAGs is that the underlying geometry is no longer Riemannian
and possesses both torsion and non-metricity. In this generalized non-Riemannian geometry
vectors rotate (torsion) and undergo a length change (non-metricity) when transported on
the manifold (see detailed discussion in 1st Chapter). The geometry on the manifold can
be fully described once a metric gµν and an independent affine connection Γ
λ
µν are given.
In this framework {M, g,Γ}, the metric and the connection are not a priori related and
a relation among them may be found only after solving the field equations. This general
procedure for solving for the affine connection for generic actions is also presented in this
Thesis. The main advantage of MAG that distinguishes it from the rest of Modified Gravity
Theories is that the modifications in this case are naturally produced by the generalization
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of the geometry and have a well established geometrical meaning. The new degrees of
freedom that come from torsion and non-metricity are beautifully encoded in the affine
connection. In addition, in the general Metric-Affine formalism, the connection couples
with the matter fields and the inclusion of particle’s spin is easily formulated into the
Theory. This is what happens for instance in the so-called Einstein-Cartan Theory where
the space apart from curvature, also possesses torsion (but zero non-metricity). There
also exists the Weyl space which is torsionless but with curvature and a specific part of
non-metricity. Therefore we see that many theories can be obtained as special cases of the
general MAG. Another great advantage of Metric-Affine Gravity is that, when written in
the language of differential forms, it can be seen as a gauge theory of gravity. Furthermore,
Metric-Affine Gravity is an excellent tool that allows microscopic properties of matter to act
as sources for the gravitational field since it takes into account the intrinsic characteristics
of particles such as spin , dilation current, hypercharge etc.(as mentioned above). For more
information on the advantages and motivation for MAG see [2].
Even though the extensive study of MAG has started a few decades ago there are many
things that need to be addressed. To name a few, what is the role of projective invariance
and its relevance to physics(if there is any) and how can we break it?. In addition, since
both torsion and non-metricity can be determined once a connection is given, how can
one solve for the affine connection for general theories? Can we classify Theories with
dynamical/non-dynamical connections? Under which circumstances a connection becomes
dynamical? How does the presence of torsion and non-metricity affects the Raychaudhuri
equation and which are the most general modified Friedmann equations with torsion and
non-metricity? Can we formulate actions that are conformally and/or projective invariant?
The above questions are some of the many that are addressed in this thesis. To be more
specific let us sketch the most important novel features about MAG that are presented in
this thesis
• A very detailed and extensive introduction into the generalized geometry is presented.
The geometrical role of torsion and non-metricity is discussed in depth and many
illustrative examples (most of which were absent from the literature) are given.
• A new way to break the projective invariance in Metric-Affine f(R) theories of gravity
is proposed, that treats the torsion and non-metricity vectors on equal footing.
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• The general proof on how to solve for the affine connection in MAG is presented (for
the first time in the literature) and the results are collected in 3 subsequent Theorems.
• The classification of a broad class of Theories that yield Einstein’s Gravity in vacuum
is presented and proved.
• A method to excite torsion by coupling surface terms with scalar is extended to
include also non-metricity.
• The Kinematics of of torsion and non-metricity in FRW Universes is presented. The
most general expression for non-metricity1 in such spaces is derived along with the
modified Friedmann equations with non-metricity.
• The peculiar Metric-Affine f(R) ∝ R2 is extensively studied and the duality between
torsion and non-metricity is derived for such Theories. The key point that allows to
map vectorial torsion to Weyl non-metricity is found and a proof of the map is given.
The cosmological solutions are also found for this peculiar case.
• The most general form of the Raychaudhuri equation is derived (for the first time
in the literature) for spaces of arbitrary dimension that have both torsion and non-
metricity. The result is applied to Cosmology and Cosmological solution in the pres-
ence of torsion and non-metricity are found respectively. For completeness we also
derive the vorticity evolution equation.
• Scale Transformations in Metric-Affine Geometry are considered and scale invariant
Theories are constructed with respect to the three possible scale transformations in
the Metric-Affine Geometry. The identities that come along with the Invariances are
obtained and the parameter space, of Theories that respect each transformation, is
found.
Of course, the above list is but a very small contribution to the fruitful field called
Metric-Affine Gravity and many other questions need to be answered. We will touch upon
future projects and possible extensions of this study in the last chapter.
1For torsion the results were, for long time, known in the literature.
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0.1 Publications/Collaborations
The content of this PhD Thesis is mainly based (but not restricted to) on the following
publications (newest first)
1. ”Exactly Solvable Connections in Metric-Affine Gravity” [3]
2. ”Scale Transformations in Metric-Affine Geometry” [4]
3. ”Torsion/non-metricity Duality in f (R) Gravity” [5]
4. ”Friedmann-like Universes with Torsion” [6]
5. ”Raychaudhuri Equation in Spacetimes with Torsion and Non-metricity”[7]
6. ”Self tuning scalar tensor black holes” [1]
where (most of) the publications were done in a collaboration with the respective Professors
and Colleagues (see References and also Acknowledgments for more details).
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0.2 Conventions/Notations
Conventions/Notations
δνµ Kronecker’s delta
εµνρσ Totally antisymmetric Levi-Civita symbol
µνρσ =
√−gεµνρσ Levi-Civita tensor
δµ1µ2...µkν1ν2...νk Generalized Kronecker delta
gµν = gµν(x
α) Metric tensor of general spacetimes
g = det(gµν) Determinant of the metric tensor
Tr(Aµν) = g
µνAµν Generalization of the trace of a matrix Aµν in curved spacetimes
ηµν = diag(−1, 1, 1, 1) Minkowski metric tensor
Γα µν Linear Affine Connection
Γ˜α µν Levi-Civita connection (or Christoffel symbols)
∇µ Covariant derivative with respect to the Affine Connection
Rµ νρσ Riemann (or curvature) tensor
S λµν ≡ Γλ [µν] Torsion tensor
Qαµν ≡ −∇αgµν Non-metricity tensor
Ψ Collectively denotes matter fields
L Lagrangian density
Tµν ≡ − 2√−g δSM [g,Γ,Ψ]δgµν Energy-momentum (or stress-energy) tensor
∆ µνλ ≡ − 2√−g δSM [g,Γ,Ψ]δΓλ µν Hyper-momentum Tensor
a(t) Scale factor
H(t) ≡ a˙
a
Hubble parameter
p(t) Pressure of a perfect fluid
ρ(t) Density of a perfect fluid
ψ, φ Scalar fields
κ = 8piG Gravitational constant
G Newton’s Gravitational constant
m2pl = κ
−1 Squared Plank mass
A list of some of the conventions/notations that are used throughout the thesis is given
above. We try to be as standard and self-consistent as possible with the conventions and
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there is an indication whenever a different notation is used.
We furthermore adopt natural units, that is, c = 1 = ~. Notice also, that we have
chosen the convention ηµν = diag(−1, 1, 1, 1) for the Minkowski metric tensor as this is the
most common choice made in GR textbooks. As a result, for the Robertson-Walker metric
we have2
ds2 = −N2(t)dt2 + a2(t)
(
dr2
1−Kr2 + r
2(dθ2 + sin2 θdφ2)
)
(1)
We denote the symmetric and antisymmetric parts of a tensor with round and square brack-
ets respectively. For instance, given a rank-2 tensor Tµν , its symmetric part is expressed
as
T(µν) =
1
2
(Tµν + Tνµ) (2)
while the antisymmetric reads
T[µν] =
1
2
(Tµν − Tνµ) (3)
As a final remark, we use the standard notation for the indices. Namely, the Greek
indices µ, ν, ρ, ... etc. run from 0 to 3 (or from 0 to n − 1 for general dimensions) while
Latin indices run over the spatial part of spacetime, that is i, j, k, ... = 1, 2, 3. Tangent
space indices will be denoted by the first letters of the Latin alphabet, namely a, b, c, ... and
will run from 0 to (n-1).
2One usually adopts the gauge N(t) = 1.
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Introduction
Geometrical modifications of Gravity by generalizing the affine connection have a long
history and date back to the works of Weyl [8] and Cartan [9]. In Weyl’s theory the
connection was symmetric but not metric compatible while Cartan’s was a metric one
but with an antisymmetric part (torsion). A general space that has an affine connection
that is neither metric compatible nor symmetric constitutes what is broadly known as
non-Riemannian Geometry. The underlying Gravity theory in such a geometry is called
Metric-Affine Gravity[2]. In the Metric-Affine formulation, the metric tensor gµν and the
affine connection Γλ µν are treated as independent variables and a relation among them may
be found only after using the field equations. In the general formulation, both the gravity
and matter sectors can depend on the affine connection. The additional contributions in the
Metric-Affine theories come from torsion and non-metricity. Torsion is the antisymmetric
part of the connection and the non-metricity measures the failure of the connection to be
metric compatible (see definitions in next chapter). Both of these features can be computed
once an affine connection Γλ µν is given
3.
Metric-Affine Theories of Gravitation are particularly interesting for studying modifi-
cations of Gravity (beyond General Relativity) because the modifications, in this case, are
introduced naturally by extending the geometry to be non-Riemannian. In view of this,
along with the need to modify General Relativity, the latter have attracted some attention
during the past few years [10, 11, 12, 13, 14, 15], especially when it comes to Palatini f(R)
Gravity [11, 12]. The Palatini approach is based on the assumption that the matter part of
the action does not depend on the connection. With such a simplifying assumption, it can
be shown (see for instance [16]) that the connection in Palatini f(R) lacks dynamics and
can be expressed in terms of the metric, its derivatives and the matter fields. The situation
3To be more specific, this is true only for torsion. In order to compute the non-metricity tensor one
also needs to have a metric (along with the affine connection).
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changes radically when one allows matter to couple to the connection. In this case (Metric-
Affine f(R)) the connection becomes dynamical in general [10]. Staying in the realm of
Palatini Gravity it was shown in [17] (and also in [14]) that for Ricci squared families of the
type f(R,R(µν)R
(µν)) the affine connection can still be algebraically eliminated and carries
no dynamics. The way to solve for the affine connection was also presented there [17, 14].
This is not the case however when one generalizes to families of the type f(R,RµνR
µν) and
in this case the connection becomes dynamical, as shown in [13], even for the simplifying
case of vanishing torsion. From an effective field theory perspective, theories containing
second order invariants of torsion and non-metricity were studied4 in [19] and [10] where
it was found that to this order the connection lacks dynamics, but of course will become
dynamical once higher order terms are added.
Therefore, from the above discussion we see that it is important to have a tool for
obtaining the form of the affine connection for a given theory and see whether the latter
becomes dynamical or not. This is one of the subjects that we investigate throughout this
thesis. To be more specific, we present a systematic way to do so for specific Metric-Affine
theories, for the first time in the literature. With this at hand, one can study in depth,
Metric-Affine Theories. We will be using the above result throughout the thesis in order
to study the various MAG theories. In addition, there are many questions that arise when
one is working in a generalized geometry such as, what is the form of the Raychaudhuri
equation in non-Riemannian spaces, how do torsion and non-metricity look like in a highly
symmetric spacetime such as an FLRW Universe, etc. The aforementioned questions along
with many others are answered in the various chapters of the thesis. To be more specific,
the thesis is organized as follows.
In the first Chapter we define the various geometrical quantities that characterize a non-
Riemannian geometry. We also present many examples in order to illustrate the geometric
meaning of torsion and non-metricity since we believe that such examples are absent from
the literature and will help one gain a deeper understanding of the generalized geometry.
In addition, we carefully compute all the tricky parts that arise in computations due to
the presence of torsion and non-metricity such as non-trivial surfaces terms, generalized
Bianchi identities etc. Finally we introduce and develop all the necessary machinery needed
4The renormalizability of theories containg quadratic torsion and non-metricity scalars was studied in
[18].
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to study MAG model building.
In the second Chapter we explore the MAG model building. We start by the Einstein
Hilbert action, solve the equations of motion and discuss the projective freedom. We then
proceed with f(R) theories and we also touch upon projective invariance breaking in Metric-
Affine f(R) theories. In particular, we review the two methods that have been suggested in
the literature ([20, 12]) in order to break this invariance and also present another possibility.
Our approach on breaking the projective invariance treats the torsion and non-metricity
vectors on equal footing and can therefore be considered as the more appropriate one. We
then continue by deriving the field equation of more general Metric-Affine theories.
In Chapter 3 we use a well known procedure to excite torsional degrees of freedom by
coupling surface terms to scalars. We extend this procedure in order to excite non-metric
degrees of freedom. We then apply these methods to excite torsion and non-metric degrees
of freedom simultaneously.
Then, in Chapter 4 which seems to be the most important Chapter of the thesis, at least
with regards to its use in applications, we present a step by step way to solve for the affine
connection in non-Riemannian geometries, for the first time in the literature. We start
with certain assumptions which we relax later on. We collect our results and present them
as 3 subsequent Theorems. We then consider three simple examples and apply our results
in order to illustrate the procedure and discuss the cases of dynamical/non-dynamical
connections.
A peculiar f(R) case is studied in Chapter 5. This is the conformally (as well as projec-
tive invariant) invariant theory f(R) = αR2 which contains an undetermined scalar degree
of freedom. For this case we study separately cosmological solutions5 for the pure non-
metricity case and observe that the solution is identical to the pure torsion case presented
in [21]. We can map one theory to another by making a simple exchange between the torsion
and non-metricity vectors. We then go on and study the same model but now allowing both
torsion and non-metricity to be present. We then discuss the torsion-nonmetricity duality
for this simple case and show how one can treat vectorial torsion for Weyl non-metricity in
projective invariant theories.
We then turn our attention to Cosmology with torsion and non-metricity (Chapter 6).
5Of course this model cannot be regarded as a viable cosmological model since there is an undetermined
scalar degree of freedom.
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After studying to some degree the kinematics with torsion and non-metricity we derive the
allowed forms of torsion and non-metricity that can live in such spacetimes. In addition we
obtain the form of fixed length non-metricity that is allowed in FLRW spacetimes. We also
find cosmological solutions with torsion and also derive the modified Friedmann equations
in the presence of non-metricity.
In Chapter 7, we formulate the necessary setup for the 1 + 3 splitting of the generalized
spacetime. Having clarified the subtle points (that generally stem from non-metricity) in
the aforementioned formulation we carefully derive the generalized Raychaudhuri equation
in the presence of both torsion and non-metricity (along with curvature). This, as it
stands, is the most general form of the Raychaudhuri equation that exists in the literature.
It is the Raychaudhuri equation in generic non-Riemannian spaces. We then specialize to
the pure torsion and pure non-metricity cases and discuss similarities and differences. In
addition, considering first vectorial torsion (and vanishing non-metricity) and then Weyl
non-metricity (and vanishing torsion) we find find cosmological solutions for each case. As
it turns out the two cosmological solutions are identical by again exchanging (with the
appropriate factors) the torsion and Weyl vectors. This, as we have discussed in previous
chapter, is a consequence of the simplified forms of torsion and non-metricity we have chosen
and we will not expect it to hold true for more general geometries since non-metricity caries
more degrees of torsion in general. Closing this Chapter we also find some solutions for
fixed length vector non-metricity and also derive the evolution equation for vorticity, in
non-Riemannian spaces, for completeness.
We close this Thesis by considering three possible scale transformations that one can
consider in Metric-Affine Geometry. These are, conformal transformations of the met-
ric (keeping the connection fixed), projective transformations of the connection (keeping
the metric fixed) and frame rescalings which are composed by a combination of confor-
mal transformation accompanied by a special projective transformation. After computing
how the torsion and non-metricity tensors change under these transformations, we prove
the identities that have to be obeyed by actions that are invariant with respect to these
transformations. We then construct theories quadratic in torsion and non-metricity, derive
the general field equations and impose conditions on the parameters. Continuing, we also
consider parity violating terms and write down the most general quadratic action with
torsion and non-metricity including all possible parity-even and parity-odd scalars. For
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this case we also restrict the parameter space and find the conditions on the parameters in
order for the given theory to be invariant under conformal, projective and frame rescaling
transformations respectively.
Let us now review the vielbein and coordinate formalisms for Gravity, and discuss
the variational approaches before starting with our introduction for the non-Riemannian
geometry. We start by defining the notions of frame fields and spin connection and discuss
the exterior forms approach to MAG.
0.3 Frames and Co-frames on a differential manifold
Mn
We shall start with a very brief discussion of Metric-Affine Gravity written in the language
of exterior differential forms. This formalism, certainly has many advantages with regards
to computations as well as the gauge nature of MAG. The independent fields used in the
variational principle are now the co-frame ea and the linear (or oftentimes called spin) con-
nection ωab(see definitions in what follows). These variables (e, ω) are related to the basic
fields of the coordinate formalism (g,Γ). After giving the basic definitions of this approach
we will almost exclusively work on the coordinate formalism having as our variables the
metric tensor and the independent affine connection. Let us for te time being review the
MAG setup using forms. Consider an n− dim differentiable manifold Mn. Then, at each
point P we can define the so-called tangent vector space (at P ) TP (Mn) which is of the
same dimensionality n with the manifold. Having defined the tangent space we can conse-
quently introduce a local vector basis on it. We call this local vector basis -ea local frame
6,
a = 0, 1, ..., n−1. Our conventions for the indices are the following. Latin ones a, b, c, ... are
frame indices (anholonomic)7 while the Greek ones µ, ν, ρ, ... are coordinate indices. Both
of them run over the dimensionality of the manifold, that is from 0 to n− 1. Given a local
6It is also very common to refer to it as vielbein (the German word for many-legs; as many as the
dimensionality of the manifold). In 4− dim it is called vierbein(four legs) or a tetrad which is the Greek
word for a group of four.
7Holonomic indices are those which can be expanded in a local coordinate basis ∂µ. On the contrary,
anholonomic indices cannot be written as partials, that is we cannot write ∂a.
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coordinate basis ∂µ =
∂
∂xµ
we can expand the frame ea as
ea = e
µ
a∂µ (4)
Note that ea can be regarded as an anholonomic basis so long as, det(e
µ
a) 6= 0. Given a
tangent space TP (Mn) we can define its dual space T ∗P (Mn) which is referred to as the
co-tangent space. On the co-tangent space T ∗P (Mn) we can define the co-frame ϑa which
is, by definition, given by
eacϑb = δba (5)
where c denotes interior product. In addition, in the co-tangent space there exists an 1-form
basis dxµ and the co-frame may be expanded as8
ϑb = eb = e bµ dx
µ (6)
From the above definitions we also conclude that
eµae
b
µ = δ
b
a (7)
that is e bµ is the inverse of e
µ
a. Note that the requirement det(e
µ
a) 6= 0 also forces det (e bµ ) 6=
0. Indeed, taking the determinant of the above equation it follows that
det (eµa) det (e
b
µ ) = det (δ
b
a) = 1⇒ det (e bµ ) =
1
det (eµa)
6= 0 (8)
given that det(eµa) 6= 0. With the help of veirbeins one can write the metric tensor (in
4− dim for instance) as
gµν = e
a
µ e
b
ν ηab (9)
where µ, ν are coordinate indices while a, b are tangent space indices and nab = (−1, 1, 1, 1)
is the tangent-space Minkowski metric. Then, one also has
e ≡ det (eµa) =
√−g (10)
as can be easily checked by taking the determinant of the equation above. In addition, the
tetrad field may be used to relate the internal and external index tensors, according to
Aµ = eµaA
a , Ab = e bµ A
µ (11)
8We use both symbols ϑb and eb for the co-frame since both of them appear in the literature depending
on ones preference in notations.
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Notice now that given a metric tensor, the orthonormal frame is not unique. Indeed, we
can always perform a general linear transformation parametrized by the matrices Λab , on
the frame
e aµ → e˜ aµ = Λabe bµ (12)
eµa → e˜µa = (Λ−1)baeµb (13)
with Λac(Λ
−1)cb = δ
a
b and we then get the same metric
gµν = e˜
a
µ e˜
b
ν ηab = e
a
µ e
b
ν ηab (14)
where we have used the fact that ηabΛ
a
cΛ
b
d = ηcd. Let us now define the spin connection
ωab. Consider a vector valued form v
a. The exterior covariant derivative is defined to be
Dva := dva + ωab ∧ vb (15)
The above definition may of course be defined for tensor valued forms. With this definition
at hand one defines the torsion 2− form
T a := Dea = dea + ωab ∧ eb (16)
from which we see that torsion is the field strength of local translations. Continuing we
may define the curvature 2− form
Rab := dωab + ωac ∧ ωcb (17)
and the non-metricity 1− form
Qab := −Dηab = 2ω(ab) (18)
The first two of the above are sometimes called Cartan’s first and second structural equa-
tions. With these definitions the Bianchi identities may be easily derived[2]
DT a = Rab ∧ eb (19)
DRab = 0 (20)
DQab = 2R(ab) (21)
Now note that any p − form in an n − dim space (with p ≤ n) can be expanded in a
coordinate basis according to
α =
1
p!
αµ1,...,µpdx
µ1 ∧ ... ∧ dxµp (22)
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The same of course holds true for vector valued forms too. For instance, for torsion we
have9
T a = 1
2
T aµν dxµ ∧ dxν (23)
Then multiplying by the vielbeins e aµ we can switch from Lorentz indices to coordinate (or
world) indices. So for the above example with torsion, we have
T λµν = e aλ T aµν (24)
The above tensor, as we will show later, is equal (up to numerical factors) to the torsion
defined in the coordinate formalism as the anti-symmetric part of the affine connection
Γλ µν . The link between frame and coordinate formalism is provided by the so-called ”tetrad
postulate”10 which we will discuss briefly later on.
We will return to the orthonormal frames at some point and also define the spin con-
nection (or tangent space connection) but for the most part of this thesis we will almost
exclusively work on the coordinate formalism. For more on frames and the veilbein formal-
ism the reader is referred to ([2, 22]).
0.4 Einstein-Hilbert action in metric and vielbein for-
mulations
As it is known, Einstein’s field equations can be derived by the variation of the so-called
Einstein-Hilbert action
SEH =
∫
dnx
√
|g|R (25)
with respect to the metric tensor and subsequent application of the Principle of Least
Action δgS = 0. In the above R = g
µνRµν is the Ricci scalar, g is the determinant of the
metric tensor and
√|g|dnx the n−dim invariant volume element. Action (25) as it stands,
yields Einstein’s equations in vacuum and if one wants to derive the full field equations,
one has to add a matter action to it. Then, upon applying the Principle of least action to
S[gµν ] = SEH [gµν ] + SM [gµν ] =
∫
dnx
√
|g|R + SM [gµν ] (26)
9Note that our definition when we expand forms in a coordinate basis is the following. The coordinate
indices come first (on the very left) and then the Lorentz ones follow (right).
10It is common in the literature to call it postulate, however this linking equation for the two formalism
need not be postulated.
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and making the identification
Tµν := − 2√|g| δSMδgµν (27)
qs the energy-momentum tensor of matter, one arrives at the full Einstein equations in
the presence of matter. We should point out something that was extremely crucial in our
discussion so-far. That the actions considered above depend only on the metric tensor
and not on the connection. To arrive at such a result two assumption have to be made,
firstly that the connection is metric compatible and secondly that is torsionless. These two
assumptions together force the connection to be uniquely given by the expression
Γα µν =
1
2
gαβ(∂µgβν + ∂νgβµ − ∂βgµν) (28)
which is called the Levi-Civita connection. The crucial point is that in such a formalism
the connection carries no dynamics as it is uniquely specified in terms of the metric and its
first derivatives as seen above. This formalism (where both ∇αgµν = 0 and Γλ [µν] = 0) is
called the Metric formalism of Gravity. These two constraints form essentially what we call
a Riemannian Geometry11. There also exist the so-called Palatini and Metric Gravity. We
define what exactly do we mean by that in the next subsection. We now go on by writing
the Einstein-Hilbert action in the language of differential forms. This is exactly the same
as the one we have given above, just written in a different language. However, one should
be able (given the appropriate tools) to jump from one formalism to another. This is what
we do here. Firstly, we give the Einstein-Hilbert action in the language of differential forms
and then translate it to the one in the metric formalism.
0.5 Gravity in the Language of differential forms
An equivalent formulation of gravity an be achieved my writing the action in terms of
exterior differential forms and consider as basic independent fields the co-frame ea and the
so-called linear connection (or spin connection) ωab instead of gµν and Γ
λ
µν . For intsance,
the Einstein-Hilbert action, in this formalism, is given by
SEH [e, ω] =
1
4κ
∫
M
abcde
a ∧ eb ∧Rcd (29)
11When the assumptions of vanishing non-metricity and torsion are abandoned one is dealing with a
non-Riemannian Geometry. This is exactly what we have in a Metric-Affine Gravity framework as we will
see below.
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where Rab is the curvature 2− form constructed out of the spin connection 1− form as
Rab = dω
a
b + ω
a
c ∧ ωcb (30)
Variation of the above action with respect to the two independent fields e, ω gives Einstein
equations in vacuum but with an undetermined vectorial projective mode. We will discuss
thoroughly about this projective freedom later on, but we should point out that this mode
exists because the above action is invariant under projective transformations of the linear
connection
ωab → ωab + δab ξ (31)
where ξ is an arbitrary one-form. The same holds true when one is working in the coordinate
formalism (with the fields g,Γ) where the Ricci scalar is also invariant under projective
transformations of the affine connection Γλ µν(see discussion in Chapter-2). As a last note
we remark that the above action can be shown to be equivalent to the one in the coordinate
formalism. More specifically, it holds that
abcde
a ∧ eb ∧Rcd = 2R√−gd4x (32)
as can be easily seen by expanding Rab = 1
2
Rab µνdx
µ ∧ dxν , ea = e aµ dxµ and using the
fact that dx0 ∧ dx1 ∧ dx2 ∧ dx3 = d4x. We will come back to the frame formalism at some
point but from the most part we will be working in the coordinate formalism. Let us now
discuss the three most common (among the many) variational approaches to gravity.
0.5.1 Most common Variational Approaches for Gravity
There are 3 basic variational approaches to Gravity12. These are the Metric, the Palatini
and the Metric − Affine Gravities. Each one of them predicts different dynamics, in
general, but in some particular cases they coincide, as we discuss in what follows. Before
introducing any of them, we should point out that throughout the thesis we are going to
be focusing mostly on the Metric − Affine approach which is the most general among
them. Let us now explore the aforementioned approaches.
12In fact there is also the purely affine theory of Gravity where the basic field is only the affine connection
but we will not discuss it here. For a review see for instance [23] and references therein.
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Metric− Theories of Gravity
In Metric− Theories of Gravity one makes two assumptions. Firstly, that the connection
is metric compatible, that is
∇αgµν = 0 (33)
along with the assumption of a torsion-free connection
Γα [µν] = S
α
µν = 0⇒ Γα µν = Γα νµ (34)
The above two conditions completely fix the connection to be the Levi−Civita connection
Γα µν =
1
2
gαβ(∂µgβν + ∂νgβµ − ∂βgµν) (35)
Then, the only independent quantity on the manifold is the metric tensor. This defines a
Riemannian geometry (pseudo-Riemannian in our case) and the space is fully described by
the metric tensor. We should point out that this need not be the case in general. Indeed,
the metric tensor and the connection define, in general, different notions on the manifold.
For the former defines distances and angles between vectors, while the latter defines parallel
transfer of vector and tensor fields on the manifold. Thus, in the case of Metric Gravity
there is not much of a choice, if one were to write a Gravity action this can only depend
on the metric tensor. The mathematical expression of such an action is
S = SG[gµν ] + SM [gµν ,Ψ] (36)
with both gravity and matter actions metric-dependent only. Here SG and SM stand for the
Gravity and matter parts of the action respectively. Relaxing the assumptions of vanishing
non-metricity and torsion we have the Palatini and Metric-Affine approaches which we give
below.
Palatini Gravity
In Palatini Gravity no a-priori assumptions about the compatibility of the metric or the
torsionlessness of the connection are made. Thus, metric and connection are independent
fields, both fundamental each with their own geometrical significance. However, one as-
sumption is made; that the matter part of the action does not depend on the connection13.
13The covariant conservation of the energy-momentum tensor in Palatini Gravity was shown in [24].
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A general action in the Palatini formulation reads
S = SG[gµν ,Γ
κ
αβ] + SM [gµν ,Ψ] (37)
Then, in order to derive the field equations one has to independently vary with respect to
the metric tensor-δg as well as with respect to the connection-δΓ. Note that the connection
here is not symmetric in general and also the metric compatibility condition does not hold
true. As a result the connection-Γκ αβ is not (in general) the Levi-Civita connection. It
is said in the literature that if one chooses the Einstein-Hilbert Lagrangian density, that
is LG = R , then the Palatini procedure coincides with Einstein’s theory formulated in
Metric-approach. However, this is not true. To achieve so, an additional assumption for
the vanishing of either the torsion vector or the Weyl vector must also be made. As we
will see in what follows, for non vanishing torsion and Weyl vectors, the theory obtained
is Einstein’s Gravity with an additional vector degree of freedom which is left unspecified.
We will also show how this vectorial degree of freedom can be canceled through a projective
transformation of the connection.
Metric− Affine Gravity
A generalization of the Palatini-Gravity is the so-called Metric−Affine Gravity in which
the matter action does depend on the independent connection as well. The general action
is then written as
S = SG[gµν ,Γ
κ
αβ] + SM [gµν ,Γ
κ
αβ,Ψ] (38)
Exactly this dependence of the matter action on the connection, defines a new tensor
∆ µνα ≡ −
2√−g
δSM [gµν ,Γ
α
µν ]
δΓαµν
(39)
which is called the Hypermomentum− tensor [25]. Note that the above quantity is indeed
a tensor. This is so because even though Γµαβ is not a tensor, the variation δΓ
µ
αβ being
a difference of connections, is a tensor. It is worth noting that there seems to exist a
relation between the spin of a particle (intrinsic property) and the non-vanishing of the
Hypermomentum-tensor which results in different gravitational effects. In particular it can
be shown that the antisymmetric part of the Hypermomentum tensor identically vanishes
for spinless particles but has a non-zero value for particles that do have spin[26]. Under
certain assumptions, Metric-Affine Gravity can reproduce Einstein’s theory and therefore
12
be compatible with observational analysis. We should also point out that among these three
approaches, Metric−Affine Gravity is the least studied, mostly because of its complexity.
The dynamics of the latter has been studied to some extend in works like [2, 20, 27, 10],
and some solutions have found in [28, 29, 30, 31, 32] however its effects are not completely
understood14. It is our purpose to analyze it here as thoroughly as possible and study its
consequences both as a pure Gravitational theory as well as with regard to its cosmological
consequences.
14For some recent inflationary scenarios in Metric-Affine Gravity see [33].
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Chapter 1
Introduction to Non-Riemannian
Geometry
In this chapter we review, define and develop the necessary notions that constitute the
generalized geometry. We pay special attention to the geometrical meaning of torsion and
non-metricity by giving many illustrative examples. We also deal with subtle points that
arise in computations and develop the necessary machinery needed in order to study MAG
theories.
1.1 Introduction to Non-Riemannian geometry
Let us introduce here the basic mathematical quantities that constitute a generalized
non-Riemannian geometry. The most general Gravity Theory that is based on a non-
Riemannian geometry is the so called Metric-Affine Gravity[2]. First of all note that the
term non-Riemannian refers to a generalized geometry where apart from the curvature the
space is also endowed with torsion (i.e. vectors rotate upon parallel transport and as a result
infinitesimal parallelograms do not exist) and non-metricity (dot products and lengths of
vectors are not preserved while moving on the manifold). It is important to stress out that
curvature, torsion and non-metricity are different geometrical entities and one can have the
one without necessarily the others. For example, we may have a space that is metric and
flat but has a non-vanishing torsion. This is the case in what is known as the teleparallel
formulation of Gravity. In this formulation curvature and non-metricity are zero and grav-
ity is due to torsion (see [22, 34] for instance). There also exists the symmetric teleparallel
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formulation [35, 36] where one has zero curvature and torsion but a non-vanishing non-
metricity. A space with zero torsion and non-metricity but non-vanishing curvature is our
familiar Riemannian space of General Relativity. A space that has all three vanishing will
be a Euclidean (or Minkowski) space.
Note that the three aforementioned geometrical quantities can all be calculated when the
two fundamental objects of a manifold are given, a metric gµν and a connection Γ
λ
µν . The
former defines distances and angles between vectors and the latter defines parallel transfer
of vectors (or tensor fields in general) on the manifold. In a general non-Riemannian space,
these two quantities (metric and connection) are independent1 and only become interrelated
when further assumptions are made. For instance, when one assumes a torsion-free and
metric-compatible connection, the resulting connection is uniquely defined in terms of the
metric tensor and its derivatives and is the familiar Levi-Civita connection (see subsequent
discussion). We now proceed by giving the basic definitions that built a non-Riemannian
geometry.
1.1.1 Connection and Riemann tensor
We will give now the general definitions of the connection and the Riemann tensor. We
should point out that these definitions do not need the existence of a metric. Let us firstly
introduce a general connection Γα µν which is used in order to define parallel transport
(through covariant differentiation) of tensorial fields. For a general tensorial field of rank
(n,m) one has
∇µTα1α2...αnβ1β2...βm = ∂µTα1α2...αnβ1β2...βm + Γα1ρµT ρα2...αnβ1β2...βm + ...+ Γα2ρµT
αaα2...αn−1ρ
β1β2...βm
(1.1)
−Γρ β1µTα1α2...αnρβ2...βm − ...− Γρ βmµTα1α2...αnρβ2...βm−1ρ
Notice that according to our definition the index µ that appears in the covariant derivative
is placed at the very right of the connection.2 In particular, for a rank-2 tensorial field,3
1To quote Albert Einstein himself: ”The essential achievement of GR, namely to overcome rigid space,
is only indirectly connected with the introduction of a Riemannian metric. The directly relevant conceptual
element is the displacement field Γλ µν which expresses the infinitesimal displacement of vectors”.
2Some authors define it the other way around. It is important to strictly stick to whichever definition
one adopts, since this will have an impact on the definition of the Riemann tensor.
3That is, all possible combinations of rank-2, namely (2, 0),(1, 1) and (0, 2).
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the following hold true
∇µTαβ = ∂µTαβ + Γα ρµT ρβ + Γβ ρµTαρ (1.2)
∇µTαβ = ∂µTαβ + Γα ρµT ρβ − Γρ βµTαρ (1.3)
∇µTαβ = ∂µTαβ − Γρ αµTρβ − Γρ βµTαρ (1.4)
Contracting in α, β the second equation above (i.e. forming the scalar quantity T ≡ Tαα)
we immediately conclude that
∇µT = ∂µT + Γα ρµT ρα − Γρ αµTαρ = (1.5)
= ∂µT + Γ
α
ρµT
ρ
α − Γα ρµT ρα = ∂µT ⇒
∇µT = ∂µT (1.6)
confirming that on scalars covariant differentiation reduces to partial one. Now regarding
scalar densities4, it holds that
∇µP = ∂µP − wΓλ λµP (1.7)
for a scalar density P of weight w. Also, for a tensor density T α1...αnβ1...βm of weight w one has
∇µT α1...αnβ1...βm = ∂µT α1...αnβ1...βm + Γα1λµT λ...αnβ1...βm + ...+ ΓαnλµT α1...λβ1...βm
−Γλ β1µT α1...αnλ...βm − ...− Γλ βmµT α1...αnβ1...λ − wΓλ λµT α1...αnβ1...βm (1.8)
Notice the appearance of the term −wΓλ λµT α1...αnβ1...βm with regards to the definition of the
covariant derivative of a tensor field (n,m).
Let us proceed now by giving the Riemann tensor. Forming the commutator of two
covariant derivatives and acting it on a vector uµ we arrive at
[∇α,∇β]uµ = 2∇[α∇β]uµ = Rµ ναβuν + 2S ναβ ∇νuµ (1.9)
where
Rµ ναβ := 2∂[αΓ
µ
|ν|β] + 2Γ
µ
ρ[αΓ
ρ
|ν|β] (1.10)
4Recall that a scalar density-P of weight w transforms as P → P ′ = JwP under a general coordinate
transformation x → x′ = f(x). Notice that the Jacobian of the transformation reads J ≡
∣∣∣ ∂x∂x′ ∣∣∣ according
to our definition. As a result the determinant of the metric tensor and the square root of it, are scalar
densities of weights +2 and +1 respectively! If one defines the Jacobian J ≡
∣∣∣∂x′∂x ∣∣∣ then the above weights
are −2 and −1 respectively.
16
is the so-called Riemann tensor and the horizontal bars around an index denote that this
index is left out of the (anti)-symmetrization. In addition, it appears the torsion tensor
S ναβ which is given by the antisymmetric part of the connection
5
S ναβ := Γ
ν
[αβ] =
1
2
(Γναβ − Γνβα) (1.11)
Alternatively, one may also define the torsion tensor by acting the anti-symmetrized double
covariant derivative to a scalar, namely
∇[µ∇ν]φ = S λµν ∇λφ (1.12)
for any scalar φ. We should point out that by the above definition of the Riemann tensor
alone, the only symmetry that the latter possesses is antisymmetry in its last two indices.
Further symmetries appear only after imposing a torsionless connection (S ναβ = 0) and a
metric compatible metric (∇αgµν = 0). This allows one to form the following contractions
Rµ µαβ
Rµ νµβ
Rµ ναµ
Note that the last contraction above is up to a minus sign equal to the second one and
need not be considered separately. This defines the Ricci tensor
Rνβ := R
µ
νµβ = 2∂[µΓ
µ
|ν|β] + 2Γ
µ
ρ[µΓ
ρ
|ν|β] (1.13)
which, is not symmetric in ν, β in general. In addition, the very first contraction above
defines a new tensor which is non-vanishing only when non-metricity is present (∇µgαβ 6= 0),
and goes by the name homothetic curvature
Rˆαβ := R
µ
µαβ = 2∂[αΓ
µ
|µ|β] = ∂αΓ
µ
µβ − ∂βΓµ µα (1.14)
Note now that for the above considerations no metric is required. When the space is also
endowed with a metric tensor there is a third independent contraction that can be formed
Rˇµβ = g
ναRµ ναβ := 2g
να∂[αΓ
µ
|ν|β] + 2g
ναΓµ ρ[αΓ
ρ
|ν|β] (1.15)
5Note that even though the connection is not a tensor the difference between two connections does
behave as a tensor.
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However, the Ricci scalar is still uniquely defined since6
Rˇ = Rˇαα = R
α
βµαg
βµ = −Rαβαµgβµ = −Rβµgβν = −R (1.16)
1.1.2 Torsion tensor and related vectors
As we have already seen, the torsion tensor is defined as
S λµν = Γ
λ
[µν] (1.17)
with this at hand we can define two new quantities. The first one is obtained by contracting
in (µ = λ),
Sµ ≡ S λµλ (1.18)
which we shall call the torsion vector. The second is a pseudo-vector that comes about
when contracting with the Levi-Civita tensor, and in 4-dim reads
S˜µ ≡ µνρσSνρσ (1.19)
Torsion decomposition
Having defined the two torsion vectors Sµ and S˜µ and recalling that torsion is antisymmetric
in its first two indices, we may write
Sµνλ = agλ[µSν] + bµνλρS˜
ρ + Zµνλ (1.20)
where a,b constants to be determined and Zµνλ is the remaining piece of torsion when we
subtract Sµ and S˜µ out. Contracting the above with 
µνλα we get
− S˜α = 0− 3! bS˜α + µνλαZµνλ (1.21)
from which we conclude that
b =
1
6
, and Z˜α ≡ −µνλαZµνλ = 0 (1.22)
Now, contracting with gνλ it follows that
Sµ =
a
2
(1− n)Sµ + 0 + Zµνλgνλ (1.23)
6Of course the other scalar that we can form by contracting the homothetic curvature with the metric
is automatically zero since the former is antisymmetric and the latter symmetric in their indices.
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that is
a =
2
1− n , and Zµ ≡ Zµνλg
νλ = 0 (1.24)
We have therefore fully decomposed the torsion tensor
Sµνλ =
2
1− ngλ[µSν] +
1
6
µνλρS˜
ρ + Zµνλ (1.25)
where the Z-tensor satisfies
Z˜α ≡ −µνλαZµνλ = 0 , and Zµ ≡ Zµνλgνλ = 0 (1.26)
For the torsion decomposition in the language of differential forms, the reader is refereed
to [37, 38, 2].
Geometrical Meaning of torsion
The effect of torsion on geometrical grounds is that infinitesimal parallelograms do not exist
due to it. In others words we cannot form small parallelograms by parallel transportation
of one vector to the direction of the other and vice versa. The end result is a pentagon. To
see this consider two curves C : xµ = xµ(λ) and C˜ : x˜µ = x˜µ(λ) with tangent vectors
uµ =
dxµ
dλ
(1.27)
and
u˜µ =
dx˜µ
dλ
(1.28)
respectively. Now, let us dx˜µ-displace uα along C˜ to obtain u′α which in first order is given
by
u
′α = uα + (∂µu
α)dx˜µ (1.29)
but since uα is parallely transported along C˜, it holds that
dx˜µ
dλ
∇µuα = 0 = dx˜
µ
dλ
∂µu
α + Γα νµ
dx˜µ
dλ
uν ⇒
(∂µu
α)dx˜µ = −Γα νµuν u˜µdλ (1.30)
which when substituted back in (1.29) results in
u
′α = uα − Γα νµuν u˜µdλ (1.31)
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Doing the same job but now for a dxµ-displacement of u˜a along C, we get
u˜
′α = u˜α − Γα νµu˜νuµdλ = u˜α − Γα µν u˜µuνdλ (1.32)
Subtracting the latter two, it follows that
(u˜α + u
′α)− (uα + u˜′α) = 2S αµν u˜µuνdλ (1.33)
Notice now that for the infinitesimal parallelogram to exist, the vectors (u˜α + u
′α) and
(uα + u˜
′α) should be equal and as it is clear from the above, this is not true in the presence
of torsion. Defining the vector that shows this deviation as V αdλ = (u˜α + u
′α)− (uα + u˜′α)
the latter can also be written as7
V α = 2S αµν u˜
µuν (1.34)
which is the vector that shows how much the parallelogram has been deformed.
Illustrative Example
Let us examine now the role of torsion, with a simple two dimensional example. Consider
a 2− dim Euclidean (i.e flat) space with vanishing non-metricity but with a non-vanishing
torsion. Take the familiar orthonormal vector basis {ei} , i = 1, 2 on the xy-plane. Next,
consider the lines C :y = 0 and C˜ :x = 0 with tangent vectors u = e1 and u˜ = e2
respectively. Now, take the vector u˜ = e2 and parallel transport it along the line C
a parameter distance λ1 = 1 to obtain u˜
′. Also, parallel transport u = e1 along C˜ a
parameter distance λ2 = 1 to obtain u
′. The connecting vector between the two is
V α = 2S αµν u˜
µuν (1.35)
as we have already seen,and depends solely on torsion. To see now how is torsion related
to rotations, denote as θ the angle between u˜′ and the x-axis and as φ the angle between
the vector u′ and the y-axis8. Then, by means of elementary vector analysis we find
u˜′ = cos θe1 + sin θe2 (1.36)
7This only holds true for small displacements in the directions of u˜µ and uν which themselves are
computed at the starting point of the path.
8Bear in mind that the resulting vectors u˜′,u′ retain the length of the initial vectors u,u˜ which lengths in
our case are both equal to one. If non-metricity was present their lengths would also change under parallel
transport. In this example, however, we consider only torsion in order explore its geometrical meaning.
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and
u′ = sinφe1 + cosφe2 (1.37)
Also, it holds that
u˜ + u′ + V = u + u˜′ (1.38)
so that
V = (1 + cos θ − sinφ)e1 + (sin θ − 1− cosφ)e2 (1.39)
x
y
u˜
u
u˜′
u′ V
Furthermore, using the fact that uµ = δµ1 and u˜
µ = δµ2 equation (1.35) becomes
V α = 2S α21 (1.40)
or in components
V 1 = 2S 121 , V
2 = 2S 221 (1.41)
and by writing out V in the {ei} basis
V = V 1e1 + V
2e2 = 2S
1
21 e1 + 2S
2
21 e2 = Sxe1 + Sye2 (1.42)
where we have defined Sx ≡ 2S 121 , Sy ≡ 2S 221 the 2 only components of torsion in 2−dim9.
Comparing the above equation with (1.39) we find the relation between the components of
torsion and the angles of rotation of the transported vectors
Sx = 1 + cos θ − sinφ (1.43)
Sy = sin θ − 1− cosφ (1.44)
From these it is now pretty apparent how is torsion related to the rotation of vectors. Let
us go one step further and compute the actual area of the pentagon that is formed due
9Recall that in general n− dim spaces the torsion tensor has n2(n− 1)/2 components.
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to torsion. Notice that if no torsion was present we would have the formation of a square
(since we have picked λ1 = λ2 = 1) with area σ0 = 1 but now we have a pentagon and we
would like to compute its area. One way to do this is by a specific application of Green’s
theorem which gives the area enclosed by a closed curve in terms of a closed line integral.
As it is well known, it holds that
σ =
∮
C0
xdy (1.45)
Breaking up the integral into its five individual line integrals that constitute the pentagon
we finally arrive at
σ(θ, φ) =
1
2
[
2 cos θ + sin θ cos θ − sinφ cosφ+
(1 + sinφ− cos θ)(1 + sin θ + cosφ)
]
(1.46)
After some rearranging, it can also be brought to the more symmetric form
σ(θ, φ) =
1
2
[
1 + cos θ + cosφ+ sin θ + sinφ− cos (θ + φ)
]
(1.47)
and this is the area of the pentagon that did not close to square due to torsion. Notice that
when there is no rotation (i.e torsion is zero) θ = 0 = φ and σ(0, 0) = 1 the area of the
square. Now, in the case where the effect of torsion is small, one can approximate sin x ' x
and cos x ' 1 where x  1 stands for both θ, phi such that Sx ' θ , Sy ' −φ and the
pentagon area is given by
σ(θ, φ) ' 1 + θ + φ
2
(1.48)
or
σ(θ, φ) ' 1 + Sx − Sy
2
= 1 + S 121 + S
2
12 (1.49)
in terms of the torsion components. Again, the unity on the right hand side is the area of
the square that is formed when there is no torsion, and the rest is the modification of the
original area due to torsion effects.
1.1.3 The non-metricity Tensor
In a general metric affine space, as we have already pointed out, the connection is not metric
compatible. This failure of the connection to covariantly conserve the metric is called the
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non-metricity tensor and is defined as
Qαµν := −∇αgµν (1.50)
We should also mention that the non-metricity is a quantity that depends both on the
metric tensor and the connection. Indeed, expanding (1.50) we obtain
Qαµν := −∇αgµν = −∂αgµν + Γρ µαgρν + Γρ ναgµρ (1.51)
from which, the dependence on Γλ µν and gµν is apparent. Notice that the corresponding
expression of the non-metricity with upper indices is given by
Q αβρ := g
µαgνβQρµν = −gµαgνβ∇ρgµν =
= −∇ρ(gµαgνβgµν) + gµνgµα∇ρgνβ + gµνgνβ∇ρgµα =
= −∇ρgαβ + δαν∇ρgνβ + δβµ∇ρgµα =
= −∇ρgαβ +∇ρgαβ +∇ρgαβ = +∇ρgαβ ⇒
Q αβρ = +∇ρgαβ (1.52)
where on going from the first to the second line we have employed Leibniz’s rule. Notice
also the sign difference compared to the expression (1.50). Having defined the non-metricity
tensor there exist two independent vectors that one can form out of it. The first one is
formed by contracting the second and third indices of the latter with the metric tensor 10
and goes by the name Weyl vector
Qα := g
µνQαµν = Q
µ
αµ = Q
µ
α µ (1.53)
The second vector is formed by contracting the first and second indices with the metric11,
namely
Q˜ν := g
µαQαµν = Q
µ
µν = −gµα∇αgµν (1.54)
and does not seem to go with any particular name in the literature. We shall call it 2nd
non-metricity vector and write it in the suppressed notation 2nmv in what follows. We
10In the literature it is common to also divide this vector by the spacetime dimensionality. That is
Qµ → Qµ/n. However, our definition here does not include this factor.
11Note that the possibility to contract first and third index also exists. However, since non-metricity is
symmetric in the second and third indices this vector would be the same with the one formed here.
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should point out that this is the same vector that one can form by contracting (1.52) in ρ
and α (or ρ and β). Indeed, one has
Q˜β := Q αβα = ∇αgαβ = gνβgµαQαµν = gνβQ˜ν (1.55)
Thus, two independent vectors can be formed out of non-metricity and metric tensor alone.
Non-metricity decomposition
As we mentioned we have two independent vectors (a priori) of non-metricity, Qµ and Q˜µ
so we may decompose the non-metricity tensor as
Qαµν = aQαgµν + bQµgνα + cQνgµα + dQ˜αgµν + eQ˜µgνα + fQ˜νgµα + Ωαµν (1.56)
where the coefficients a, b, c, d, e, f are to be found and Ωαµν is the traceless part of non-
metricity. To find the coefficients we simply impose upon the above decomposition the
definitions
Qα = Qαµνg
µν (1.57)
Q˜ν = Qαµνg
αµ , Q˜µ = Qαµνg
αν (1.58)
to obtain the system of equation
an+ b+ c = 1
dn+ e+ f = 0
a+ b+ cn = 0
d+ e+ fn = 1
a+ bn+ c = 0
d+ en+ f = 1
along with the conditions12 Ωαµνg
µν = 0 and Ωαµνg
αµ = 0. The latter is easily solved and
we obtain
a =
n+ 1
(n+ 2)(n− 1) (1.59)
b = c = − 1
(n+ 2)(n− 1) (1.60)
12Note that Ωαµν is of course symmetric in µ, ν.
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d = − 2
(n+ 2)(n− 1) (1.61)
e = f =
n
(n+ 2)(n− 1) (1.62)
which when substituted back in the non-metricity tensor give us its decomposition
Qαµν =
n+ 1
(n+ 2)(n− 1)Qαgµν −
2
(n+ 2)(n− 1)Q(µgν)α
− 2
(n+ 2)(n− 1)Q˜αgµν +
2n
(n+ 2)(n− 1)Q˜(µgν)α + Ωαµν (1.63)
or
Qαµν =
(
(n+ 1)Qα − 2Q˜α
)
(n+ 2)(n− 1) gµν +
2
(
nQ˜(µgν)α −Q(µgν)α
)
(n+ 2)(n− 1) + Ωαµν (1.64)
where Ωαµν is the traceless part, satisfying Ωαµνg
µν = 0 and Ωαµνg
αµ = 0. Again, for
the same decomposition but in the language of differential forms, the reader is refereed to
[37, 38, 2].
Geometrical meaning of Non-Metricity
To see the effect on non-metricity in the space let us consider two vectors aµ and bµ and
form their inner product a · b = aµbνgµν . Now, let us parallel transport both vectors along
a given curve C : xµ = xµ(λ). For a Riemannian space (both torsion and non-metricity
vanish) we know that upon such a transportation their inner product does not change, that
is
D
dλ
(a · b) = 0 (1.65)
When non-metricity is present a computation now reveals
D
dλ
(a · b) = dx
α
dλ
(∇αaµ)bµ + dx
α
dλ
(∇αbν)aν + dx
α
dλ
(∇αgµν)aµbν (1.66)
Now, since aµ and bµ are parallel transported along the curve, it holds that
dxα
dλ
(∇αaµ) = 0 , dx
α
dλ
(∇αbν) = 0 (1.67)
so we are left with
D
dλ
(a · b) = −Qαµν dx
α
dλ
aµbν (1.68)
from which we conclude that, when non-metricity is present, the inner product of two
vectors does change when we parallel transport them along a curve. Note that for bµ = aµ
the above becomes
D
dλ
(‖a‖2) = −Qαµν dx
α
dλ
aµaν (1.69)
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which means that the magnitude of a vector changes when we parallel transport it along
a given curve! Therefore non-metricity has to do with vectors non-preserving their magni-
tudes and inner products.
An illustrative example
Let us find how does the length of a vector change in the case where the non-metricity is
Weyl non-metricity. Recall that for Weyl geometry, we have
Qαµν =
1
n
Qαgµν (1.70)
and the length of a vector aµ, when transfered along a given curve C : xα = xα(λ), satisfies
D
dλ
(‖a‖2) = − 1
n
Qα
dxα
dλ
gµνa
µaν = − 1
n
Qα
dxα
dλ
‖a‖2 (1.71)
Setting l2 = ‖a‖2 and integrating that last one, it follows that
l(x) = l0e
− 1
2n
∫
cQαdx
α
(1.72)
from which we see that the change of the length is generally path dependent. In the case
where the Weyl vector is exact, that is Qµ = ∂µφ , we have what is known as a Weyl
integrable geometry (WIG) for which the change on the vector’s length depends only on
the endpoints of the curve C, and for a closed loop the vector retains its initial length.
Geometric Meaning of Homothetic Curvature
Recall, that in a previous section we defined the homothetic curvature tensor Rˆµν as the
first contraction of the Riemann tensor Rˆµν := R
α
αµν . This tensor has a purely non-metric
nature and is in fact related to the non-metricity vector through
Rˆµν =
1
2
(∂µQν − ∂νQµ) = ∂[µQν] (1.73)
as we prove in later section. That is, the homothetic curvature is the curl of the non-
metricity vector. To see its geometrical meaning, let us go back to the length change of a
vector when transfered along a curve C. If C is taken to be a closed curve (loop) then the
length varies as
l(x) = l0e
− 1
2n
∮
cQαdx
α
(1.74)
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but, using Stoke’s theorem∮
c
Qαdx
α =
x
S
∂[µQν]dS
µν =
x
S
RˆµνdS
µν (1.75)
where S is a surface that is enclosed by C and dSµν the differential area element. Using
this (1.74) becomes
l(x) = l0e
− 1
2n
s
S RˆµνdS
µν
(1.76)
and from this we see that homothetic curvature is related with the length change that a
vector experiences when transported along a closed loop. If non-metricity is weak, or the
loop is small enough, by Taylor expanding we see that the total length change is given by
δl ' − l0
2n
x
S
RˆµνdS
µν (1.77)
from which we see that the homothetic curvature serves as a generator of length changes
of vector fields along closed paths.
Toy Model
Having established (1.76) let us play a little bit with the form of non-metricity to arrive at
an interesting formula. To be more specific, consider a flat Euclidean 3 − dim space that
may posses non-vanishing non-metricity as well as torsion13. Furthermore, assume we have
a non-metric configuration with a non-metricity vector such that
Q =
3
α
(ye1 − xe2) (1.78)
where α is a constant with area dimensions and ei, i = 1, 2 the usual orthonormal basis
on the xy-plane. Take now the closed curve to lie on the xy-plane, then∮
c
Qαdx
α =
∮
c
Q · dr =
x
S
(∇×Q) · dS =
= − 6
α
x
S
dσ = − 6
α
σ (1.79)
where σ is the area enclosed by C. Substituting this back to (1.74) and setting n = 3, we
get
l(x) = l0e
− 1
6
∮
cQαdx
α
= l0e
σ
α ⇒
13The presence of torsion does not modify anything here, it simply rotates the vector when it is parallely
transported along the curve. So, torsion rotates the vectors and non-metricity changes their lengths!
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l(x) = l0e
σ
α (1.80)
Thus, for such an arrangement of non-metricity the change in length of a vector transported
along a closed curve C depends on the surface area that C encloses! In addition, if the
ratio σ/α is small enough, the total change in length is exactly proportional to that surface,
namely
δl ' l0
α
σ (1.81)
Fixed Length Vectors
Now as we have seen, one consequence of non-metricity is that it changes the length of the
vectors14 when we transport them in space. So, one may ask are their any vectors, that
retain their length in the presence of non-metricity? For generic non-metricity the answer
is no. However, there exists a type of non-metricity for which we have vectors that remain
unchanged. These are called fixed length vectors. To see what kind of non-metricity
allows for the existence of such vectors let us take a careful look at (1.69),
D
dλ
(‖a‖2) = −Qαµν dx
α
dλ
aµaν (1.82)
Taking aµ to be proportional to dxµ/dλ we obtain
D
dλ
(‖a‖2) ∝ −Qαµνaαaµaν = −Q(αµν)aαaµaν (1.83)
Form the above we see that in order to have fixed lengths the right hand side must be zero,
and given that aµ is random we must have
Q(αµν) = 0 (1.84)
in order for the theory to possess fixed length vectors. Any non-metricity that has vanishing
totally symmetric part will admit fixed length vectors. This condition is also presented
in the classic Schroendinger’s Spacetime − Structure [39]. Let us go one step further
and actually compute the simplest form of such non-metricity. The most straightforward
decomposition of such a tensor would be in terms of a vector field, say Aµ and the metric
gµν , so that
Qαµν = aAαgµν + bgα(µAν) + cAµAνAα (1.85)
14The other consequence is the change of the dot product of two vectors.
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where a, b, c are parameters to be computed and we demanded that the combinations are
symmetric in µ, ν. Now since Qαµν cannot have a totally symmetric part the last term
on the right hand side of the above must be absent, and hence c = 0. Now, demanding
Q(αµν)a
αaµaν = 0 for random aµ we get the relation
a+ b = 0⇒ a = −b (1.86)
Notice also that we may set b = 1 since this b can be absorbed in a redefinition of Aµ.
Taking all the above into consideration, we finally arrive at
Qαµν = Aαgµν − gα(µAν) (1.87)
we can check that this form of non-metricity indeed satisfies Q(αµν) = 0. We have
Q(αµν) =
1
3!
(Qαµν +Qανµ +Qµνα +Qµαν +Qναµ +Qνµα =
=
1
3!
(2Qαµν + 2Qµνα + 2Qναµ) =
=
1
3!
(
2Aαgµν − gαµAν − gανAα + 2Aµgνα − gµνAα
−gµαAν + 2Aνgαµ − gναAµ − gνµAα
)
= 0 (1.88)
Now, as can be easily checked by contracting with the metric tensor, the Weyl and second
non-metricity vectors, are related to this Aµ through
Qµ = (n− 1)Aµ , Q˜µ = −(n− 1)
2
Aµ (1.89)
From which we establish the relation between the two non-metricity vectors
Qµ = −2Q˜µ (1.90)
Interestingly, this kind of non-metricity (that preserves lengths) overcomes Einstein’s ob-
jection to the Weyl theory of unification15 . To recap, If the non-metricity is of of the form
(1.84) the theory possesses fixed length vectors.
1.1.4 Connection decomposition
Having defined torsion and non-metricity we are now in a position to decompose the general
connection in terms of the latter plus the Levi-Civita connection. To do so, we start by
15In Weyl’s theory the non-metric tensor was given by Qαµν =
1
nQαgµν which definitely does not satisfy
Q(αµν) = 0 and therefore does not preserve the lengths of vectors.
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writing out the definition of the non-metricity
Qαµν = −∇αgµν = −∂αgµν + Γρ µαgρν + Γρ ναgµρ (1.91)
and upon successive permutations α→ µ, µ→ ν, ν → α on the above we may also write16
Qµνα = −∇µgνα = −∂µgνα + Γρ νµgαρ + Γρ αµgνρ (1.92)
and
Qναµ = −∇νgαµ = −∂νgαµ + Γρ µνgαρ + Γρ ανgµρ (1.93)
Now, upon subtracting the very first equation above from the last two, we derive
−Qαµν +Qµνα +Qναµ = −(∂µgνα + ∂νgαµ − ∂αgµν)
+2Γρ (µν)gαρ + 2Γ
ρ
[αν]gµρ + 2Γ
ρ
[αµ]gνρ (1.94)
In addition, substituting
Γα [βγ] = S
α
βγ (1.95)
and using
Γρ (µν) = Γ
ρ
µν − S ρµν (1.96)
the last one recasts to
−Qαµν +Qµνα +Qναµ = −(∂µgνα + ∂νgαµ − ∂αgµν)
+2Γρ µνgαρ − 2Sµνα + 2Sανµ + 2Sαµν (1.97)
where Sµνα := S
ρ
µν gαρ. Finally, multiplying (and contracting) through g
αλ we can bring
the last equation to the form
Γλ µν =
1
2
gαλ(∂µgνα + ∂νgαµ − ∂αgµν)
+
1
2
gαλ(Qµνα +Qναµ −Qαµν)− gαλ(Sαµν + Sανµ − Sµνα) (1.98)
We recognize the first part on the right-hand side as the Levi-Civita connection for which
we use the tilde notation to distinguish it from the general connection, namely
Γ˜λ µν :=
1
2
gαλ(∂µgνα + ∂νgαµ − ∂αgµν) (1.99)
16We do assume that the metric tensor is symmetric since any antisymmetric part of it lacks a geometrical
interpretation.
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Thus,
Γλ µν = Γ˜
λ
µν +
1
2
gαλ(Qµνα +Qναµ −Qαµν)− gαλ(Sαµν + Sανµ − Sµνα) (1.100)
we have fully decomposed the connection into a Riemannian-part (Levi-Civita connection),
a contribution coming from non-metricity and another one due to torsion. It is common to
introduce, at this point, a tensor which measures the deviation of the general connection
with respect to the Levi-Civita one. This is the so-called distortion tensor17
Nλ µν := Γ
λ
µν − Γ˜λ µν =
1
2
gαλ(Qµνα +Qναµ −Qαµν)− gαλ(Sαµν + Sανµ − Sµνα) (1.101)
or
Nαµν =
1
2
(Qµνα +Qναµ −Qαµν)− (Sαµν + Sανµ − Sµνα) (1.102)
In addition, the combination
K λµν = g
αλ(Sαµν + Sανµ − Sµνα) (1.103)
appearing above is oftentimes referred to as the contorsion. Note that we can split the dis-
tortion tensor into some symmetric and antisymmetric parts. Indeed, taking the symmetric
part of (1.102) in α, µ and using the symmetries of Qαµν and Sαµν we arrive at
18
Qναµ = 2N(αµ)ν (1.104)
While, when one takes the antisymmetric part in µ, ν arrives at
Sµνα = Nα[µν] (1.105)
In addition, its totally antisymmetric part is given by
N[αµν] = S[µνα] = S[αµν] (1.106)
as can be easily checked. Note also that when we are looking at the autoparallels only the
symmetric part Nλ (µν) contributes to the equation, which is equal to
Nλ (µν) =
1
2
gαλ(2Q(µν)α −Qαµν)− gαλ2Sα(µν) (1.107)
17Again, even though connections are not tensors, the difference between connections defines ′legal′
tensors.
18Another way to derive this is by starting from the definition of non-metricity, (covariant derivative of
the metric tensor )decompose the connection into the Levi-Civita and its non-Riemannian parts and use
the fact that the non-metricity of the Levi-Civita connection is zero.
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and from this, it is apparent that a completely antisymmetric torsion (Sαµν = S[αµν]) has
no effect on autoparallels. In addition, we see that as far as the motion of a test particle
is concerned, a particle that ′feels′ torsion but does not ′feel′ non-metricity, will follow
the same trajectory19 with a particle that ′experiences′ only non-metricity but not torsion,
when the two are related via
2Q(µν)α −Qαµν = 4Sα(µν) (1.108)
Thus, for such configurations torsion and non-metricity are indistinguishable as long as
autoparallel motion is concerned, and there is a duality of a sub-space of torsion with a
sub-space of non-metricity. We will see this duality clearly later on when we study specific
theories of gravity. Now, having decomposed the affine connection (see eq. (1.98)) ), we
may compute the contractions Γλ λµ, Γ
λ
µλ which will prove to be useful in later calculations.
A straightforward computations yields
Γλ λµ = Γ˜
λ
λµ +
1
2
Qµ (1.109)
Γλ µλ = Γ˜
λ
µλ +
1
2
Qµ + 2Sµ (1.110)
By subtracting them and using the fact that the Levi-Civita connection Γ˜λ µν is symmetric,
we obtain
Γλ λµ − Γλ µλ = −2Sµ (1.111)
Let us now proceed with the decomposition of the Riemann tensor.
1.1.5 Riemann Tensor Decomposition
The general Riemann tensor (calculated with respect to the affine connection) can be
fully decomposed in terms of a Riemannian part plus contributions from torsion and non-
metricity. This decomposition is very helpful since it also allows one to fully decompose the
Ricci tensor and scalar as well. Let us derive this decomposition here. By the definition of
the Riemann tensor, one has
Rµ ναβ := 2∂[αΓ
µ
|ν|β] + 2Γ
µ
ρ[αΓ
ρ
|ν|β] (1.112)
19Maybe this is too strong a statement, since whether the particle would follow an autoparallel or a
geodesic is an open subject in the literature.
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Then, substituting
Γλ µν = Γ˜
λ
µν +N
λ
µν (1.113)
it follows that
Rµ ναβ = R˜
µ
ναβ + ∇˜αNµνβ − ∇˜βNµνα +NµραNρ νβ −NµρβNρ να (1.114)
where we have added and subtracted the term Γ˜ρ βαN
µ
νρ in order to form the covariant
derivative constructed out of the Levi-Civita connection. Note that quantities that appear
with a tilde are computed with respect to the Levi-Civita connection and are therefore the
Riemannian parts. Having this we can immediately decompose the Ricci tensor, to find
Rνβ = R˜νβ + ∇˜µNµνβ − ∇˜βNµνµ +NµρµNρ νβ −NµρβNρ νµ (1.115)
As long as the Ricci tensor is concerned, a further contraction of the above with the metric
tensor, reveals
R = R˜ + ∇˜µ(Aµ −Bµ) +BµAµ −NαµνNµνα (1.116)
where we have defined Aµ ≡ gνβNµνβ and Bµ ≡ Nαµα. Note now that when taken into an
integral the second term appearing above is a surface term due to the fact that the metric
tensor is compatible with the Levi-Civita-formed covariant derivative. Note also that the
vectors Aµ and Bµ can be expressed in terms of the non-metricity and torsion vectors as
follows
Aµ = Q˜µ − 1
2
Qµ − 2Sµ (1.117)
Bµ =
1
2
Qµ + 2Sµ (1.118)
Note now that these two vectors also appear when decomposing the contracted covariant
derivative of a vector field20 in Riemannian and non-Riemannian parts. Indeed, for any
vector wµ it holds that
∇µwµ = ∇˜µwµ +Nµ νµwν = ∇˜µwµ +Bµwµ (1.119)
The other combination (the Aµ) appears when we contract the covariant derivative of a
covariant vector wν with the metric tensor. More specifically, we have
gµν∇µwν = ∇µ(wνgµν)− wν∇µgµν = ∇µwµ − Q˜µwµ =
∇˜µwµ + (Bµ − Q˜µ)wµ = ∇˜µwµ − Aµwµ (1.120)
20In a flat space and in the absence of torsion and non-metricity this is of course the divergence of the
vector field.
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where we have used the obvious fact Bµ − Q˜µ = −Aµ. To conclude, we have
∇µwµ = ∇˜µwµ +Bµwµ = ∇˜µwµ +
(
1
2
Qµ + 2Sµ
)
wµ (1.121)
as well as
gµν∇µwν = ∇˜µwµ − Aµwµ = ∇˜µwµ +
(
−Q˜µ + 1
2
Qµ + 2Sµ
)
wµ (1.122)
Looking at (1.116) we see that for zero non-metricity Qαµν = 0 but non-zero torsion, one
finds that21
R = R˜ + SµναS
µνα − 2SµναSαµν − 4SµSµ − 4∇˜µSµ (1.123)
then defining the torsion T -scalar by
T ≡ SµναSµνα − 2SµναSαµν − 4SµSµ (1.124)
we have
R = R˜ + T − 4∇˜µSµ (1.125)
and for a flat geometry R = 0 it follows that the Riemannian Ricci scalar differs from the
T -scalar by a total derivative. Therefore their variation is the same and considering the
action built up from the T -scalar one obtains the teleparallel equivalent of GR (see [22] for
instance). Similarly, considering only non-metricity and vanishing torsion Sµνλ = 0 we find
R = R˜ +
1
4
QαµνQ
αµν − 1
2
QαµνQ
µνα − 1
4
QµQ
µ +
1
2
QµQ˜
µ + ∇˜µ(Q˜µ −Qµ) (1.126)
and defining the non-metricity Q-scalar as
Q ≡ 1
4
QαµνQ
αµν − 1
2
QαµνQ
µνα − 1
4
QµQ
µ +
1
2
QµQ˜
µ (1.127)
it follows that
R = R˜ +Q+ 1
2
QµQ˜
µ (1.128)
which again for a flat geometry R = 0 gives
R˜ = −Q− 1
2
QµQ˜
µ + ∇˜µ(Q˜µ −Qµ) (1.129)
then the variation of R˜ is the same with the variation of Q and considering the action built
from the Q-scalar one obtains the symmetric teleparallel equivalent of General Relativity
([35],[40]). Now, if we allow for both torsion and non-metricity then it follows that
R = R˜ + T +Q+Q ∗ T + ∇˜µ(Q˜µ −Qµ − 4Sµ) (1.130)
21We easily arrive at this result by substituting Nαµν in terms of torsion and execute the calculations.
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where we have defined the mixed Q ∗ T -scalar
Q ∗ T ≡ 2QαµνSαµν + 2Sµ(Q˜µ −Qµ) (1.131)
Further defining
Z ≡ T +Q+Q ∗ T (1.132)
we have that
R = R˜ + Z + ∇˜µ(Q˜µ −Qµ − 4Sµ) (1.133)
and we see that for a flat geometry
R˜ = −Z − ∇˜µ(Q˜µ −Qµ − 4Sµ) (1.134)
and the variations of R˜ and Z are the same since they only differ by a total derivative.
We should mention that the general teleparallel equivalent with both torsion and non-
metricity (but vanishing curvature), as given from the above equation, has not been studied
extensively in the literature. Therefore, it seems to be a very interesting subject worth
further studying in the future.
1.2 Autoparallels and Geodesics
There are two distinctively different notions on a manifold. The autoparallel and the
geodesic curves. In general relativity where both torsion and non-metricity are assumed to
vanish these two notions coincide. When dealing with a Metric-Affine geometry though,
these need not be the same and separately define two different geometrical concepts. In
what follows we give their definitions and study some cases where the two give entirely
different results.
1.2.1 Autoparallels
Consider a smooth manifold on an n-dim space and a curve C parametrized as xµ = xµ(λ)
where µ = 0, 1, ..., n−1 and λ is the curve parameter. The curve C is said to be autoparallel
if and only if the tangent vector of the curve uµ = dx
µ
dλ
is parallel transported along C,
namely
D
dλ
uµ =
dxν
dλ
∇νuµ = uν∇νuµ = 0 (1.135)
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or, expanding the covariant derivative
d2xµ
dλ2
+ Γµ αβ
dxα
dλ
dxβ
dλ
= 0 (1.136)
where Γµ αβ is the general affine connection which is, in general, different from the Levi-
Civita connection as we have already seen. The solution C : xµ = xµ(λ;xα0 ; x˙
α
0 ) where
(xα0 , x˙
α
0 )
22 are initial conditions, define the autoparallel curve. More generally, for every
tensorial field Tµν...κ we can define the parallel transport of the latter by
D
dλ
Tµν...κ =
dxα
dλ
∇αTµν...κ = 0 (1.137)
The above is known as the equation of parallel transport.
1.2.2 Geodesics
As it is well known from Euclidean geometry (flat plane geometry) the shortest distance
between two given points is the straight line joining the points. Given now a space that
has curvature, the natural question as to what the shortest curve joining two points would
look like rises. The way to find the differential equations of the shortest curve in a curved
space is to minimize the path length
S =
∫
ds =
∫ √
| gµνdxµdxν | =
∫ √∣∣∣gµν dxµ
dλ
dxν
dλ
∣∣∣dλ (1.138)
where ds2 = gµνdx
µdxν is the line element also known as the first fundamental or just the
metric. Note that when the space is Lorentzian the above is written as
S =
∫ √
−gµν dx
µ
dλ
dxν
dλ
dλ (1.139)
By either directly varying the path xµ → xµ + δxµ in the latter and using the principle of
least action or by using Lagrange equations
d
dλ
(
∂L
∂x˙µ
)
− ∂L
∂xµ
= 0 (1.140)
with L =
√
gµν x˙µx˙ν
23, we derive the equations giving the geodesic curves
d2xµ
dλ2
+
1
2
gµρ(∂αgβρ + ∂βgαρ − ∂ρgαβ)dx
α
dλ
dxβ
dλ
= 0 (1.141)
22The dot indicates differentiation with respect to λ, that is f˙ = df/dλ.
23Again dot indicates differentiation with respect to λ.
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It is worth noting now that the above combination of the metric and its first derivatives is
exactly the Levi-Civita connection. Therefore, the geodesic equations are written as
d2xµ
dλ2
+ Γ˜µ αβ
dxα
dλ
dxβ
dλ
= 0 (1.142)
The solution γ : xµ = xµ(λ;xα0 ; x˙
α
0 )
24. We should emphasize now the difference of the latter
with equation (9.86) that we derived for autoparallels. The connection here is the Levi-
Civita connection, but for autoparallels the connection used is the general affine connection
of the space. Although the two coincide in general relativity, in a general Metric-Affine
framework these are not the same. Indeed, using the connection decomposition (4.9) that
we derived in previous chapter, the autoparallel equation becomes
d2xλ
dλ2
+ Γ˜λ µν
dxµ
dλ
dxν
dλ
=
= −gαλdx
µ
dλ
dxν
dλ
[
1
2
Qµνα +
1
2
Qναµ − 1
2
Qαµν − Sαµν − Sανµ + Sµνα
]
(1.143)
Now, recalling that Qαµν = Qανµ along with Sαµν = −Sµαν , and using the fact that x˙µx˙ν
is symmetric, we have
d2xλ
dλ2
+ Γ˜λ µν
dxµ
dλ
dxν
dλ
=
= −gαλdx
µ
dλ
dxν
dλ
[
1
2
Qµνα +
1
2
Qµαν − 1
2
Qαµν − 2Sαµν
]
(1.144)
From the above equation we see that because of torsion and non-metricity, geodesics and
autoparallels are, in general, different curves. We illustrate this difference between geodesics
and autoparallels with some examples and prove the Theorems regarding projectively equiv-
alent connections in the Appendix. We may now proceed by giving the definitions of the
energy-momentum and hyper-momentum tensors.
1.2.3 Energy-momentum and Hyper-momentum Tensors
Having defined and explored the generalized geometry let us continue by introducing the
physical content that gives rise to such a geometry. Following the literature we define the
Energy-Momentum Tensor as the variation of the matter sector (of the action) with respect
to the metric, namely
Tαβ := − 2√−g
δSM
δgαβ
= − 2√−g
∂(
√−gLM)
∂gαβ
(1.145)
24Note that we chose to use the letter γ for the geodesic curve here in order to distinguish it from the
autoparallel curve C.
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Now, since matter can also depend on the affine connection, its variation with respect to
it defines the Hyper-momentum tensor [25]
∆ µνλ := −
2√−g
δSM
δΓλ µν
= − 2√−g
∂(
√−gLM)
∂Γλ µν
(1.146)
An important thing that is almost never mentioned in the literature is that the above
two tensors are not completely independent. Indeed, since gαβ and Γ
λ
µν are independent
variables, it holds that
∂2(
√−gLM)
∂gαβ∂Γλ µν
=
∂2(
√−gLM)
∂Γλ µν∂g
αβ
(1.147)
and as a result
1√−g
∂
∂gαβ
(√−g∆ µνλ ) = ∂Tαβ∂Γλ µν (1.148)
Therefore we see that the energy-momentum and hyper-momentum tensors are not inde-
pendent. If the latter is applied for a perfect fluid for instance, where Tµν is independent
of the connection, the hyper-momentum tensor has to satisfy
∂
∂gαβ
(√−g∆ µνλ ) = 0 (1.149)
So for a perfect fluid25
√−g∆ µνλ = independent of gµν (1.150)
In addition, in the so-called Palatini Theories the matter action SM is assumed to be
independent of the connection and therefore ⇒ ∆ µνλ = 0. The latter means that in this
case (Palatini Gravity) the energy momentum tensor is independent of the connection,
as seen from (1.148). This result is crucial when studying the dynamical content of a
connection and we will use it latter on when we touch upon the subject of dynamical/non-
dynamical connections.
1.2.4 Curvature Identities
As we have already seen, the anti-symmetrized covariant derivative on a vector field, yields
[∇α,∇β]uµ = 2∇[α∇β]uµ = Rµ ναβuν + 2S ναβ ∇νuµ (1.151)
When acting on a co-vector gives
[∇α,∇β]uµ = 2∇[α∇β]uµ = −Rλ µαβuλ + 2S ναβ ∇νuµ (1.152)
25Assuming that its form remains the same as in GR.
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And in the trivial case of a scalar, one has
∇[α∇β]φ = S ναβ ∇νφ (1.153)
Of course we can generalize the above considerations for higher rank tensors, for instance
for a rank-2 tensor we have
[∇α,∇β]Tµν = −Rλ µαβTλν −Rλ ναβTλµ + 2S λαβ ∇λTµν (1.154)
which when applied to the metric tensor yields
[∇α,∇β]gµν = −Rλ µαβgλν −Rλ ναβgλµ + 2S λαβ ∇λgµν (1.155)
Recalling now the definition of non-metricity Qαµν ≡ −∇αgµν , we get the identity
R(µν)αβ = ∇[αQβ]µν − S λαβ Qλµν (1.156)
Notice from the above that the Riemann tensor is antisymmetric in its first two indices
only for a metric connection (Qαµν = 0). Another identity comes about when we fully
anti-symmetrize the Riemann tensor in its three lower indices. In words
Rα [βµν] =
2
3!
(
Rαβ[µν] +R
α
ν[βµ] +R
α
µ[νβ]
)
=
2
3!
(
Rαβµν +R
α
νβµ +R
α
µνβ
)
(1.157)
where we used the fact that the Riemann tensor is already antisymmetric in its last two
indices. Carrying out the calculations, we can easily arrive at
Rα [βµν] = −2∇[βS αµν] − 4S λ[βµ S αν]λ (1.158)
Notice that the latter vanishes for a torsion-free space (S λαβ = 0) even when non-metricity
is present. Contracting the above in α = β we obtain a further identity
R[µν] =
1
2
Rˆµν +∇αS αµν + 2∇[µSν] + 2(S λαµ S ανλ + S λνα S αµλ − S αµν Sα) (1.159)
or
R[µν] =
1
2
Rˆµν +∇αS αµν + 2∂[µSν] + 4S λα[µ S αν]λ =
=
1
2
Rˆµν + ∂αS
α
µν + 2∂[µSν] + 2Γ
λ
α[µS
α
ν]λ + Γ
α
λαS
λ
µν (1.160)
from which we conclude that for the Ricci tensor to be symmetric, both torsion and non-
metricity have to vanish. Another identity that is so scary even Schouten does not bother
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writing it down is the one that involves interchanging the first two indices of the Riemann
tensor with its last two. The starting point here is the identity
Aµλκν = Aκνµλ − 3
2
(
Aµ[λνκ] + Aλ[µνκ] + Aκ[νµλ] + Aν[κµλ]
)
+A(λµ)νκ + A(κµ)λν + A(νλ)κµ + A(νκ)µλ + A(λκ)µν + A(νµ)λκ (1.161)
which holds for any rank-4 tensor. Applying this to the Riemann tensor, and using the
identities we derived above, it follows that
Rµνκλ −Rκλµν = 3
(
gµα∇[νS αλκ] + gνα∇[µS αλκ] + gκα∇[λS αµν] + gλα∇[κS αµν]
)
+6
(
gµαS
β
[νλ S
α
κ]β + gναS
β
[µλ S
α
κ]β + gκαS
β
[λµ S
α
ν]β + gλαS
β
[κµ S
α
ν]β
)
+∇[λQκ]νµ +∇[νQλ]κµ +∇[κQµ]λν +∇[µQν]λκ +∇[µQλ]νκ +∇[νQκ]λµ
−
(
S αλκ Qανµ + S
α
νλ Qακµ + S
α
κµ Qαλν
+S αµν Qαλκ + S
α
µλ Qανκ + S
α
νκ Qαλµ
)
(1.162)
and we see that the symmetry Rµνκλ = Rκλµν only holds when both torsion and non-
metricity vanish. The moral of the above identity is crystal clear: If you were to inter-
change the two first with the two last indices in the Riemann tensor, when the space is
not Riemannian ( i.e has non vanishing torsion and non-metricity) you’d better not do it!
Another identity can be obtained by contracting the Riemann tensor with the Levi-Civita
tensor to form the (parity violating) scalar
εµναβRµναβ = 2∇˜α(εαµνβNµνβ) + 2εµναβS λαβ (Q[µν]λ − Sµνλ) (1.163)
where we have used the decomposition (1.114) for the Riemann tensor, the fact that
εµναβR˜µναβ = 0 for the Riemannian part and the fact that the Levi-Civita tensor is covari-
antly conserved with respect to the Levi-Civita connection (∇˜λεµναβ = 0). In a Riemannian
space the right hand term is zero. Notice also that if torsion is zero, the right hand side of
the above equation vanishes even if the space has non-metricity. This may become more
apparent by observing that
N[αµν] = S[µνα] = S[αµν] (1.164)
such that
εµναβRµναβ = 2∇˜α(εαµνβS[µνβ]) + 2εµναβS λαβ (Q[µν]λ − Sµνλ) (1.165)
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from which we conclude that
εµναβRµναβ = 0 (1.166)
if torsion is zero. In addition, using the definition of the torsion pseudo-vector S˜µ ≡
εµρνβS[ρνβ], for a non-Riemannian space we have the above identity written in a more
compact form
εµναβRµναβ = 2∇˜αS˜α + 2εµναβS λαβ (Q[µν]λ − Sµνλ) (1.167)
1.2.5 Weitzenbock identities (generalized Bianchi identities)
Let us now give the generalized Bianchi identities for a torsionfull, non-metric connection.
These identities are also known as Weitzenbock identities. The first one we obtain by taking
the covariant derivative of the Riemann tensor and antisymmetrize in three indices, which
results in
∇[ρRα |β|µν] = 2Rαβλ[ρS λµν] (1.168)
where the vertical bars around an index indicate that this index is left out of the (anti-
)symmetrization. Contracting the above in α = β we also obtain another identity
∇[ρRˆµν] = 2Rˆλ[ρS λµν] (1.169)
We can also obtain an identity by contracting (1.168) in ρ = α to obtain
∇αRαβµν − 2∇[µR|β|ν] = −2RβλS λµν + 4Rαβλ[νS λµ]α (1.170)
1.3 The Lie Derivative
As can be found in any GR textbook (see [41] for instance) when one is dealing with
a Riemannian geometry, the partial derivatives that appear in a Lie derivative, can be
replaced with the covariant ones. For instance, the Lie derivative of the contravariant
vector uµ in the direction of ξµ, reads
£ξu
α = ξµ∂µu
α − uµ∂µξα = ξµ∇µuα − uµ∇µξα (1.171)
in a Riemannian space (both torsion and non-metricity are zero and the covariant derivative
is computed with respect to the Levi-Civita connection). However, in an affine space where
both torsion and non-metricity are not zero, the above is written as
£ξu
α = ξµ∂µu
α − uµ∂µξα = ξµ∇µuα − uµ∇µξα − 2S αµν uµξν (1.172)
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We should stress out the the Lie derivative on any tensor field, in its original form, contains
only partial derivatives of the associated quantities. If we insist upon expressing the final
result in terms of the full covariant derivative we must also include the additional terms that
appear due to torsion and non-metricity. The way to do this is to expand the covariant
derivative, solve the partial derivative in terms of it and substitute it back in the Lie
derivative. For example, let us prove the above result for the contravariant vector uα. We
start by expanding
∇µuα = ∂µuα − Γα λµuλ (1.173)
∇µξα = ∂µξα − Γα λµξλ (1.174)
multiplying the former by ξµ and the latter by uµ and subtracting them, it follows that
ξµ∇µuα − uµ∇µξα = ξµ∂µuα − uµ∂µξα + 2S αµν uµξν ⇒
ξµ∂µu
α − uµ∂µξα = ξµ∇µuα − uµ∇µξα − 2S αµν uµξν ⇒
£ξu
α = ξµ∇µuα − uµ∇µξα − 2S αµν uµξν (1.175)
In a similar manner we find the Lie derivative of a covariant vector vµ,
£ξvµ = ξ
α∂αvµ − vα∂µξα = ξα∇αvµ − vα∇µξα − 2S λαµ ξαvλ (1.176)
Now, for a rank 2 covariant tensor field-Tµν one computes
£ξTµν = ξ
λ∂λTµν + Tλν∂µξ
λ + Tµλ∂νξ
λ (1.177)
If Tµν is taken to be the metric tensor gµν , the above gives
£ξgµν = ξ
λ∂λgµν + gλν∂µξ
λ + gµλ∂νξ
λ =
= ξλ∂λgµν + ∂µξν − ξλ∂µgλν + ∂νξµ − ξλ∂νgµλ =
= ∂µξν + ∂νξµ − ξλ(∂µgλν + ∂νgλµ − ∂λgµν) =
= ∂µξν + ∂νξµ − 2Γ˜λ µνξλ = ∇˜µξν + ∇˜νξµ (1.178)
where on going from the first to the second line we employed Leibniz’s rule and on going
third to forth we used the definition of the Levi-Civita connection. Note that in the last
line the covariant derivative computed with respect to the Levi-Civita connection, appears.
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If we want to express the Lie derivative in terms of the general covariant derivative, we
may use the connection decomposition
Γλ µν = Γ˜
λ
µν +N
λ
µν (1.179)
and recast (1.178) to
£ξgµν = ∇µξν +∇νξµ + 2Nλ(µν)ξλ (1.180)
where we have used the relation
∇µξν = ∂µξν − Γλ νµξλ = ∇˜µξν −Nλνµξλ (1.181)
The above procedure can be generalized to derive the Lie derivative for tensor fields of
arbitrary rank.
1.3.1 Non-trivial Surface terms
In Metric Gravity (GR is a special case of it) where we have neither torsion nor non-
metricity, the following hold true
S αµν = 0 (1.182)
∇µ
√−g = 0 (1.183)
which lead to trivial surface terms∫
d4x∇µ(
√−guµ) =
∫
d4x
√−g∇µuµ =
=
∫
d4x∂µ(
√−guµ) = surface term (1.184)
for any vector field uµ. However, in Metric-Affine spaces both non-metricity and torsion
are non-vanishing and one has26
S αµν 6= 0 (1.185)
∇µ
√−g = ∂µ
√−g − Γααµ
√−g 6= 0 (1.186)
Furthermore, the covariant derivative on contravariant vectors yields
∇µuν = ∂µuν + Γν αµuα (1.187)
26Recall that
√−g is a scalar density of weight −1.
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and contracting in µ,ν we obtain
∇µuµ = ∂µuµ + Γµ αµuα (1.188)
Thus, using the above, one has
∇µ(
√−guµ) = ∂µ(
√−guµ) + (Γα µα − Γααµ)
√−guµ ⇒
∇µ(
√−guµ) = ∂µ(
√−guµ) +√−g2Sµuµ (1.189)
where Sµ := S
ν
µν . As a result the integral in (1.184) now takes the form∫
d4x∇µ(
√−guµ) =
∫
d4x∂µ(
√−guµ) +
∫
d4x
√−g2Sµuµ =
= surface term+
∫
d4x
√−g2Sµuµ (1.190)
Therefore, when both torsion and non-metricity are present there are additional contribu-
tions to the surface terms that need to be taken into account. However, note from the last
equation that this contribution is proportional to the torsion vector Sµ and as a result the
additional term comes solely by the presence of torsion and not of that of non-metricity.
That is, equation (1.184) holds true in the absence of torsion even when the non-metricity
is not zero. Now, consider an integral of the form∫
d4x
√−g∇µuµ (1.191)
Using Leibniz’s rule and the above result we may express it as∫
d4x
√−g∇µuµ =
∫
d4x∇µ(
√−guµ)−
∫
d4xuµ∇µ
√−g =
= surface term+
∫
d4x
√−g2Sµuµ −
∫
d4x
√−guµ1
2
gαβ∇µgαβ =
= surface term+
∫
d4x
√−guµ
(
2Sµ +
1
2
gαβQµαβ
)
therefore we obtain∫
d4x
√−g∇µuµ =
∫
d4x
√−guµ
(
2Sµ +
1
2
Qµ
)
+ surface term (1.192)
where Qµ := Q
ν
µν = g
ναQµνα is the Weyl vector. Notice that on going from the first to the
second line we employed the identity
∇µ
√−g = −√−g1
2
gαβ∇µgαβ = +
√−g1
2
gαβ∇µgαβ (1.193)
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1.4 Useful Identities and Proofs
We begin here by giving some general identities for the Levi-Civita symbol firstly in ar-
bitrary spacetime dimensions and then specializing to four. In general the following hold
true
a1a2...akak+1...an
a1a2...akbk+1...bk...bn = (−1)t(n− k)!k!δbk+1[ak+1 ...δbnan] (1.194)
a1a2...an−2ed
a1a2...an−2lm = (−1)t(n− 2)!2δl[eδmd] (1.195)
a1a2...an−1d
a1a2...an−1e = (−1)t(n− 1)!δed (1.196)
a1a2...an
a1a2...an = (−1)tn! (1.197)
where k ≤ n and t is the signature of the space. Having the Levi-Civita symbol we can
write the determinant of the metric tensor as follows
g := det (gab) =
(−1)t
n!
a1a2...anb1b2...bnga1b1 ...ganbn (1.198)
which is a scalar density of weight−2. Now, specializing in a 4−dim Lorentzian spacetime27
(i.e. n = 4, t = 1) the above reduce to
µνρλ
µαβγ = −1!3!δα[νδβρ δγλ] (1.199)
µνρλ
µνκσ = −2!2!δκ[ρδσλ] (1.200)
µνρλ
µνρσ = −3!δσλ (1.201)
µνρσ
µνρσ = −4! (1.202)
Also note that when no contraction among indices is involved, we have
µνρλ
σαβγ = −4!δσ[µδαν δβρ δγλ] (1.203)
It is also worth noting that due to the non-tensorial nature of µνρσ
28 one has
µνρσgµαgνβgργgσδ = −gαβγδ (1.204)
and
µνρσ = −gµνρσ (1.205)
27Of course the same results hold true for any n-dim Lorentzian spacetime. We take n = 4 here just for
convenience.
28However, this can be converted to a tensor if we multiply by
√−g, namely εµνρσ := √−gµνρσ does
behave tensorial. Note that its contravariant tensor form is εµνρσ := 
µνρσ√−g
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Now, multiplying (and contracting) equation (1.204) by gκδ we arrive at
µνρκgµαgνβgργ = −gαβγδgκδ (1.206)
which is going to be used in what follows. The determinant of the metric tensor is now
given by
g := det (gµν) =
1
4!
µνρσαβγδgµαgνβgργgσδ (1.207)
Acting the covariant derivative on it, it follows that
∇λg = 1
4!
µνρσαβγδ
(
(∇λgµα)gνβgργgσδ + ...+ gµαgνβgργ(∇λgσδ)
)
(1.208)
and with a relabeling of the dummy indices the latter becomes
∇λg = 4
4!
µνρσαβγδgµαgνβgργ(∇λgσδ) =
=
1
3!
µνρσ αβγδgµαgνβgργ︸ ︷︷ ︸
=−gµνρκgκδ
∇λgσδ =
= − g
3!
µνρσµνρκ︸ ︷︷ ︸
=−3!δσκ
gκδ∇λgσδ = +ggσδ∇λgσδ ⇒
∇λg = +ggµν∇λgµν (1.209)
In addition, using
0 = ∇λ4 = ∇λ(gµνgµν) = gµν∇λgµν + gµν∇λgµν (1.210)
we may write the above as
∇λg = +ggµν∇λgµν = −gµν∇λgµν (1.211)
Recalling the definition of the non-metricity tensor
Qλµν = −∇λgµν (1.212)
along with that of the Weyl vector
Qλ := g
µνQλµν = Q
ν
λν = −ggµν∇λgµν (1.213)
we finally arrive at
∇λg = −gQλ (1.214)
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Now, since −g > 0 we have g = √−g√−g and therefore
2
√−g∇λ
√−g = ggµν∇λgµν ⇒ ∇λ
√−g√−g =
1
2
gµν∇λgµν (1.215)
or
∇λ√−g√−g = ∇λ ln
√−g = 1
2
gµν∇λgµν = −1
2
gµν∇λgµν = −1
2
Qλ (1.216)
Notice that the results derived so far not only hold true for ∇λ but also for any linear
operator Tˆ . Indeed, our starting point was the following expression of the determinant
g := det (gµν) =
1
4!
µνρσαβγδgµαgνβgργgσδ (1.217)
Acting on it with Tˆ and performing manipulations identical to the above ones, we would
again arrive at
Tˆ
√−g√−g = Tˆ ln
√−g = 1
2
gµν(Tˆ gµν) = −1
2
gµν(Tˆ g
µν) (1.218)
thus, a similar expression holds for the ordinary derivative. Indeed, setting Tˆ → ∂µ the
latter takes the form
∂λ
√−g√−g = ∂λ ln
√−g = 1
2
gµν∂λgµν = −1
2
gµν∂λg
µν (1.219)
In addition, setting Tˆ → δ we also get the variation of the determinant
δ
√−g√−g = δ ln
√−g = 1
2
gµνδgµν = −1
2
gµνδg
µν (1.220)
Now, expanding (1.216) and using (1.219) it follows that
∇λ√−g√−g =
1
2
gµν∇λgµν = 1
2
gµν∂λgµν︸ ︷︷ ︸
=
∂λ
√−g√−g
−1
2
(
Γα µλgνα + Γ
α
νλgµα
)
gµν =
=
∂λ
√−g√−g −
1
2
2Γµ µλ ⇒
∇λ√−g√−g =
∂λ
√−g√−g − Γ
µ
µλ
∇λ
√−g = ∂λ
√−g − Γµ µλ
√−g
and in terms of the Weyl vector
Γµ µλ = (∂λ −∇λ) ln
√−g = ∂λ ln
√−g + 1
2
Qλ (1.221)
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Having this last relation we can bring the homothetic curvature tensor to the form
Rˆµν := ∂µΓ
α
αν − ∂νΓααµ =
= ∂µ∂ν(ln
√−g) + 1
2
∂µQν − ∂ν∂µ(ln
√−g)− 1
2
∂νQµ =
=
1
2
(
∂µQν − ∂νQµ
)
= ∂[µQν] ⇒
Rˆµν = ∂[µQν] (1.222)
From this we see that the form of the homothetic curvature resembles that of the field
strength of electromagnetism Fµν = 2∂[µAν]. Additionally, we conclude that non-metricity
alone (the torsion does not enter at all) gives rise to the homothetic curvature. In par-
ticular the Weyl vector Qµ, constructed out of the non-metricity tensor, fully determines
the homothetic curvature. Therefore, any attempt to brake the projective invariance of
the Einstein-Hilbert action, by imposing Qµ would automatically force the homothetic cur-
vature to vanish as well. As a result, such a braking (i.e. Qµ = 0) should be avoided
since it implies a vanishing homothetic curvature without any physical justification. Note
that another place that the homothetic tensor arises naturally is when one takes the anti-
symmetrized covariant derivative of a scalar density (or more generally a tensor density).
Indeed, considering the scalar density
Φ ≡ (√−g)wφ (1.223)
of weight w, with φ being a scalar and acting the antisymmetrized covariant derivative on
it we arrive at
[∇µ,∇ν ]Φ = −wRˆµνΦ + 2S λµν ∇λΦ (1.224)
1.4.1 The Levi-Civita Tensor
From the Levi-Civita symbol one can construct the Levi-Civita tensor. To see this we start
by
µνρσgµαgνβgργgσδ = −gαβγδ (1.225)
and write it in the form
µνρσ√−ggµαgνβgργgσδ =
√−gαβγδ (1.226)
From which we see that defining
εµνρσ :=
√−gµνρσ (1.227)
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and
εµνρσ :=
µνρσ√−g (1.228)
it follows that
εµνρσgµαgνβgργgσδ = εαβγδ (1.229)
which proves the tensorial nature of εαβγδ. It is easy to check that this tensor also satisfies
the set of identities (1.199) - (1.203) that hold for the Levi-Civita symbol, so for the Levi-
Civita tensor one has29
εµνρλε
µαβγ = −1!3!δα[νδβρ δγλ] (1.230)
εµνρλε
µνκσ = −2!2!δκ[ρδσλ] (1.231)
εµνρλε
µνρσ = −3!δσλ (1.232)
εµνρσε
µνρσ = −4! (1.233)
εµνρλε
σαβγ = −4!δσ[µδαν δβρ δγλ] (1.234)
1.4.2 Covariant derivative of the Levi-Civita tensor
As it is well known an immediate implication of ∇αgµν = 0 is that the Levi-Civita tensor
εαβγδ =
√−gαβγδ, (where αβγδ is the Levi-Civita symbol) is covariantly conserved. How-
ever, for a general non-vanishing non-metricity this statement is not true. In general it
holds that
∇µεαβγδ = −εαβγδQµ
2
(1.235)
Let us prove this now. We have
∇µεαβγδ =
= ∂µ(
√−gαβγδ)−
√−g
(
Γλ αµλβγδ + Γ
λ
βµαλγδ + Γ
λ
γµαβλδ + Γ
λ
δµαβγλ
)
29To see this just start with the identities for the Levi-Civita symbol, write 1 =
√−g√−g and use the
definition of the Levi-Civita tensor in its contravariant and covariant form.
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Now, if any of α, β, γ, δ are equal this is zero, so we need only consider the case α = 0, β =
1, γ = 2, δ = 3 (any other possibility follows from circular permutations of it). Then
∇µε0123 =
= (∂µ
√−g)0123 −
√−g
(
Γλ 0µλ123 + Γ
λ
1µ0λ23 + Γ
λ
2µ01λ3 + Γ
λ
3µ123λ
)
=
= (∂µ
√−g)0123 −
√−g0123
(
Γ0 0µ + Γ
1
1µ + Γ
2
2µ + Γ
3
3µ
)
=
= (∂µ
√−g)0123 −
√−g0123Γλ λµ ⇒
∇µε0123 = − 0123
√−g︸ ︷︷ ︸
≡ε0123
(
Γλ λµ −
1√−g∂µ
√−g
)
(1.236)
In addition, using (1.221) the latter finally takes the form
∇µε0123 = −ε0123Qµ
2
(1.237)
which for general indices generalizes to
∇µεαβγδ = −εαβγδQµ
2
(1.238)
and indeed we see that when non-metricity is there (Qµ 6= 0) the Levi-Civita tensor is not
covariantly conserved. However, when the theory is invariant under projective transfor-
mations of the connection, one can always use this freedom to define a volume-preserving
connection, call it †Γλ µν , for which
†∇µεαβγδ = 0 (1.239)
Indeed, suppose that we have an affine connection Γλ µν for which ∇µεαβγδ 6= 0. Then,
consider the projective transformation
Γλ µν −→† Γλ µν = Γλ µν + δλµξν (1.240)
For the daggered connection the covariant derivative on εαβγδ yields
†∇µεαβγδ = −εαβγδ
(
Γλ λµ + 4ξµ −
1√−g∂µ
√−g
)
= = −εαβγδ
(Qµ
2
+ 4ξµ
)
and we see that if we choose ξµ = −18Qµ30 we have
†∇µεαβγδ = 0 (1.241)
Such a connection, namely one that goes like
†Γλ µν = Γ
λ
µν −
1
8
δλµQν (1.242)
is called a volume preserving connection.
30For a general n− dim spacetime the choice is ξµ = −Qµ/2n
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1.4.3 Variations of the Torsion tensor
Let us now derive the variations for the torsion tensor (S αµν ) and torsion vector (Sµ ≡ S αµα )
since we will be using them in the various theories we are going to study. Firstly, note that
since the torsion does not depend on the metric, the δgµν variation is identically zero,
namely
δgS
α
µν =
δS αµν
δgκλ
δgκλ = 0 (1.243)
as well as31
δgSµ = 0 (1.244)
Now to proceed with the Γ-variation we recall that we want to have a common factor δΓλ µν
appearing in the variation. Thus, we express the torsion tensor as
S λαβ =
1
2
(Γλ αβ − Γλ βα) =
1
2
(δµαδ
ν
βΓ
λ
µν − δναδµβΓλ µν) =
=
1
2
(δµαδ
ν
β − δναδµβ)Γλ µν = δ[µα δν]β Γλ µν ⇒
S λαβ = δ
[µ
α δ
ν]
β Γ
λ
µν (1.245)
such that
δΓS
λ
αβ = δ
[µ
α δ
ν]
β δΓ
λ
µν (1.246)
So long as the torsion vector is concerned we contract the above in β, λ to obtain
δΓSα = δΓS
λ
αλ = δ
[µ
α δ
ν]
λ δΓ
λ
µν (1.247)
and for the torsion pseudo-vector (in 4-dim)
δΓS˜
α = αµνλδΓ
λ
µν (1.248)
Having performed the variations of the torsion, we know proceed to derive the variations
of the non-metricity tensor with respect to both the metric tensor and the connection.
31This is so because in order to form the torsion vector Sµ we need only contract an upper with a lower
index without the use of any metric. Notice also that if we were to form another vector by contracting
the first two indices of the torsion with the metric tensor, the result would yield zero due to the fact
that the torsion is antisymmetric in its first two indices while the metric tensor is symmetric. In words,
S˜µ ≡ gαβS µαβ = 0.
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1.4.4 Variations of the Non-metricity tensor
Let us firstly obtain the variation of the non-metricity tensor with respect to the connection.
To do so we single out a common Γλ µν-factor in the expression of the non-metricity as we
did with the torsion. We have
Qραβ = −∇ρgαβ = −∂ρgαβ + Γλ αρgλβ + Γλ βρgλα =
= −∂ρgαβ + δµαδνρΓλ µνgλβ + δµβδνρΓλ µνgλα =
= −∂ρgαβ + δνρ(δµαgλβ + δµβgλα)Γλ µν ⇒
Qραβ = −∂ρgαβ + δνρ2δµ(αgβ)λΓλ µν (1.249)
Therefore, variation with respect to the connection, immediately gives
δΓQραβ = δ
ν
ρ2δ
µ
(αgβ)λδΓ
λ
µν (1.250)
Let us now vary with respect to the metric tensor. Using the above definition of non-
metricity along with the identity
δgαβ = −gµαgνβδgµν (1.251)
it follows that
δgQραβ = −∂ρδgαβ + Γλ αρδgλβ + Γλ βρδgλα =
= ∂ρ(gµαgνβδg
µν)− Γλ αρgλµgνβδgµν − Γλ βρgλµgναδgµν =
= ∂ρ(gµαgνβδg
µν)− (δgµν)gλµ2gν(αΓλ β)ρ
Thus, one has
δgQραβ = ∂ρ(gµαgνβδg
µν)− (δgµν)2gλµgν(αΓλ β)ρ (1.252)
We continue by varying the Weyl vector
Qν ≡ −gαβ∇νgαβ = −gαβ∂νgαβ + 2Γλ λν (1.253)
Variation with respect to the connection yields32
δΓQν = 2δΓ
λ
λν = δΓ
λ
µν2δ
µ
λ ⇒
32This may also be obtained by contracting (1.250) with gαβ . Of course, this can be done because the
Γ-variation commutes with the metric tensor. However, this is not true for the g-variation.
52
δΓQρ = 2δ
ν
ρδ
µ
λδΓ
λ
µν (1.254)
While variation with respect to the metric tensor gives
δgQρ = −(δgµν)∂ρgµν − gαβ∂ρδgαβ (1.255)
Now, expanding the second term, we have
gαβ∂ρδgαβ = −gαβ∂ρ(gµαgνβδgµν) =
= −gµν∂ρδgµν − 2(δgµν)∂ρgµν (1.256)
such that
δgQρ = −(δgµν)∂ρgµν + gµν∂ρδgµν + 2(δgµν)∂ρgµν =
= gµν∂ρδg
µν + (δgµν)∂ρgµν = ∂ρ(gµνδg
µν)
Thus, the g-variation of the Weyl vector has the handy form
δgQρ = ∂ρ(gµνδg
µν) (1.257)
Let us now proceed by varying the second non-metricity vector 2nmv. Recall that the
latter is given by
Q˜β = g
ραQραβ= = −gρα∂ρgαβ + (gµνgβλ + δµβδνλ)Γλ µν (1.258)
Variation with respect to the connection immediately gives
δΓQ˜β = (g
µνgβλ + δ
µ
βδ
ν
λ)δΓ
λ
µν (1.259)
while variation with respect to the metric tensor reads
δgQ˜β = −(δgµν)∂µgνβ − gρα∂ρδgαβ + (δgµν)gβλΓλ µν + gµνΓλ µνδgβλ =
= δgµν
[
− ∂µgνβ + gλβΓλ µν
]
− gρα∂ρδgαβ + gµνΓλ µνδgβλ (1.260)
Now using
δgαβ = −gαµgβνδgµν (1.261)
it can easily be shown that
gρα∂ρδgαβ = −gβνgρα(∂ρgµα)δgµν − ∂µ(gνβδgµν) (1.262)
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as well as
gµνΓλ µνδgβλ = −gρσΓα ρσgµαgνβδgµν (1.263)
and upon using these, the g-variation of Q˜β reads
δgQ˜β = δg
µν
[
gνβg
ρα(∂ρgµα) + Γ
λ
µνgλβ − gρσΓα ρσgµαgνβ
]
+ gνβ(∂µδg
µν) (1.264)
Notice that there is a quicker and more elegant way to derive the g−variation of non-
metricity. This comes about by first recalling that the general covariant derivative ∇α does
not depend on the metric tensor. Then, using the definition of the variation, one has
δgQαµν = −∇α(gµν + δgµν) +∇αgµν = −∇αδgµν (1.265)
and also
δgQ
µν
α = ∇α(gµν + δgµν)−∇αgµν = +∇αδgµν (1.266)
So, when coupled to a tensor filed (or a tensor density) Tαµν we have
TαµνδgQ
µν
α = ∇α(Tαµνδgµν)− (δgµν)∇αTαµν (1.267)
where we have employed Leibniz’s rule for the covariant derivatives. Next we derive the
variations of the Riemann tensor.
1.4.5 Variations of the Riemann tensor
For the sake of completeness we also give here the variations of the Riemann tensor (and
its related contractions) with respect to the independent connection and the metric. First
notice that the prototype of the Riemann tensor
Rµ ναβ := 2∂[αΓ
µ
|ν|β] + 2Γ
µ
ρ[αΓ
ρ
|ν|β] (1.268)
does not depend on the metric and therefore
δgR
µ
ναβ = 0 (1.269)
When the first index is brought down however we have a metric tensor dependence since
Rρναβ = gµρR
µ
ναβ (1.270)
and thus
δgRρναβ = (δgµρ)R
µ
ναβ = −(δgκλ)gµκgρλRµ ναβ = −(δgκλ)gρλRκναβ (1.271)
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Now, to derive the variation with respect to the connection we start by (1.268) and compute
δΓR
µ
ναβ = R
µ
ναβ[Γ + δΓ]−Rµ ναβ[Γ] (1.272)
and expanding Rµ ναβ[Γ + δΓ] to linear order in δΓ we finally arrive at
δΓR
µ
ναβ = ∇α(δΓµ νβ)−∇β(δΓµ να)− 2S λαβ δΓµ νλ (1.273)
Having obtained all he necessary setup we are now in a position to study Metric-Affine
Theories of Gravity. We do so in what follows.
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Chapter 2
Metric-Affine Theories of Gravity
This chapter deals with the general Model-building of MAG (in the coordinate formalism).
After reviewing Einstein’s theory in this formalism, we study Palatini as well as Metric-
Affine f(R) theories and also present another way to brake the projective invariance in the
aforementioned theories. We then go on and derive the field equations for more general
theories.
2.1 Metric Affine f(R) Theories
Let us now study some characteristics of Metric Affine f(R) theories and spot any differences
with their Metric counterpart. Firstly we consider the vacuum theories and then we add
matter. Before considering the general f(R) case we firstly consider the Einstein Hilbert
action in the Metric-Affine Framework.
2.1.1 Einstein’s Theory in the Metric-Affine Framework
We will show now that starting with the Einstein-Hilbert action and no matter fields, we
end up with Einstein Gravity plus an additional unspecified vectorial degree of freedom
that gives rise to both torsion and non-metricity but which can be eliminated by means of
a projective transformation of the connection. This is possible because of the projective
invariance of the Ricci tensor. However, this invariance is the very reason that renders
the field equations problematic when one tries to add to the model a matter action that
depends both on the metric and the connection. Then, one arrives at inconsistent field
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equations1. This inconsistency can be handled by fixing to zero the vector components of
either the torsion or Weyl vectors but it seems that the situation suggests that in the MAG
framework more general actions than the Einstein-Hilbert should be used. To this end we
also present some actions that yield consistent field equations and in vacuum give Einstein
Gravity with no additional fields.
Vacuum Einstein’s Theory in MAG
Let us start with the Einstein-Hilbert action in n-dimensions
SEH [gµν ,Γ
λ
αβ] =
∫
dnx
√−gR =
∫
dnx
√−ggµνR(µν) (2.1)
and no matter fields. Here, no a priori relation between the metric tensor gµν and the
connection Γλ αβ have been assumed and therefore we have not assumed any torsionless
and metric compatibility of the connection to begin with. Varying (2.1) with respect to
gµν and recalling that Rµν is independent of the metric, we derive
δgSEH = 0⇒ 0 =
∫
dnx
√−gδgµν
[
R(µν) − gµν
2
R
]
where we have used the identity
δg
√−g = −
√−g
2
gµνδg
µν (2.2)
which is proved in the appendix. Now, since the latter must hold for any arbitrary variation
δgµν , we have
R(µν) − gµν
2
R = 0 (2.3)
We should point out that at this point that we cannot identify the above as the Einstein
equations yet since the torsionlessness and metric compatibility conditions have not been
assumed. Now, using
δΓR
µ
νσλ = ∇σδΓµ νλ −∇λδΓµ νσ − 2S ρσλ δΓµ νρ (2.4)
1This inconsistency arises due to the invariance of the Ricci scalar under projective transformations of
the connection as we have already pointed out and is expressed as an unphysical constraint imposed on
the matter fields. This is not an attribute only of the Einstein-Hilbert action, any action that is projective
invariant will yield inconsistent field equations when matter is added.
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and varying (2.1) with respect to the connection we get
δΓSEH = 0⇒ (2.5)
0 =
∫
dnxδΓλ µν
[
−∇λ(
√−ggµν) +∇σ(
√−ggµσ)δνλ
+2
√−g(Sλgµν − Sµδνλ + gµσS νσλ )
]
(2.6)
for this to hold true for any arbitrary variation δΓλ µν we must have
−∇λ(
√−ggµν) +∇σ(
√−ggµσ)δνλ + 2
√−g(Sλgµν − Sµδνλ + gµσS νσλ ) = 0 (2.7)
which is a relation that relates the metric tensor and the connection. It is common in the
literature to denote the left hand side of the above equation (divided by
√−g) as P µνλ
and call it the Palatini tensor. Namely,
P µνλ = −
∇λ(√−ggµν)√−g +
∇σ(√−ggµσ)δνλ√−g + 2(Sλg
µν − Sµδνλ + gµσS νσλ ) (2.8)
Note that in the above case (Einstein-Hilbert action with no matter fields) the Palatini
tensor vanishes identically. The Palatini tensor has only n(n2− 1) instead of n3 due to the
fact that is traceless
P µνµ = 0 (2.9)
which is a general property and kills off n-equations2. This implies that a vectorial degree
of freedom is left unspecified and as a result the connection can only be determined up to
a vector. More specifically, we state that equation (2.7) implies that the connection takes
the following form
Γλ µν = Γ˜
λ
µν −
2
(n− 1)Sνδ
λ
µ = Γ˜
λ
µν +
1
2n
δλµQν (2.10)
where Γ˜λ µν is the Levi-Civita connection. To prove that, we start by contracting (2.7) in
ν and λ to get
(n− 1)∇σ(
√−ggµσ) + 2√−g(2− n)Sµ = 0⇒
Sµ =
(n− 1)
2(n− 2)
∇σ(√−ggµσ)√−g (2.11)
or
∇σ(
√−ggµσ) = 2√−g
(
n− 2
n− 1
)
Sµ (2.12)
2That is, in 4-dim the Palatini tensor has 60 components while the remaining 4 components cannot be
specified because of its traceless property.
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Substituting that very last equation back to (2.7) we obtain
−∇λ(
√−ggµν) + 2√−g
(
Sλg
µν +
1
1− nS
µδνλ + g
µσS νσλ
)
= 0 (2.13)
Playing a bit more, let us contract (2.13) by gµν . We have
−gµν∇λ(
√−ggµν) + 2√−gn(n− 2)
(n− 1) Sλ = 0⇒
−n∇λ
√−g√−g − gµν∇λg
µν + 2
n(n− 2)
(n− 1) Sλ = 0 (2.14)
Using the identity proved in the appendix
∇λ√−g√−g = ∇λ ln
√−g = 1
2
gµν∇λgµν = −1
2
gµν∇λgµν = −1
2
Qλ (2.15)
the latter recasts to
Sλ = −(n− 1)
4n
Qλ (2.16)
which relates the torsion and Weyl vectors. One can also relate the second non-metricity
vector Q˜µ = Q σµσ = ∇σgσµ to Sµ and Qµ. To see this, we expand (2.12) and use (2.15) to
get
gµσ
∇σ√−g√−g +∇σg
σµ = 2
(n− 2)
(n− 1)S
µ ⇒
−1
2
Qσg
µσ + Q˜µ = 2
(n− 2)
(n− 1)S
µ
(2.17)
such that
Q˜µ =
1
2
Qµ + 2
(n− 2)
(n− 1)S
µ (2.18)
Furthermore, using (2.16) we finally arrive at
Q˜µ =
1
n
Qµ = − 4
(n− 1)S
µ (2.19)
Thus, all three vectors Sµ, Qµ and Q˜µ are related to one another. Going back to our proof
now, we expand the first term in (2.13) and use equation (2.15) along with the definition
Q µνλ ≡ +∇λgµν , to get
1
2
gµνQλ −Q µνλ + 2
(
Sλg
µν +
1
1− nS
µδνλ + g
µσS νσλ
)
= 0 (2.20)
Multiplying with gαλ it follows that
1
2
Qαgµν −Qαµν + 2
(
gµνSα +
1
1− nS
µgνα
)
+ 2Sµαν = 0
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such that
Qαµν + 2Sαµν =
1
2
gµνQα + 2
(
gµνSα +
1
1− nS
µgνα
)
(2.21)
where the antisymmetry of Sµαν in µ, α have been employed. Now we use the formula we
had proved for the connection decomposition and try to pair the various terms in such a
way as to be able to use the above equation. Recalling the decomposition,
Γλ µν = Γ˜
λ
µν +
1
2
gαλ(Qµνα +Qναµ −Qαµν)− gαλ(Sαµν + Sανµ − Sµνα) (2.22)
we use the antisymmetry Sανµ = −Sναµ in order to re-express the latter as
Γλ µν = Γ˜
λ
µν +
1
2
gαλ
[
− (Qαµν + 2Sαµν) + (Qµνα + 2Sµνα) + (Qναµ + 2Sναµ)
]
(2.23)
Now, multiplying (2.21) by −1 and adding the results obtained by successively permuting
µ→ ν, ν → α, α→ µ we obtain
Aαµν ≡ −(Qαµν + 2Sαµν) + (Qµνα + 2Sµνα) + (Qναµ + 2Sναµ) =
= −1
2
gµνQα − 2
(
gµνSα +
1
1− nSµgνα
)
+
1
2
gναQµ − 2
(
gναSµ +
1
1− nSνgαµ
)
+
1
2
gαµQν − 2
(
gαµSν +
1
1− nSαgµν
)
(2.24)
Multiplying with gαλ and grouping common terms we obtain
gαλAαµν = g
αλ
[
− (Qαµν + 2Sαµν) + (Qµνα + 2Sµνα) + (Qναµ + 2Sναµ)
]
=
= −1
2
gµν
[
Qλ +
4n
n− 1S
λ︸ ︷︷ ︸
=0
]
+ δλ(µQν) +
2n
(n− 1)Sµδ
λ
ν +
2(n− 2)
(n− 1) Sνδ
λ
µ =
=
1
2
δλµ
[
Qν +
4(n− 2)
(n− 1) Sν
]
+
1
2
δλν
[
Qµ +
4n
(n− 1)Sµ︸ ︷︷ ︸
=0
]
=
=
1
2
δλµ
[
Qν +
4n
(n− 1)Sν︸ ︷︷ ︸
=0
− 8
(n− 1)Sν
]
⇒
such that
gαλAαµν = − 4
(n− 1)Sνδ
λ
µ =
1
n
Qνδ
λ
µ (2.25)
where in all steps we have employed equation (2.16). It is worth noting that the coefficients
in front of gµν and δ
λ
ν are exactly equal to zero. Substituting this very last equation into
the expression for the connection we complete the proof
Γλ µν = Γ˜
λ
µν +
1
2
gαλAαµν ⇒
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Γλ µν = Γ˜
λ
µν −
2
(n− 1)Sνδ
λ
µ = Γ˜
λ
µν +
1
2n
δλµQν (2.26)
Therefore, we conclude that indeed the connection is determined only up to an unspecified
vectorial degree of freedom. This additional degree of freedom can be removed by means
of a projective transformation of the connection
Γλ µν −→ Γλ µν + δλµξν (2.27)
if ξν is chosen to be equal to -Qν/2n. In addition, for connections of the form of (2.26)
only the Levi-Civita part contributes in both the Einstein-Hilbert action and Einstein’s
equations. Indeed, substituting (2.26) in the definition of the Riemann tensor
Rµ ναβ := 2∂[αΓ
µ
|ν|β] + 2Γ
µ
ρ[αΓ
ρ
|ν|β] (2.28)
It can easily be seen that
Rµ ναβ = R˜
µ
ναβ +
1
n
δµν ∂[αQβ] = R˜
µ
ναβ +
1
n
δµν Rˆαβ (2.29)
where R˜µ ναβ is the part of the Riemann tensor computed for the Levi-Civita connection,
namely the Riemannian part while δµν ∂[αQβ]/n represents the non-Riemannian contribution.
Subsequently, the Ricci tensor is given by
Rνβ = R˜νβ +
1
n
∂[νQβ] = R˜νβ +
1
n
Rˆνβ (2.30)
from which we conclude that its symmetric part (which is the one that contributes to
Einstein equations3) is purely Riemannian
R(νβ) = R˜(νβ) = R˜νβ (2.31)
As a result
R = gµνRµν = g
µνR˜µν (2.32)
and therefore the additional vectorial degree of freedom does not appear in the Einstein
equations. Having solved exactly for the connection we can now compute the torsion and
3This is so because the Einstein Hilbert Lagrangian density is proportional to R = gµνRµν = g
µνR(µν)
since the metric tensor is symmetric. As a result, the antisymmetric part of Rµν gives no contribution to
the equations of motion.
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non-metricity tensors in closed form in terms of the unspecified torsion vector (or Weyl
vector). Indeed, taking the antisymmetric part of (2.26) we obtain for the torsion
S λµν = Γ
λ
[µν] = Γ˜
λ
[µν]︸ ︷︷ ︸
=0
− 2
(n− 1)S[νδ
λ
µ] ⇒
S λµν = −
2
(n− 1)S[νδ
λ
µ] =
1
n− 1
(
Sµδ
λ
ν − Sνδλµ
)
(2.33)
So long as the non-metricity tensor is concerned, by its definition we have
Qαµν = −∂αgµν + Γλ µαgλν + Γλ ναgλµ =
= −∂αgµν + Γ˜λ µαgλν + Γ˜λ ναgλµ︸ ︷︷ ︸
=0
+
1
2n
(gλνδ
λ
µQα + gλµδ
λ
νQα) =
=
1
2n
(gµνQα + gνµQα) =
1
n
Qαgµν
where in the second line we used the fact that the non-metricity of the Levi-Civita connec-
tion is zero. Therefore,
Qαµν =
1
n
Qαgµν (2.34)
Thus we see that both the torsion and non-metricity are non vanishing and dependent on an
unspecified vectorial degree of freedom. This is a consequence of the projective invariance of
the Einstein-Hilbert action (which results in the tracelessness of the Palatini tensor P µνµ =
0). We conclude therefore that the Einstein-Hilbert action (without any matter fields)
in the Metric-Affine framework does not reproduce Einstein’s theory. What it gives is,
Einstein field equations along with an additional vectorial degree of freedom that produces
non-vanishing torsion and non-metricity. Then, one could ask which action, in Metric-
Affine framework, does give Einstein equations in vacuum without any additional degree of
freedom. We show in what follows that such an action is not unique and present a number of
models consisting of such action. We will present this, in this chapter after studying Metric-
Affine f(R) Theories and projective invariance breaking by means of Lagrange multipliers.
Let us therefore concentrate on f(R) for the time being.
2.1.2 Vacuum f(R) Theories (Aka Palatini f(R))
Since we are in vacuum, our starting action will be
S =
1
2κ
∫
dnx
√−gf(R) (2.35)
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Varying with respect to the metric and using the principle of least action, we obtain
δgS =
1
2κ
∫
dnx
√−g
[
f
′
(R)R(µν) − f(R)
2
gµν
]
= 0⇒
f
′
(R)R(µν) − f(R)
2
gµν = 0 (2.36)
Now, using the fact that for a general tensor field (or tensor density) Bµν it holds that4
BµνδΓRµν = δΓ
λ
µν
(
−∇λBµν +∇α(Bµαδνλ)− 2BµαS νλα
)
+ A (2.37)
where
A = ∇λ(BµνδΓλ µν −BµλδναδΓα µν) (2.38)
we vary with respect to Γα µν , to get
−∇λ(
√−gf ′gµν) +∇α(
√−gf ′gµαδνλ) + 2
√−gf ′(Sλgµν − Sµδνλ − S µνλ ) = 0
Now we wish to solve the system of equations (2.36) and (2.39). To do so, we first take the
trace of (2.36) to arrive at
f
′
(R)R− n
2
f(R) = 0 (2.39)
This is an algebraic equation on R and it will have a number of solutions5 R = Rκ = cκ =
constant, κ = 1, 2, ..., i where i is the number of solutions. Notice that for the specific
choice f(R) ∝ Rn/2 the above is identically satisfied. We will study this case separately
and give its cosmological solutions (for our n = 4 dim spacetime) in a next chapter. So,
going back to our solutions, for R = Rκ = cκ = constant and using the latter equation, the
field equations (2.36) take the form
R(µν) − Rκ
n
gµν = 0 (2.40)
Also, since f
′
(Rκ) is constant too, it can be pulled outside of the covariant derivative and
(2.39) becomes
f
′
(Rκ)
√−gP µνλ = 0 (2.41)
where
P µνλ = −
∇λ(√−ggµν)√−g +
∇σ(√−ggµσ)δνλ√−g + 2(Sλg
µν − Sµδνλ + gµσS νσλ ) (2.42)
4The proof can be found in the appendix.
5When this equation has no solutions inconsistencies will arise as shown in [].
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is the Palatini tensor which we had defined earlier. This last equation implies
P µνλ = 0 (2.43)
which in turn, as we have shown, says that the geometry is Riemannian but with an
undetermined vectorial degree of freedom. More specifically, as we showed in the previous
chapter, the vanishing of the Palatini tensor implies that
R(µν) = R˜µν , R = R˜ (2.44)
and our field equations reduce to
R˜µν − cκ
n
gµν = 0 (2.45)
The last equation, is Einstein equation with a cosmological constant. In fact, this is GR
with a whole set of Cosmological constants, for each solution R = Rκ we pick we have
a different theory with a Cosmological constant Λκ =
Cκ
n
. For a good discussion on this
feature see also [42]. So, this is an interesting result especially when compared with metric
f(R) theories of Gravity in vacuum. In metric f(R) theories in vacuum the field equations
are of forth order and of course they are different from Einstein equations. On the other
hand, Metric-Affine f(R) theories in vacuum, are equivalent to a class of Einstein Gravities,
with different Cosmological constants which are solutions of (2.39) and each solution gives
a different value for the Cosmological constant. In fact, we have i-different theories, where i
is the number of solutions of (2.39). One important point take home though, is that in each
of these there is an undetermined vectorial degree of freedom which does not interfere with
Einstein equations at this point but nevertheless it is there, and will cause inconsistence
theories when matter is added as we will see later.
2.1.3 Metric Affine f(R) Theories With Matter
Let us now try to add a matter term to the gravity action (2.35) and derive the field equa-
tions for Metric Affine theories with matter. Note that this matter action can depend both
on the metric tensor and the connection SM = SM [gαβ,Γ
λ
µν ] and its variation with respect
to the metric tensor defines as usual the energy-momentum tensor while the variation with
respect to the connection gives the hypermomentum tensor. So, our full action will be
S = SG + SM =
1
2κ
∫
dnx
√−gf(R) +
∫
dnx
√−gLM (2.46)
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Varying the above with respect to the metric tensor, we obtain
f
′
(R)R(µν) − f(R)
2
gµν = κTµν (2.47)
where
Tµν ≡ − 2√−g
δSM
δgµν
(2.48)
the usual energy-momentum (or stress-energy) tensor. Variation with respect to the inde-
pendent connection gives
− ∇λ(
√−gf ′gµν)√−g +
∇α(√−gf ′gµαδνλ)√−g + 2f
′
(Sλg
µν − Sµδνλ − S µνλ ) = κ∆ µνλ
where
∆ µνλ ≡ −
2√−g
δSM
δΓλ µν
(2.49)
is the hypermomentum tensor which gives information of the spin, shear and dilation of
matter. Notice now that the left hand side of (2.49) is the Palatini tensor computed for
the modified tensor6
hµν = f
′
(R)gµν (2.50)
With this observation, we may write
P µνλ (h) = κ∆
µν
λ (2.51)
where
P µνλ (h) ≡ −
∇λ(√−gf ′gµν)√−g +
∇α(√−gf ′gµαδνλ)√−g + (2.52)
2f
′
(Sλg
µν − Sµδνλ − S µνλ )
and by applying the product rule for the covariant derivatives we find
P µνλ (h) = f
′
P µνλ (g) + δ
ν
λg
µα∂αf
′ − gµν∂λf ′ (2.53)
where P µνλ (g) is the usual Palatini tensor computed with respect to the metric tensor gµν .
Now, as we have already seen the Palatini tensor has zero trace when contracted in its two
fist indices, that is7
P µνµ = 0 (2.54)
6This is just a mathematical convenience, hµν has no physical significance.
7This is true irrespective of the metric used since gµν and hµν are conformally related.
65
this is so because of the projective invariance of the Ricci scalar R, and the above holds as
an identity. This enforces
∆ µνµ = 0 (2.55)
and this, obviously, cannot be correct for any form of matter. We can find many examples
of matter for which ∆ µνµ 6= 0. For instance, suppose that we have a vector field Aµ whose
matter action contains a term that goes like
SM [gαβ,Γ
λ
µν ] = −
1
4
∫
dnx
√−ggµαgνβ(∇µAν)(∇αAβ) (2.56)
The associated hypermomentum in this case, will be
∆ µνλ = Aλg
µαgνβ(∇βAα) (2.57)
and therefore
∆ µνµ = A
α(∇βAα)gβν 6= 0 (2.58)
So, we see that when one tries to add matter to Metric Affine f(R) Gravities inconsistency8
arises due to the projective invariance of the Ricci scalar (and of course any function-f(R)
of it will respect this invariance too). To obtain a self-consistent theory one needs to
somehow break this projective invariance by fixing a vectorial degree of freedom. This can
be done by adding extra terms in the action that do not respect the projective invariance,
but this is somewhat arbitrary. What seems more natural to do is to fix either the torsion
or non-metricity vectors to zero by means of a Lagrange multiplier added to the matter
action. In [20, 44] they fixed the Weyl vector Qµ to zero
9 but in [12] it was shown that this
is not a viable choice and works only for f(R) = R that is, only for the Einstein Hilbert
action, and the best way to proceed is to set Sµ = 0 by means of a Lagrange multiplier [12].
We review both of them in the following chapter, and we also propose another possibility.
8Inconsistency may be too strong a word here. As pointed out in [36] these constraints on the matter
fields, like eq.(??), are perfectly fine even desirable in some cases (see also [43] for a similar discussion).
In addition all standard matter fields, both bosonic and fermionic, respect the projective symmetry so no
consistency problem arises. So, whether projective invariance should be broken or not is an interesting
open subject. However, its discussion goes beyond the scope of this paper. In these notes we just present
an another way to break the invariance given that one wants to break it.
9A similar way of breaking the projective invariance was also presented in [45].
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2.1.4 Braking the Projective Invariance
In order to break the projective invariance one needs to fix a vectorial degree of freedom10.
So, what vectors do we have at our disposal? As we have seen, we can construct two vectors
out of non-metricity by contracting with the metric. These are the Weyl
Qα = Qαµνg
µν (2.59)
and the second non-metricity vector
Q˜ν = Qαµνg
αµ (2.60)
For torsion, because of its antisymmetry there is simply one vector to be constructed by
contractions, and this is the torsion vector11
Sµ = S
λ
µλ (2.61)
There is also another possibility, by contracting the torsion tensor with the Levi-Civita
symbol we get the pseudo-vector
S˜α = −µνλαSµνλ (2.62)
However, this quantity is itself invariant under projective transformations of the connection
and therefore it cannot be used to break the projective invariance. As a result, the vectors
that could potentially break the projective invariance and produce a self-consistent theory,
are {Qα, Q˜ν , Sµ} . We explore the possibility of fixing each of them to zero separately.
Fixing Sµ = 0
Let us now break the projective invariance and obtain a self-consistent theory by fixing the
torsion vector to zero, as done in [12]. To this end we add the part
SB =
∫
dn
√−gBµSµ (2.63)
where Bµ is a Lagrange multiplier that will fix Sµ to zero. Therefore, our total action will
be
S[gαβ,Γ
λ
µν , Bρ] = SG + SM + SB = (2.64)
=
∫
dnx
√−g
[
1
2κ
f(R) + LM +BµSµ
]
10In 4− dim for instance, we need to fix four degrees of freedom.
11The torsion vector can be defined without the use of the metric tensor!
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and the total variation will have three different parts to it
δS = δgS + δΓS + δBS (2.65)
so the least action principle will give
δS = 0⇒ δgS = 0 , δΓS = 0 , δBS = 0 (2.66)
Now, the parts SG and SM we have already varied in the previous section, so we only need
to focus on the variation of SB, which contains the parts
δSB = δgSB + δΓSB + δBSB (2.67)
and an easy calculation reveals
δgSB =
∫
dnx
√−g(δgµν)
[
−1
2
gµνBαS
α +B(µSν)
]
(2.68)
δΓSB =
∫
dnx
√−g(δΓλ µν)
[
B[µδ
ν]
λ
]
(2.69)
and
δBSB =
∫
dnx
√−g(δBµ)Sµ (2.70)
respectively. So, varying the total action independently with respect to gαβ, Γ
λ
µν and Bρ
and applying the Least Action Principle, we obtain the set of field equations
f
′
(R)R(µν) − f(R)
2
gµν = κ
(
Tµν − 1
2
gµνBαS
α −B(µSν)
)
(2.71)
−∇λ(
√−gf ′gµν)√−g +
∇α(√−gf ′gµαδνλ)√−g + 2f
′
(Sλg
µν − Sµδνλ − S µνλ ) =
κ(∆ µνλ −B[µδν]λ ) (2.72)
Sµ = 0 (2.73)
Using the last equation (Sµ = 0) the first two simplify and give
f
′
(R)R(µν) − f(R)
2
gµν = κTµν (2.74)
−∇λ(
√−gf ′gµν)√−g +
∇α(√−gf ′gµαδνλ)√−g − 2f
′
S µνλ =
κ(∆ µνλ −B[µδν]λ ) (2.75)
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Now, taking the trace µ = λ in the last one, the left hand side is identically zero (since this
is the contraction the modified Palatini tensor P µνµ (h)) and we are left with
0 = ∆ µνµ −
1
2
(Bν − nBν)⇒
Bµ =
2
1− n∆
µν
µ =
2
1− n∆˜
ν (2.76)
where we defined ∆ µνµ ≡ ∆˜ν . Thus, this is the value we should pick for the Lagrange multi-
plier Bµ in order to obtain self-consistent field equations, which upon this last substitution,
take their final form
f
′
(R)R(µν) − f(R)
2
gµν = κTµν (2.77)
−∇λ(
√−gf ′gµν)√−g +
∇α(√−gf ′gµαδνλ)√−g − 2f
′
S µνλ =
κ
(
∆ µνλ +
2
n− 1∆˜
[µδ
ν]
λ
)
(2.78)
Along with the constraint Sµ = 0 this is a set of consistent field equations, whose dynamics
have studied to some extend in [12, 10]. We will review it here and add some new calcu-
lations regarding the form of non-metricity when the matter action does not depend on
the connection. More specifically, we claim that when the connection is decoupled from
the matter action (∆ µνλ = 0) torsion vanishes and the non-metricity is not general but we
have the case of a Weyl non-metricity. To prove this, setting the right hand side of (2.78)
equal to zero , we obtain
−∇λ(
√−gf ′gµν)√−g +
∇α(√−gf ′gµαδνλ)√−g − 2f
′
S µνλ = 0 (2.79)
and contracting in λ = ν
(n− 1)
2
∇α(√−gf ′gµα)√−g − 2f
′
S µλλ = 0 (2.80)
but noticing that
S µλλ = gλαS
αµλ = −gλαSµαλ = −gµκS λκλ = −gµκSκ = −Sµ = 0 (2.81)
and substituting it above, we are left with
∇α(√−gf ′gµα)√−g = 0 (2.82)
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which when itself is substituted back in (2.79) simplifies it to
∇λ(√−gf ′gµν)√−g + 2f
′
S µνλ = 0 (2.83)
Taking the antisymmetric part in µ, ν of the above we conclude that
S
[µν]
λ = 0⇒ Sλ[µν] = 0⇒ Sλµν = Sλνµ (2.84)
That is, torsion has to be symmetric on its second and third indices. But recall that torsion
is antisymmetric when exchanging first and second index. Any rank 3 tensor that has both
of these symmetries has to identically vanish . To see this, given that
Sµνλ = −Sνµλ , Sµνλ = Sµλν (2.85)
exploiting these symmetries, we have
Sµνλ = Sµλν = −Sλµν = −Sλνµ = +Sνλµ =
= Sνµλ = −Sµνλ ⇒
Sµνλ = 0 (2.86)
Thus, torsion vanishes and (2.83) becomes
∇λ(
√−gf ′gµν) = 0 (2.87)
This very condition tells us that the non-metricity has to be of the Weyl type ( namely
Qαµν ∝ Qαgµν ). To see this, expand the covariant derivative
gµνf
′∇λ
√−g +Q µνλ + gµν∂λf
′
= 0 (2.88)
and use
∇λ√−g√−g = −
1
2
Qλ (2.89)
to arrive at
− 1
2
Qλg
µν +Q µνλ + g
µν ∂λf
′
f ′
= 0 (2.90)
Contracting this with the metric tensor gµν it follows that
Qλ =
2n
n− 2∂λ ln f
′
(2.91)
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Finally, substituting the latter in the former we get
Qλµν =
Qλ
n
gµν =
2
n− 2gµν∂λ ln f
′
(2.92)
In addition, contraction of (2.127) with the metric tensor gives
f
′
(R)R− n
2
f(R) = κT (2.93)
which defines the implicit function R = R(T ) and therefore both f(R) and f
′
(R) are
functions of T (f(R) = f(R(T )) = f(T ) and f
′
(R) = f
′
(R(T )) = f
′
(T )). As a result, a
given Tµν will give rise to Weyl non-metricity
Qλµν =
Qλ
n
gµν =
2
n− 2gµν∂λ ln f
′
(T ) (2.94)
In fact, this is an Integrable Weyl Geometry (IWG) since the Weyl vector is exact (Qµ ∝
∂µ ln f
′
). So, to conclude, we have shown that a general f(R) theory for which Sµ is fixed
to zero and the matter fields do not couple to the connection (∆ µνλ = 0) results in a theory
with zero torsion and a Weyl Integrable Geometry. This result is of course too restricting
since it does not allow for any torsion at all. To address this problem we will propose
another way to break the projective invariance in what follows. Before doing so let us
explore first the possibility of fixing either of the non-metricity vectors Qµ, Q˜µ to zero.
Fixing Q˜µ = 0
We now add the Lagrange multiplier Cµ and the new piece to our action is
SC =
∫
dn
√−gCµQ˜µ (2.95)
We could may as well have replaced Q˜µ with Qµ (this was the fixing proposed in [20]) in
the above but identical results will follow as we show below. Again, let us consider the
vacuum case where the Lagrange multiplier itself vanishes.12 Varying with respect to the
connection and the Lagrange multiplier respectively we derive
−∇λ(
√−gf ′gµν)√−g +
∇α(√−gf ′gµαδνλ)√−g + 2f
′
(Sλg
µν − Sµδνλ − S µνλ ) = 0 (2.96)
Q˜µ = 0 (2.97)
12Not a-priori but after taking the trace and expressing it in terms of the Hypermomentum as we saw
before.
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Now, even though we have set Q˜µ = 0 we will keep Q˜µ in our calculations to see what
causes the problem when one tries to fix either of the non-metricity vectors. To this end,
contacting (2.96) in λ = ν we get
(n− 1)∇α(
√−gf ′gµα)√−g + 2f
′
(2− n)Sµ = 0⇒
∇α(√−gf ′gµα)√−g = 2
(n− 2)
n− 1 S
µ (2.98)
which when substituted back above, gives
− ∇λ(
√−gf ′gµν)√−g + 2f
′
(Sλg
µν +
1
1− nS
µδνλ − S µνλ ) = 0 (2.99)
After expanding the term in the covariant derivative and using the definitions of non-
metricity, the above recasts to
1
2
Qλg
µν −Q µνλ − gµν
∂λf
′
f ′
+ 2(Sλg
µν +
1
1− nS
µδνλ − S µνλ ) = 0 (2.100)
where we have also divided through by f
′
. Contracting the latter with the metric tensor
gµν it follows that
(n− 2)
2
Qλ − n∂λf
′
f ′
+
2n(n− 2)
(n− 1) Sλ = 0 (2.101)
Also, contracting (2.130) in λ = ν we obtain
− 1
2
Qµ + Q˜µ +
∂µf
′
f ′
− 2(n− 2)
(n− 1) S
µ = 0 (2.102)
Multiplying through by n and bringing the index downstairs, we may write the last one as
− n
2
Qλ + nQ˜λ + n
∂λf
′
f ′
− 2n(n− 2)
(n− 1) Sλ = 0 (2.103)
Therefore, adding up equations (2.121) and (2.103) it follows that
−Qλ + nQ˜λ = 0 (2.104)
From this we see that fixing either of Qλ or Q˜λ to zero, the other vector must vanish too.
So, by adding either of the Lagrange multipliers the end result is the same Q˜µ = Qµ = 0,
and with this at hand, from (2.103) we conclude that
∂µf
′
f ′
= 2
(n− 2)
(n− 1)Sµ (2.105)
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Substituting all of these back into (2.130) it follows that
Q µνλ + 2S
µν
λ =
2
n− 1
[
Sλg
µν − Sµδνλ
]
(2.106)
or bringing λ upstairs
Qαµν + 2Sαµν =
2
n− 1
[
Sαgµν − Sµgαν
]
(2.107)
Taking the symmetric part in α, µ in the above we obtain
Q(αµ)ν = 0 (2.108)
where we have also used the fact that the torsion tensor is antisymmetric in its first two
indices (S(αµ)ν = 0). The above equation implies that non-metricity has to be antisymmetric
in its first two indices, but by definition it is symmetric in its last two. Any rank-3 tensor
with such properties must identically vanish13. Indeed, given that
Qαµν = −Qµαν and Qαµν = Qανµ (2.109)
we compute
Qαµν = −Qµαν = −Qµνα = Qνµα = Qναµ = −Qανµ = −Qαµν (2.110)
and therefore
Qαµν = 0 (2.111)
and we see that the whole non-metricity vanishes. In addition, taking the antisymmetric
part of (2.96) and contracting in λ = µ we have
∇α(√−gf ′gµα)√−g = −2f
′
Sµ (2.112)
which when placed against (2.98) demands that
Sµ = 0 (2.113)
and recalling that
∂µf
′
f ′
= 2
(n− 2)
(n− 1)Sµ (2.114)
it follows that
∂µf
′
= 0⇒ f ′ = constant (2.115)
13We showed a similar result for torsion in the previous section
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which is true only when f(R) = R and therefore fixing either of Qµ or Q˜µ to zero leads
to inconsistency since it forces the f(R) to be linear in R. To recap, fixing either Qµ = 0
or Q˜µ = 0 in order to break the projective invariance works only for f(R) = R and for
general f(R) leads to inconsistencies.14 Now, as we have seen fixing Sµ = 0 breaks the
projective invariance and produces a consistent theory. Notice however, that this is not the
most general case one can have, especially when one needs to study theories when both the
torsion and non-metricity vectors are different from zero. To this end we propose another
method that breaks the projective invariance that is more general and instead of setting a
vector to zero, establishes a relation between the torsion and non-metricity vectors. We do
so in what follows.
Our Proposal: Fixing (αSµ − βQµ − nγQ˜µ) = 0
Instead of fixing any of the torsion and non-metricity vectors to zero, here we take a different
route and impose a relation between them that can also break the projective invariance15
So, what we want to do is take a linear combination of the three vectors that we have and
set it to zero, namely
αSµ − βQµ − nγQ˜µ = 0 (2.116)
where α, β, γ 6= 0 are numbers and the minus signs and the factor n are put there just for
convenience in the calculation. This constraint is imposed again by means of a Lagrange
multiplier
SA =
∫
dnx
√−gAµ(αSµ − βQµ − nγQ˜µ) (2.117)
where Aµ is the Lagrange multiplier that establishes the relation between the three vectors.
Our total action is
S[gαβ,Γ
λ
µν , Aρ] = SG + SM + SA = (2.118)
=
∫
dnx
√−g
[
1
2κ
f(R) + LM + Aµ(αSµ − βQµ − nγQ˜µ)
]
Variation with respect to the Lagrange multiplier gives
αSµ − βQµ − nγQ˜µ = 0 (2.119)
14To be more specific, either of these constraints force the function f(R) to be linear in R, which is
unreasonable.
15This proposal we presented in [3].
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where the parameters α, β, γ are chosen such as not to preserve the projective invariance.
Let us again consider the case where the matter decouples from the connection (∆ µνλ = 0)
such that Aµ = 0 and the result after varying with respect to the connection is the same
with the one we obtained in the previous subsections, namely
1
2
Qλg
µν −Q µνλ − gµν
∂λf
′
f ′
+ 2(Sλg
µν +
1
1− nS
µδνλ − S µνλ ) = 0 (2.120)
(n− 2)
2
Qλ − n∂λf
′
f ′
+
2n(n− 2)
(n− 1) Sλ = 0 (2.121)
− 1
2
Qµ + Q˜µ +
∂µf
′
f ′
− 2(n− 2)
(n− 1) S
µ = 0 (2.122)
and
Qµ − nQ˜µ = 0 (2.123)
Substituting this last equation into the constraint we get
Sµ =
(
β + γ
α
)
Qµ = λQµ (2.124)
where we have defined λ = (β + γ)/α and in order to brake the projective invariance it
must hold that λ 6= n−1
4n
.16 Now, after some straightforward manipulations of the above
equations, one can show that
Sµ = λQµ = λnQ˜µ = a
2nλ
(n− 2)
∂µf
′
f ′
(2.125)
where
a =
1
1 + 4n
n−1
(2.126)
From which we see that all three vectors are related to each other and their source is the
term ∂µf
′
f ′ . To gain more intuition on the above, let us vary the total action with respect
to the metric tensor to obtain the field equations
f
′
(R)R(µν) − f(R)
2
gµν = κTµν (2.127)
where we have also used the fact that Aµ = 0. Again, taking the trace of the above field
equations it follows that
f
′
(R)R− n
2
f(R) = κT (2.128)
16For this value of the parameter λ the combination Sµ − λQµ becomes projective invariant.
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which, as we have already discussed, defines the implicit function R = R(T ) and therefore
both f(R) and f
′
(R) are functions of T (f(R) = f(R(T )) = f(T ) and f
′
(R) = f
′
(R(T )) =
f
′
(T )). Therefore, a given Tµν will give rise to torsion and non-metricity through its trace
and the torsion and non-metricity vectors are related and are proportional to this source
which is a function of T , that is
Sµ = λQµ = λnQ˜µ = a
2nλ
(n− 2)
∂µf
′
(T )
f ′(T )
(2.129)
We would now wish to solve explicitly for the torsion and non-metricity tensors and find
their exact forms. To do so, we substitute the above relation into
1
2
Qλg
µν −Q µνλ − gµν
∂λf
′
f ′
+ 2(Sλg
µν +
1
1− nS
µδνλ − S µνλ ) = 0 (2.130)
to obtain
(Q µνλ + 2S
µν
λ ) = bg
µνQλ +
2λ
1− nQ
µδνλ (2.131)
or
(Qαµν + 2Sαµν) = bQαgµν +
2λ
1− nQµgνα (2.132)
where b = 1
n
+ 2λ
n−1 . Note now that this tensor combination along with some index permu-
tations of it appears in the connection decomposition
Γλ µν = Γ˜
λ
µν +
1
2
gαλ
(
(Qµνα + 2Sµνα) + (Qναµ + 2Sναµ)− (Qαµν + 2Sαµν)
)
(2.133)
So, carrying out the calculations we finally arrive at
Γλ µν = Γ˜
λ
µν +
1
2
gαλ
(
A(Qµgαν −Qαgµν) +BQνgµα
)
(2.134)
where A = b− 2n
n−1λ, B = b+
2n
n−1λ. Having this one can easily compute the torsion tensor
S λµν = Γ
λ
[µν] =
2
n− 1λQ[µδ
λ
ν] (2.135)
and using Sµ = λQµ we also make the consistency check
S λµν =
2
n− 1S[µδ
λ
ν] (2.136)
So, we have the case of a vectorial torsion. As far as non-metricity is concerned, we
substitute the last equation into (2.132) and after some straightforward calculations we
finally arrive at
Qαµν =
Qα
n
gµν (2.137)
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which is the case of a Weyl non-metricity. Note that the parameter λ has canceled out in the
expression for non-metricity.To conclude, what we have done here is to break the projective
invariance and produce a viable metric affine f(R) theory. Instead of setting Sµ = 0 or
Qµ = 0 (or even Q˜µ = 0) which singles out a vector out of the three that are available, we
took a different route and imposed a constraint on the three vectors (αSµ−βQµ−nγQ˜µ =
0) that treats them on equal footing. Our result (when the connection decouples from
the matter fields) is a fully consistent theory in which there exist both torsion and non-
metricity, powered by a single vector that is sourced by the energy momentum tensor. More
specifically, one has a vectorial torsion and a non-metricity of the Weyl type, with17
S λµν =
2
n− 1S[µδ
λ
ν] (2.138)
Qαµν =
Qα
n
gµν (2.139)
Sµ = λQµ = λnQ˜µ = a
2nλ
(n− 2)
∂µf
′
(T )
f ′(T )
(2.140)
Some comments are now in order. Firstly, notice that in vacuum (Tµν = 0) both
torsion and non-metricity vanish and therefore they are only introduced by matter fields.
Secondly, the above expressions for the affine connection and subsequently for torsion and
non-metricity, are algebraic ones since on the assumption that matter decouples from the
connection (∆αµν = 0) we have that Tµν is independent of the connection as seen from
(1.148). So, breaking the invariance this way we see that the simplest forms of torsion
and non-metricity can be sourced by the energy momentum tensor alone, and for further
degrees of freedom to be excited, a hypermomentum tensor is also needed. Therefore,
when Tµν 6= 0 and ∆αµν = 0 only the lowest excitations of torsion and non-metricity can be
produced. To obtain more general forms one needs to have a non-zero hypermomentum.
Notice now that one can also break the projective invariance by adding scalars, into
the original action, that do not respect this symmetry. The easiest way to do this is by
adding a scalar term built from any of the torsion/non-metricity vectors, since non of them
respects the projective symmetry. Even though this seems somewhat artificial we shall
present three simple models illustrating this possibility and then generalize the results to
more general actions. We will do this procedure for the Einstein-Hilbert action (i.e. Ricci
scalar) but the results can also be generalized in f(R).
17Thus, all three vectors Sµ, Qµ, Q˜µ are proportional to one another. A similar relation was obtained in
the 2− d MAG model of [46].
77
Model 1
Let us consider the model given by the action
S =
1
2κ
∫
dnx
[√−gR + γ√−ggµνSµSν] (2.141)
where γ is a parameter and Sα ≡ S βαβ the torsion vector. We now state that the above
action exactly yields Einstein equations in vacuum without any additional degree of free-
dom. To see this we first vary the latter with respect to gµν and apply the Principle of
least action to arrive at
δgS = 0
R(µν) − R
2
gµν = γ
[
1
2
SαS
αgµν − SµSν
]
(2.142)
which as they stand now seem to admit both torsion and non-metricity. However, varying
with respect to the connection we obtain
δΓS = 0
P µνλ + γ(S
µδνλ − Sνδµλ) = 0 (2.143)
recall that the Palatini tensor is given by
P µνλ = −
∇λ(√−ggµν)√−g +
∇σ(√−ggµσ)√−g δ
ν
λ + 2(Sλg
µν − Sµδνλ + gµσS νσλ ) (2.144)
and satisfies
P µνµ = 0 (2.145)
As a result, contracting (2.143) in µ, λ and using the very last equation we arrive at
P µνµ︸ ︷︷ ︸
=0
+γ(1− n)Sν = 0⇒
Sν = 0 (2.146)
which shows that the torsion vector vanishes. Substituting the latter back to (2.143) it
follows that
P µνλ = 0 (2.147)
and as we have already seen, this last condition implies that
Sλ = −(n− 1)
4n
Qλ (2.148)
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S λµν = −
2
(n− 1)S[νδ
λ
µ] =
1
n− 1
(
Sµδ
λ
ν − Sνδλµ
)
(2.149)
Qαµν =
1
n
Qαgµν (2.150)
which when combined with (2.146) yield
Qλ = 0 (2.151)
S λµν = 0 (2.152)
Qαµν = 0 (2.153)
Therefore, we see that both torsion and non-metricity vanish in the end. In addition,
substituting (2.146) back to (2.142) we recover Einstein’s equations
Rµν − R
2
gµν = 0 (2.154)
where Rµν is the symmetric Ricci tensor computed with respect to Levi-Civita connection.
Thus, we have shown that the model considered here is equivalent to General Relativity in
vacuum as claimed.
Model 2
As a second model we consider
S =
1
2κ
∫
dnx
[√−gR + λ√−ggµνQµQν] (2.155)
where λ is the model parameter and Qµ = −gαβ∇µgαβ the Weyl vector. This Lagrangian
was also considered by [47] in order to brake the projective invariance of the Ricci scalar.
Variation with respect to the metric gives
δgS = 0⇒
R(µν) − R
2
gµν = λ
[
1
2
QαQ
αgµν −QµQν + gµν ∂α(2
√−gQα)√−g
]
(2.156)
Meanwhile, variation with respect to the connection yields
δΓS = 0⇒
P µνλ + 4λQ
νδµλ = 0 (2.157)
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Again, contracting in µ, λ and using the tracelessness of the Palatini tensor in the first two
indices, we arrive at
4λnQν = 0⇒ Qν = 0 (2.158)
and substituting the latter back in (2.157) we derive
P µνλ = 0 (2.159)
which when combined with Qν = 0 gives
Sλ = 0 (2.160)
S λµν = 0 (2.161)
Qαµν = 0 (2.162)
Thus, the torsion and non-metricity vanish in this model as well. Substituting (2.158) in
(2.156) we again end up with Einstein equations in vacuum
Rµν − R
2
gµν = 0 (2.163)
Model 3
In the previous models we added to the Einstein-Hilbert action, terms that looked like mass
terms. Firstly a term of squared torsion vector and then the squared Weyl vector. We saw
that in both models after some manipulations we end up with Einstein field equations with
vanishing torsion and non-metricity. In this model we consider the other possibility left18
namely adding a squared second non-metricity vector. In words,
S =
1
2κ
∫
dnx
[√−gR + α√−ggµνQ˜µQ˜ν] (2.164)
where α is the model parameter and Q˜µ = −gαβ∇αgβµ is the second non-metricity vector.
Varying the above action with respect to the metric tensor and applying the least action
principle we arrive at
R(µν) − R
2
gµν = α
[1
2
Q˜αQ˜
αgµν − Q˜µQ˜ν
−2gρα(∂ρgµαgνβ)Q˜β − Γλ µνQ˜λ + Q˜νgµαgρσΓα ρσ + 2gνβ
∂µ(
√−gQ˜β)√−g
]
(2.165)
18Note that as we have already pointed out there are three independent vectors (before solving the
field equation) we can construct out of torsion and non-metricity, these are the torsion, Weyl, and second
non-metricity vectors respectively denoted by Sµ, Qµ and Q˜µ.
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The variation with respect to the connection yields
P µνλ + g
µν2Q˜λ + δ
ν
λ2Q˜
µ = 0 (2.166)
Now, contracting the latter in µ, λ and using the fact that P µνµ = 0 it follows that
4Q˜ν = 0⇒ Q˜ν = 0 (2.167)
which implies that
P µνλ = 0 (2.168)
and the last two equations combined, give
Qλ = 0 (2.169)
Sλ = 0 (2.170)
S λµν = 0 (2.171)
Qαµν = 0 (2.172)
namely, also in this model torsion and non-metricity vanish, and upon substituting Q˜ν = 0
back in (2.165) we again end up with Einstein equations in vacuum
R(µν) − R
2
gµν = 0 (2.173)
So we saw that by adding to the Einstein-Hilbert action a term that is quadratic in any of
the torsion/non-metricity vectors, the resulting theory in vacuum is Einstein’s Gravity. In
fact this will hold true even if we were to add a coupling term between these vectors. For
instance, adding the term SµQ
µ would give the same result with the above. Interestingly
the same result continuous to hold true if we add any function of the above combinations.
We show this in what follows. First we start with torsion and then prove the generic result.
A class of of equivalent Theories
We will prove here (for the first time) that a generalized class of Theories in the Metric
Affine Gravity (but with no matter) is equivallent to Einstein’s Gravity in vacuum. To
start with, first notice that the results of Model − 1 we presented above continue to hold
true even if we consider a general f(SµS
µ) added to the Einstein Hilbert action. Indeed,
starting from
S =
1
2κ
∫
dnx
√−g
[
R + f(χ)
]
(2.174)
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where χ ≡ SµSµ, variation with respect to the connection yields
P µνλ + fχ(S
µδνλ − Sνδµλ) = 0 (2.175)
where fχ =
∂f
∂χ
. This is identical to (2.143) where the parameter γ has now been replaced
with the function fχ. Note that this will again give a vanishing Sµ when traced over
µ = λ, which when substituted back will give a zero Palatini tensor and therefore vanishing
torsion and non-metricity as we saw earlier. Therefore, we conclude that theories of the
form (2.174) will give Einstein Gravity (Sαµν = 0, Qαµν = 0) in vacuum without a projective
mode. In fact, this result holds true when one adds any quadratic term of the torsion or
non-metricity vectors. For instance, the theories
S =
1
2κ
∫
dnx
√−g
[
R + f(QαQ
α)
]
(2.176)
and
S =
1
2κ
∫
dnx
√−g
[
R + f(Q˜αQ˜
α)
]
(2.177)
will both give the same result as (2.174), that is, vacuum Einstein Gravity with vanishing
torsion and non-metricity and no projective mode19. This can be seen easily from the fact
that when varying such quadratic terms with respect to the connection the end result is
proportional to Qµ (or Q˜µ). Then taking the trace in the first two indices (of the equation
we get when we vary wrt the connection) forces this Qµ = 0 (or Q˜
µ = 0) which again
implies the vanishing of P µνλ and as a result the geometry is Riemannian.
The above considerations can also be generalized for gravitational actions given by
S =
1
2κ
∫
dnx
√−g
[
R + f(χ1, χ2, χ3)
]
(2.178)
where χ1 = SµS
µ, χ2 = QµQ
µ, χ3 = Q˜µQ˜
µ. Indeed, variation of the above with respect
to the connection, yields
P µνλ + fχ14Q
νδµλ + 2fχ2
(
Q˜λg
µν + Q˜µδνλ
)
+ (1− n)fχ3S[µδν]λ = 0 (2.179)
where fχi =
∂f
∂χi
,i = 1, 2, 3. Taking the possible traces of the above, we arrive at
4nfχ1Q
µ + 4fχ2Q˜
µ + (1− n)fχ3Sµ = 0 (2.180)
P µ + 4fχ1Q
µ + 2(n+ 1)fχ2Q˜
µ + (n− 1)fχ3Sµ = 0 (2.181)
19This is so because the added term does not respect the projective invariance.
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P˜ µ + 4fχ1Q
µ + 2(n+ 1)fχ2Q˜
µ = 0 (2.182)
with
P µ = P µνν = (n− 1)
[
Q˜µ − 1
2
Qµ
]
+ 2(2− n)Sµ (2.183)
and
P˜λ = gµνP
µν
λ =
(n− 3)
2
Qλ + Q˜λ + 2(n− 2)Sλ (2.184)
Notice now, that the above is a homogeneous system of three equations with three unknowns
(the vectors Sµ,Qµ,Q˜µ) and this can only have a solution different from zero when the
equations are linearly dependent or in other words, the determinant of the coefficients (in
our case the functions fχi) of the unknowns is zero. This, however, will impose certain
relations between the derivatives fχi and as a result restrict the possible forms of the
function f . So, we may assume that the determinant will be different from zero in general
and therefore the solution of the above system will be Sµ = 0 = Qµ = Q˜µ. Then equation
(2.179) becomes
P µνλ = 0 (2.185)
which means that Qαµν = 0, Sαµν = 0 and therefore the theory is equivalent to Einstein
Gravity in vacuum. This result can also be generalized even further to include actions of
the form
S =
1
2κ
∫
dnx
√−g
[
R + f(χ1, χ2, χ3, χ4, χ5, χ6)
]
(2.186)
where χ1 = SµS
µ, χ2 = QµQ
µ, χ3 = Q˜µQ˜
µ, χ4 = QµS
µ, χ5 = QµQ˜
µ, χ6 = SµQ˜
µ . So here
we have proved that general classes of actions such as (2.178) and (2.186) are all equivalent
to Einstein’s Gravity in vacuum. To the best of our knowledge, this general result appears
for the first time in the literature. It would also be interesting to generalize the above
considerations even further and fine the general family of such Theories.
Comment: Notice that even though the above actions are equivalent to Einstein’s GR
in vacuum, when matter is added (to these actions) the latter can differ greatly.
2.1.5 Special Case: The Palatini f(R) Gravity
The Palatini f(R) Gravity with matter has been extensively studied in the literature
([48],[12],[11],[49]) and therefore we shall not examine it further here. Note that with
the term Palatini here we mean that the hypermomentum tensor vanishes identically, that
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is the matter action is independent of the connection. With this simplification the Palatini
f(R) theory has been shown to be equivalent with a metric scalar tensor theory [12]. Also,
constraints on Palatini f(R) have been studied in [50]. The situation changes radically
however when the connection couples to matter. Then the connection becomes dynamical
and propagates more degrees of freedom than GR [10]. We shall now proceed with the
discussion of more general families of Metric-Affine Theories.
2.2 General Metric-Affine Gravity Theories
2.2.1 Meric-Affine f(R,RµνR
µν) Gravity
Having studied the dynamics of metric affine f(R) gravities let us now review a slight
generalization that appears in the literature, the f(R,RµνR
µν) theories. In fact the most
common example that is studied in the literature is the Palatini20 f(R,R(µν)R
(µν)) with
zero torsion ( see [11, 14] for instance). In these theories the symmetric part of the Ricci
tensor appears in order to maintain the projective invariance21. However, this invariance
will again cause problems when one wants to study the general affine theory (where the
hypermomentum does not vanish). For this reason we will start our discussion as general
as possible, taking the full Ricci scalar in the gravitation action, let the connection couple
to the matter fields and also consider torsion. We will also denote some special cases and
refer to the literature for more details.
Meric-Affine f(R,RµνR
µν) with Matter
We start by the action
S =
1
2κ
∫
dnx
√−gf(R,χ) + SM [gµν ,Γλ αβ, ψ] (2.187)
where we have abbreviated χ ≡ RµνRµν and notice that we allow for both torsion and
non-metricity. To proceed with the variations, let us first carefully vary f(R,RµνR
µν).
20Recall that in Palatini theories it is assumed that the connection does not couple to the matter fields,
that is the hypermomentum is zero.
21Even though the Ricci tensor Rµν is not invariant under projective transformations, its symmetric part
R(µν) is.
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Variation with respect to the metric tensor yields
δgf =
∂f
∂R
δgR +
∂f
∂χ
δgχ = fRδgR + fχδgχ (2.188)
Now
δgR = δg(Rµνg
µν) = Rµν(δg
µν) = R(µν)(δg
µν) (2.189)
where we have used the fact that Rµν is independent of the connection. Regarding the
other scalar, one has
δgχ = δg(RµνR
µν) = δg(RµνRναg
µαgνβ) = RµνRαβ
(
(δgµα)gνβ + gµα(δgνβ)
)
= (δgµν)
(
RµαR
α
ν +RαµR
α
ν
)
(2.190)
and note that the last combination is symmetric in µ, ν as it should and that RµαR
α
ν 6=
RαµR
α
ν unless the Ricci tensor is symmetric. Now, let us vary f with respect to the affine
connection. We have
δΓf =
∂f
∂R
δΓR +
∂f
∂χ
δΓχ = fRδΓR + fχδΓχ (2.191)
and
δΓR = δΓ(g
µνRµν) = g
µν(δΓRµν) (2.192)
δΓχ = δΓ(RµνR
µν) = 2Rµν(δΓRµν) (2.193)
Substituting the last two into (2.191) it follows that
δΓf =
(
fRg
µν + 2fχR
µν
)
δΓRµν (2.194)
and recalling that for any Mµν (this can be either a tensor field or a tensor density)
MµνδΓRµν = δΓ
λ
µν
(
−∇λMµν +∇α(Mµαδνλ)− 2MµαS νλα
)
+ A (2.195)
where
A = ∇λ(MµνδΓλ µν −MµλδναδΓα µν) (2.196)
we have all the tools available to derive the variations. Using all the above we vary with
respect to the metric and the connection, to arrive at
− f
2
gµν + fRR(µν) + fχ(RµαR
α
ν +RαµR
α
ν) = κTµν (2.197)
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−∇λ(
√−gBµν) +∇α(
√−gBµα)δνλ
+2
√−g
[
−Bµα(S νλα + Sαδνλ) +BµνSλ
]
= κ
√−g∆ µνλ (2.198)
where
Bµν ≡ fRgµν + 2fχRµν (2.199)
These are the field equations for a general Metric-Affine f(R,RµνR
µν) . Notice that if we
were to set torsion to zero (Sαµν = 0) from the onset, the set of field equations would read
− f
2
gµν + fRR(µν) + fχ(RµαR
α
ν +RαµR
α
ν) = κTµν (2.200)
−∇λ(
√−gBµν) +∇α(
√−gB(µ|α|)δν)λ = κ
√−g∆ µνλ (2.201)
and observe that the last one is symmetrized in µ, ν since the connection was symmetric
to begin with. For a more detailed discussion on the theory that contains the general Rµν
term the reader is refereed to ([51] ,[13]) and for the theories where only R(µν) enters see
[14].
2.2.2 General L(gµν, Rαβγρ) Meric-Affine Gravity
Let us now generalize the considerations of the previous section and derive the field equa-
tions for a general action whose dependence on the connection (for the gravitational sector)
comes entirely from the Riemann tensor22 (and its contractions, of course). So the gravita-
tional sector of our Lagrangian density will be LG(gµν , Rαβγρ) and the total action of these
theories, reads
S[g,Γ] =
1
2κ
∫
dnx
√−gLG(gµν , Rαβγρ) +
∫
dnx
√−gLM(gµν ,Γλ αβ, ψ) (2.202)
Note that both f(R) and f(R,RµνR
µν) theories are special cases of the above action.
Variation of the above with respect to the metric tensor gives
δgS =
1
2κ
∫
dx
[
δg(
√−gLG) + δg(
√−gLM)
]
=
=
1
2κ
∫
dnx
√−g
[
− 1
2
gµνLGδgµν + ∂LG
∂gµν
δgµν − κTµνδgµν
]
=
=
1
2κ
∫
dnx
√−g(δgµν)
[
− 1
2
gµνLG + ∂LG
∂gµν
− κTµν
]
= 0 (2.203)
22This means that the action will depend on scalars built from the Riemann tensor and its contractions
entirely and not from torsion and non-metricity. This inclusion will be considered in the next section.
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So, the variation with respect to the metric tensor gives the filed equations
− 1
2
gµνLG + ∂LG
∂gµν
= κTµν (2.204)
Now, varying the action with respect to the affine connection we get
δΓS =
1
2κ
∫
dnx
√−g
[
δΓLG + 2κδΓLM
]
(2.205)
Now using the chain rule we may write
δΓLG = ∂LG
∂Rλµαν
δΓR
λ
µαν ≡ Ω µανλ δΓRλµαν (2.206)
where we have defined Ω µανλ ≡ ∂LG∂Rλµαν and notice that this tensor is, by construction,
antisymmetric in its last two indices (Ω µανλ = Ω
µ[αν]
λ ). Now using
δΓR
µ
ναβ = ∇α(δΓµ νβ)−∇β(δΓµ να)− 2S λαβ δΓµ νλ (2.207)
we compute
√−gδΓLG = Ω βγδα
[
∇γδΓα βδ −∇δδΓα βγ − 2S ργδ δΓα βρ
]
=
= 2∇γ(
√−gJγ)− δΓλ µν
[
∇γ(
√−gΩ µγνλ + Ω µγδλ S νγδ
]
(2.208)
where we have set
Jγ = Ω βγδα δΓ
α
βδ (2.209)
and now notice that ∫
dnx∇γ(
√−gJγ) (2.210)
is not a surface term, but rather∫
dnx∇γ(
√−gJγ) =
∫
dnx∂γ(
√−gJγ) +
∫
dnx
√−g2SµJµ =
= s.t.+
∫
dnx
√−g2SµJµ (2.211)
Taking all the above into consideration along with the definition
δΓSM ≡
∫
dnx
(
−
√−g
2
∆ µνλ
)
δΓλ µν (2.212)
we finally arrive at
δΓS =
1
2κ
∫
dnx
√−g
[
δΓLG + 2κδΓLM
]
1
2κ
∫
dnx
√−g(δΓλ µν)
(
−2(
√−gΩ µανλ )√−g + 4Ω
µαν
λ Sα − 2Ω µγδλ S νγδ − κ∆ µνλ
)
(2.213)
87
Thus, the field equations coming from the variation of the connection read
− 2(
√−gΩ µανλ )√−g + 4Ω
µαν
λ Sα − 2Ω µγδλ S νγδ = κ∆ µνλ (2.214)
or in the more compact form
(−∇α + 2Sα)(
√−gΩ µανλ )−
√−gΩ µγδλ S νγδ =
κ
2
√−g∆ µνλ (2.215)
or better yet
(−∇α + 2Sα)(O µανλ )−O µγδλ S νγδ =
κ
2
√−g∆ µνλ (2.216)
where we have defined the tensorial density O µανλ ≡
√−gΩ µανλ . So, to conclude, the field
equations for a general L(gµν , Rαβγρ) metric-affine gravity, read
− 1
2
gµνLG + ∂LG
∂gµν
= κTµν (2.217)
(−∇α + 2Sα)(
√−gΩ µανλ )−
√−gΩ µγδλ S νγδ =
κ
2
√−g∆ µνλ (2.218)
where
Ω µανλ = Ω
µ[αν]
λ ≡
∂LG
∂Rλµαν
(2.219)
To make contact we our previous derived results, taking LG = R (and let LM = 0) we
compute
Ω µανλ =
∂R
∂Rλµαν
= δβγ g
κρ
∂Rγκβρ
∂Rλµαν
= gµ[νδ
α]
λ (2.220)
where we have used the fact that
∂Rγκβρ
∂Rλµαν
= δγλδ
µ
κδ
[α
β δ
ν]
ρ (2.221)
Using this, along with the fact that
∂R
∂gµν
= R(µν) (2.222)
the field equations take the form
R(µν) − gµν
2
R = 0 (2.223)
−∇λ(
√−ggµν) +∇σ(
√−ggµσ)δνλ + 2
√−g(Sλgµν − Sµδνλ + gµσS νσλ ) = 0 (2.224)
which are, of course, the ones we obtained when we studied the vacuum Einstein’s gravity
in the Metric-Affine framework. In addition, taking LG = f(R) we recover metric-affine
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f(R) gravity and for LG = f(R,RµνRµν) one obtains the sub-class of theories we presented
in the previous section. This is easily proved by using
∂(RκρR
κρ)
∂Rλµαν
= 2Rµ[νδ
α]
λ = R
µνδαλ −Rµαδνλ (2.225)
Notice also that the variations of the other contractions of the Riemman tensor read
∂(Rˆβγ)
∂Rλµαν
= δλµδ
α
[βδ
ν
γ] ,
∂(RˆβγRˆ
βγ)
∂Rλµαν
= 2δµλRˆ
αν (2.226)
∂(Rˇκρ)
∂Rλµαν
= gκλg
µ[αδν]ρ ,
∂(RˇκρRˇ
κρ)
∂Rλµαν
= 2gµ[αRˇ
ν]
λ (2.227)
and recall that Rˆµν = R
λ
λµν is the homothetic curvature and Rˇ
µ
β = g
ναRµ ναβ is the third
independent contraction of the Riemann tensor (that can be formed once the space is
endowed with a metric). Let us now generalize even further and derive the field equations
when one also includes scalars built from torsion as well as non-metricity to the general
action. That is we consider theories of the form LG(gµν , Rαβγρ, S λµν , Qαµν).
2.2.3 General L(gµν, Rαβγρ, S λµν , Qαµν) Theories
To generalize the above considerations even further let us present the most general Gravity
action that one can write down, whose dependence of the connection comes from scalars
built from the Riemman, torsion and non-metricity tensors, and derive the field equations.
Thus, the gravitation sector that we consider will be L(gµν , Rαβγρ, S λµν , Qαµν). If we think
about, this is indeed the most general Lagrangian one could write down (without including
additional tensors constructed by the covariant derivatives of these tensors), since the way
that the connection enters the action is through the tensors Rαβγρ(Γ, ∂Γ), S
λ
µν (Γ) and
Qαµν)(Γ) where torsion and non-metricity are linear in the connection while the Riemann
tensor contains second order terms as well as derivatives of the connection. So, to begin
with, we consider the theory given by
S[g,Γ] =
1
2κ
∫
dnx
√−gLG(gµν , Rαβγρ, S λµν , Qαµν) +
∫
dnx
√−gLM(gµν ,Γλ αβ, ψ) (2.228)
Now notice that as they stand, in their original forms, the tensors Rαβγρ and S
λ
µν depend
only on the connection and are independent of the metric23 while the non-metricity tensor
23Of course, this is true when these tensors appear in their prototype forms and when one raises or
lowers indices, multiplication with the metric is involved and as a result the final tensor does depend on
the metric. For instance, even though S λµν is metric independent, the tensor Sµνα depends on the metric
since Sµνα = gλαS
λ
µν .
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depends on both the connection and the metric as can be seen by its very definition
Qαµν = −∇αgµν = −∂αgµν + Γρ µαgρν + Γρ ναgµρ (2.229)
Therefore, when we vary the general action with respect to the metric tensor the chain rule
will be applied only for non-metricity
δgLG = ∂L
∂gµν
δgµν +
∂L
∂Qραβ
δgQραβ (2.230)
or we may write it as
δgLG = ∂L
∂gµν
δgµν +
∂L
∂Q αβρ
δgQ
αβ
ρ (2.231)
which will be more convenient for the calculations. Now, regarding the Γ-variation of
LG(gµν , Rαβγρ, S λµν , Qαµν) , one has
δΓLG = ∂LG
∂Rλµαν
δΓR
λ
µαν +
∂LG
∂S λµν
δΓS
λ
µν +
∂LG
∂Qαµν
δΓQαµν (2.232)
or
δΓLG = Ω µανλ δΓRλµαν + V µνλδΓS λµν +WαµνδΓQαµν (2.233)
where we have defined
Ω µανλ ≡
∂LG
∂Rλµαν
, V µνλ ≡
∂LG
∂S λµν
, W αµν ≡ ∂LG
∂Qαµν
(2.234)
and obviously, they obey to the symmetries Ω µανλ = Ω
µ[αν]
λ , V
µν
λ = V
[µν]
λ , W
αµν = Wα(µν)
by construction. Now, notice that the first term on the right hand side of (2.233) we have
already worked out in the previous section, so we only need to obtain the other two. Using
δΓS
λ
αβ = δ
µ
[αδ
ν
β]δΓ
λ
µν (2.235)
δΓQραβ = 2δ
ν
ρδ
µ
(αgβ)λδΓ
λ
µν (2.236)
the total variation of the gravitational sector reads
δΓ
∫
dnx
√−g 1
2κ
LG = 1
2κ
∫
dnx
√−gδΓLG =
=
1
2κ
∫
dnx
√−g (2W µνλ + V µνλ + A µνλ ) + s.t. (2.237)
where
√−gA µνλ = (−∇α + 2Sα)(
√−gΩ µανλ )−
√−gΩ µγδλ S νγδ (2.238)
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Also recalling that the variation of the matter action with respect to the connection gives
δΓSM ≡
∫
dnx
(
−
√−g
2
∆ µνλ
)
δΓλ µν (2.239)
we may vary the total action with respect to the connection, to get
−2∇α(
√−gΩ µανλ )√−g + 4Ω
µαν
λ Sα − Ω µγδλ S νγδ
+2W µνλ + V
µν
λ = κ∆
µν
λ (2.240)
Going back to the metric tensor variation, using
δgQ
µν
α = ∇α(gµν + δgµν)−∇αgµν = +∇αδgµν (2.241)
it follows that
δgSG =
1
2κ
∫
dnx
√−gδgµν
[
− 1
2
gµνLG + ∂LG
∂gµν
+
1√−g (2Sα −∇α)
√−g ∂LG
∂Q µνα
]
(2.242)
Therefore, by varying the total action with respect to the connection and applying the
principle of least action , we finally get
− 1
2
gµνLG + ∂LG
∂gµν
+
1√−g (2Sα −∇α)
√−g ∂LG
∂Q µνα
= κTµν (2.243)
Collecting everything, we conclude that the field equations for a general Metric-Affine
L(gµν , Rαβγρ, S λµν , Qαµν) Theory, are
−2∇α(
√−gΩ µανλ )√−g + 4Ω
µαν
λ Sα − Ω µγδλ S νγδ
+2W µνλ + V
µν
λ = κ∆
µν
λ (2.244)
− 1
2
gµνLG + ∂LG
∂gµν
+
1√−g (2Sα −∇α)
√−g ∂LG
∂Q µνα
= κTµν (2.245)
where
Ω µανλ ≡
∂LG
∂Rλµαν
, V µνλ ≡
∂LG
∂S λµν
, W αµν ≡ ∂LG
∂Qαµν
(2.246)
These are the field equation of the most general Metric-Affine Gravity theory one could
think of, since we have included a general dependence of the three basic objects of the un-
derlying geometry namely, the curvature, torsion and non-metricity. Next we shall discuss
a simple parity violating theory.
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2.3 A Parity Violating Theory
Let us study now a parity violating theory of gravity. Our starting point will be the
Einstein-Hilbert action
SEH =
1
2κ
∫
dnx
√−gR (2.247)
plus the parity violating term24
εµναβRµναβ (2.248)
where εµναβ is the totally antisymmetric Levi-Civita tensor. Note that this term vanishes
identically in Metric theories of Gravity due to the identity R˜α [µνρ] = 0 but when torsion
and non-metricity are present this term is not zero25. So, our total action reads
S =
1
2κ
∫
dnx
√−g
(
R + αεµναβRµναβ
)
(2.249)
where α is a dimensionless parameter, the value of which we will discuss in what follows.
Note that this term is not as arbitrary as it may seem at first sight. In fact, we may state
that (2.249) is the most general action one can write down, that is linear in the Riemann
tensor. Any scalar that is formed by contraction of the Riemann tensor with the metric
tensor will give either the Ricci scalar (or a multiple of it) or zero. Then, the only other
possibility to form a scalar is by contracting the Riemann tensor with the Levi-Civita
tensor. Indeed, taking the various combinations that we mentioned, we have
Rµαβγ(Ag
µαgβγ +Bgµβgαγ + Cgµγgαβ +Dεµναβ) =
A · 0 +BR + C(−R) +DεµναβRµαβγ = (B − C)R +DεµναβRµαβγ (2.250)
where A,B,C,D are parameters. Therefore, the most general gravity action that is linear in
the Riemann tensor is the Einstein-Hilbert action plus the parity violating term εµναβRµαβγ.
We should point out that the parity violating term is also (just like the Ricci scalar)
invariant under projective transformations of the connection and therefore one expects the
theory to possess an unspecified vectorial degree of freedom. Let us now examine the filed
24A similar theory but with torsion only was studied in[52, 53].
25To be more precise, this term is not zero because of torsion only, as can be seen easily from the identity
Rα [βµν] = −2∇[βS αµν] − 4S λ[βµ S αν]λ .
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equations of the theory. In order to vary with respect to the metric tensor we first write
δgS =
1
2κ
δg
∫
dnx
√−g
(
R + αεµναβRµναβ
)
=
= δg
∫
dnx
(√−gR + αgµκ√−gεκναβRµναβ) (2.251)
and now notice that writing
δg(
√−gεκναβgµκ) = gµκδg(
√−gεκναβ) +√−gεκναβ(δggµκ) (2.252)
and since
δg(
√−gεκναβ) = δg(
√−g 
κναβ
√−g ) = δg(
κναβ) = 0 (2.253)
we are left with
δg(
√−gεκναβgµκ) =
√−gεκναβ(δggµκ) (2.254)
Also, recalling that the Riemann tensor Rµναβ is independent of the metric, it follows that
δg(
√−gεµναβRµναβ) = −
√−gε λρσ(ν Rµ)λρσδgµν (2.255)
Therefore, the total variation with respect to the metric tensor reads26
δgS =
1
2κ
∫
dnx
√−g(δgµν)
[
R(µν) − 1
2
gµνR− αε αβγ(ν Rµ)αβγ
]
= 0 (2.256)
and the first set of the field equations, reads
R(µν) − 1
2
gµνR− αε αβγ(ν Rµ)αβγ = 0 (2.257)
by contracting this with gµν we get the relation
αεµναβRµναβ =
(
1− n
2
)
R (2.258)
Variation with respect to the connection reads
P µνλ + 2α
(
−∇α(
√−gεµνακgλκ)√−g + ε
κµβγS νβγ gλκ + 4Sαε
µνακgλκ
)
= 0 (2.259)
Of course, contracting the latter in µ = λ gives no new identity because of the projective
invariance of the action. Contracting the above one time in ν = λ and one time by gµν we
get
P µ − 2αS˜µ = 0 (2.260)
26Notice that now the Levi-Civita tensor εµναβ appears and not the symbol. These are related through
εµναβ = 1√−g 
µναβ
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and
P˜λ + 2αS˜λ = 0 (2.261)
where
P µ ≡ P µνν = (n− 1)
[
Q˜µ − 1
2
Qµ
]
+ 2(2− n)Sµ (2.262)
and
P˜λ ≡ gµνP µνλ =
(n− 3)
2
Qλ + Q˜λ + 2(n− 2)Sλ (2.263)
Furthermore, using
P µ + P˜ µ = nQ˜µ −Qµ (2.264)
and
P µ − P˜ µ = (n− 2)(Q˜µ −Qµ − 4Sµ) (2.265)
we add and subtract equations (2.260) and (2.261) to arrive at
nQ˜µ −Qµ = 0 (2.266)
and
(n− 2)(Q˜µ −Qµ − 4Sµ) = 4αS˜µ (2.267)
In addition, multiplying () by gλα we get
Pαµν + 2α
(
Qρ
2
εραµν −∇ρεραµν +Q αβγ εµνβγ + εαµβγS νβγ + 4Sρεραµν
)
= 0 (2.268)
To get another identity for the torsion and non-metricity vectors we contract this by ελαµν
and use the identities
εραµνελαµν = −3!δρλ , εµνβγελαµν = −2!2!δ[βλ δγ]α
∇ρελαµν = −Qρ
2
ελαµν , ελαµν∇ρεραµν = −3!Qλ
2
∇λ√−g√−g = −
Qλ
2
, ελαµνP
[αµν] = −2S[αµν]ελαµν = −2S˜λ (2.269)
to obtain
− 2S˜λ + 2α
(
− 3!Qλ
2
+ 3!
Qλ
2
− 4δ[βλ δγ]αQ αβγ − 4δ[βλ δγ]ν S νβγ − 3!4Sλ
)
= 0 (2.270)
or
S˜µ + α
[
2(Qµ − Q˜µ) + 28Sµ
]
= 0 (2.271)
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Collecting everything, our set of equations for the torsion and non-metricity vectors, is
Qµ = nQ˜µ (2.272)
(n− 1)
2n
Qµ + 2Sµ =
2α
2− nS˜µ (2.273)
S˜µ + α
[
2(Qµ − Q˜µ) + 28Sµ
]
= 0 (2.274)
Note now, that this is a system of 4 unknowns with 3 equations and therefore there is no
unique solution. Of course, this we already knew since there is an unspecified vectorial
degree of freedom due to the projective invariance of the action. What we would like to do
is to solve everything in terms of one of these vectors (say S˜µ). We have some interesting
cases depending on the value of the dimensionless parameter α. Let us examine them.
Substituting the first two of the above equations into the third one we get(
1
4
− 2α
2
n− 2
)
S˜µ + 5αSµ = 0 (2.275)
From this we see that for
α = ±
√
n− 2
8
(2.276)
we have that
Sµ = 0 (2.277)
and subsequently
Q˜µ =
1
n
Qµ = ±
√
2√
n− 2(1− n) S˜µ (2.278)
So, for this particular value of α we have vanishing torsion vector and the non-metricity
vectors are related to the torsion pseudo-vector by equation (2.278). For α 6= ±
√
n−2
8
we
have that
Sµ = − 1
5α
(
1
4
− 2α
2
n− 2
)
S˜µ (2.279)
and now the non-metricity vectors are given by
Qµ = nQ˜µ =
n
5α(n− 1)((n− 2))(n− 2− 28α
2)S˜µ (2.280)
From which we see that when
n− 2− 28α2 = 0 =⇒ α = ±
√
n− 2
28
(2.281)
both the non-metricity vectors vanish
Qµ = 0 , Q˜µ = 0 (2.282)
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and the torsion vector is given by
Sµ = ∓ 1
2
√
7(n− 2) S˜µ (2.283)
Now, if α 6= ±
√
n−2
8
and α = ±
√
n−2
28
then, non of the vectors vanishes and they are related
through
Sµ = − 1
5α
(
1
4
− 2α
2
n− 2
)
S˜µ (2.284)
Qµ = nQ˜µ =
n
5α(n− 1)((n− 2))(n− 2− 28α
2)S˜µ (2.285)
We should note that it would be interesting to find solutions for the above parity violating
Theory. For the time being however we will focus our attention on another subject and
see how one can generate torsional and non-metric degrees of freedom by coupling total
derivatives to scalars.
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Chapter 3
Exciting Torsional/Non-mmetric
degrees of freedom
In this short chapter we will study in some detail a general procedure that may be used in
order to generate torsional and non-metric degrees of freedom. The recipe here is to couple
total derivative terms (that otherwise would be surface terms) to some spacetime function
and add them to the Einstein-Hilbert action. We will start with a known model that
generates torsion and then present some ways to excite also non-metric degrees of freedom.
Then we also present ways that can generate both torsional and non-metric degrees of
freedom.
3.1 A way to excite Torsional/Non-Metric d.o.f.
Let us firstly review a model that has been studied in [54, 55, 56] but now in the coordinate
formalism. It is easy to show that the Nieh-Yan term considered there, translates to
µνρσ∂µSνρσ (3.1)
in the coordinate formalism. Therefore, in our formalism the total action reads
S =
1
2κ
∫
d4x
√−gR(µν)gµν + 1
2κ
∫
d4xF (x)µνρσ∂µSνρσ =
=
1
2κ
∫
d4x
√−gR(µν)gµν − 1
2κ
∫
d4xµνρσ(∂µF )Sνρσ + s.t. (3.2)
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where s.t. stands for surface term. Variation with respect to the connection yields
P µνλ −
1√−g δ
[µ
β δ
ν]
γ 
αβγδgλδ(∂αF ) = 0⇒
√−gP µνλ − αµνδgλδ(∂αF ) = 0 (3.3)
Now, since in this model the non-metricity is zero, the Palatini tensor reads
P µνλ = 2
(
gµνSλ − Sµδνλ + gµσS νσλ
)
(3.4)
and thus
P νρσ = 2
(
gρσSν − gσνSρ + Sρνσ
)
(3.5)
Now, equation (3.3) can also be written as1
√−gP νρσ − αρσν(∂αF ) = 0 (3.6)
and contracting the above with µρσν and using (9.62) we obtain
2
√−gµρσνSρνσ − 3!δαµ(∂αF ) = 0⇒
εµνρσS
ρσν = 3(∂µF ) (3.7)
where εµνρσ ≡ √−gµρσν is the Levi-Civita tensor. So, we may also write
ε ρσνµ Sρσν = 3(∂µF ) (3.8)
or
µνρσSνρσ = 3
√−ggµν(∂νF ) (3.9)
Substituting the latter in our action we arrive at
S =
1
2κ
∫
d4x
[√−gR−√−g3gµν(∂µF )(∂νF )] (3.10)
We can also immediately see that
Sµ = 0 (3.11)
P µνα = −ερµνα∂ρF (3.12)
and
Sµνα = −1
2
εµναλ∂
λF (3.13)
1After a contraction with the metric tensor and some relabeling of the indices.
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which when plugged into the connection decomposition yield
Γλ µν = Γ˜
λ
µν +
1
2
ε ρλµν ∂ρF (3.14)
From which we conclude that this kind of torsion (being totally antisymmetric) has no
effect on the autoparallels and the latter coincide with the geodesics. Now, we can fully
decompose our original action to a Riemannian part plus an axion field. Indeed, to see this
first recall the Ricci scalar decomposition
R = R˜ + ∇˜µ(Aµ −Bµ) +BµAµ −NαµνNµνα (3.15)
Note now that the second term is a surface term and can therefore be dropped when taken
into the action integral. Regarding the other quantities appearing, we compute for our case
Nµνα = −1
2
εµναρ∂
ρF (3.16)
Aµ = Nµνβg
νβ = 0, Bµ = Nαµα = 0 (3.17)
NαµνN
µνα = −3
2
∂µF∂
µF (3.18)
so that, when substituted back to our action give
S =
1
2κ
∫
d4x
√−g
[
R˜− 3
2
gµν(∂µF )(∂νF )
]
(3.19)
which is the action of Einstein gravity plus an axionic massless field. For this model, the
affine connection takes the form
Γλ µν = Γ˜
λ
µν +N
λ
µν = Γ˜
λ
µν +
1
2
ε ρλµν ∂ρF (3.20)
Note now that this type of torsion (totally) antisymmetric has no effect on the autoparallels
and the latter coincide with the geodesics. However, for general torsion (even with vanishing
non-metricity) the two are not the same.
3.2 Trying to excite non-metricity
We consider the model
S =
1
2κ
∫
d4x
√−gR(µν)gµν + 1
2κ
∫
d4xF (x)∂µ
µνρσQν∂ρQσ (3.21)
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where Qµ = −gαβ∇µgαβ is the Weyl vector. Notice that ∂µµνρσQν∂ρQσ alone is a surface
term, but when coupled to some function F (x) (as above) cannot be disregarded. In what
follows we shall also use the homothetic curvature Rˆµν defined by
Rˆµν := ∂[µQν] (3.22)
Varying (3.35) with respect with the metric tensor we obtain
R(µν) − R
2
gµν = 0 (3.23)
which are the modified Einstein equations. Now, the variation with respect to the connec-
tion yields
−∇λ(
√−ggµν) +∇σ(
√−ggµσ)δνλ + 2
√−g(gµνSλ − Sµδνλ + gµσS νσλ )
−δµλ∂α(4FανρσRˆρσ) = 0 (3.24)
where S αµν := Γ
α
[µν] is the torsion tensor and Sµ := S
ν
µν the torsion vector. Contracting
the latter in µ, λ we arrive at
∂µ(F
µνρσRˆρσ) = 0⇒
∂µ(
µνρσF∂ρQσ) = 0 (3.25)
Since we have included an additional field F (x) we must vary with respect to it as well.
The variation reads
∂µ(
µνρσQν∂ρQσ) = 0 (3.26)
Upon some examination of the field equations, one can show that Qµ = 0 and P
µν
λ = 0
and thus the model is trivial, leading to Einstein equations in vacuum. In what follows we
try a couple of different things to excite non-metric degrees of freedom.
3.3 A Simple Non-metric Model
We consider the model given by the action
I = IR + IΛ + 2IQ (3.27)
where
IR =
∫
M
abcde
a ∧ eb ∧Rcd (3.28)
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is the Einstein-Hilbert action(up to numerical factors), IΛ is the cosmological constant term
IΛ = Λ
∫
M
abcde
a ∧ eb ∧ ec ∧ ed (3.29)
and we have also considered, in the total action, the presence of the term
IQ =
∫
M
F (x)dCW =
1
2
∫
M
F (x)d(Q ∧Raa) (3.30)
where F (x) is a scalar and Q = Qabη
ab , with Qab being the non-metricity 1-form. Notice
that the term dCw alone, being a total derivative term, would not affect the field equations.
However, if we couple it to a scalar F (x) we a get a non-vanishing contribution. Indeed,
one has
IQ =
1
2
∫
M
F (x)d(Q ∧Raa) =
=
1
2
∫
M
d
[
F (x)(Q ∧Raa)
]
− 1
2
∫
M
dF (x) ∧ (Q ∧Raa) =
= −1
2
∫
M
dF (x) ∧ (Q ∧Raa) + st (3.31)
where st stands for surface terms. Having the total action we perform independent varia-
tions with respect to ea, ωab and F (x) respectively. We should mention that in this model
no a priori assumptions about the torsionlessness and metricity of spacetime have been
made.2 Writing down the total action, we have
I =
∫
M
[
abcde
a ∧ eb ∧Rcd + Λabcdea ∧ eb ∧ ec ∧ ed − dF (x) ∧ (Q ∧Raa)
]
Variation with respect to the vierbeins (ea) yields
abcde
b ∧
[
Rcd − Λ
3
ec ∧ ed
]
= 0 (3.32)
which we recognize as the modified Einstein equations with torsion and non-metricity.3
Varying with respect to ωab we obtain
ηbcD
[
lmaee
l ∧ emηce − δcadF ∧Q
]
+ 2nabdF ∧Rcc = 0 (3.33)
where D represents covariant differentiation and Qab = −Dηab = 2ω(ab) is the non-metricity
tensor. Finally, the F -variation gives the constraint
d(Q ∧Rcc) = 0 (3.34)
2That is, the spacetime will possess both torsion and non-metricity in general.
3Note that here the spin connection ωab is not related to e
a with the usual way. A relation between
them may be found after solving the field equations.
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3.4 Model in the coordinate formalism
Let us consider the model of the previous section in the coordinate formulation4
S =
1
2κ
∫
d4x
√−gR(µν)gµν + 1
2κ
∫
d4xF (x)∂µ
µνρσQν∂ρQσ (3.35)
where Qµ = −gαβ∇µgαβ is the Weyl vector. Notice that ∂µµνρσQν∂ρQσ alone is a surface
term, but when coupled to some function F (x) (as above) cannot be disregarded. In what
follows we shall also use the homothetic curvature Rˆµν defined by
Rˆµν := ∂[µQν] (3.36)
Varying (3.35) with respect with the metric tensor we obtain
R(µν) − R
2
gµν = 0 (3.37)
which are the modified Einstein equations. Now, the variation with respect to the connec-
tion yields
−∇λ(
√−ggµν) +∇σ(
√−ggµσ)δνλ + 2
√−g(gµνSλ − Sµδνλ + gµσS νσλ )
−δµλ∂α(4FανρσRˆρσ) = 0 (3.38)
where S αµν := Γ
α
[µν] is the torsion tensor and Sµ := S
ν
µν the torsion vector. Contracting
the latter in µ, λ we arrive at
∂µ(F
µνρσRˆρσ) = 0⇒
∂µ(
µνρσF∂ρQσ) = 0 (3.39)
Since we have included an additional field F (x) we must vary with respect to it as well.
The variation reads
∂µ(
µνρσQν∂ρQσ) = 0 (3.40)
Now, substituting (3.70) back in (3.38) we arrive at
−∇λ(
√−ggµν) +∇σ(
√−ggµσ)δνλ + 2
√−g(gµνSλ − Sµδνλ + gµσS νσλ ) = 0 (3.41)
which, as we have already seen, after some manipulations implies that
S λµν = Γ
λ
[µν] = 0 (3.42)
Q µνα = ∇αgµν = 0 (3.43)
Thus, the theory considered here is equivalent to General Relativity.
4That is, the action is expressed in terms of the metric instead of the vielbeins.
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3.4.1 Side Note: Connecting the two formalisms
Having introduced both the coordinate (here the fields are gµν , Γ
λ
µν) and the vierbein (e
a,
ωab) formalisms let us now give some connecting identities that help one to switch from
one formalism to another. The starting point of everything that follows is the vielbein
postulate. This states that the vielbeins are covariantly conserved, namely5
∇νe aµ = 0 (3.44)
Expanding the latter we derive
∂νe
a
µ − Γρ µνe aρ + ω aν be bµ = 0 (3.45)
Now, to solve for Γλ µν we simply multiply (and contract) with e
λ
a to get
Γλ µν = e
λ
a∂νe
a
µ + ω
a
ν be
λ
ae
b
µ (3.46)
while, multiplication with eµc solves for ωµab,
ω aν c = Γ
λ
µνe
a
λ e
µ
c − eµc∂νe aµ (3.47)
or
ωνab = Γ
λ
µνeλae
µ
b − eµb∂νeµa =
= Γλ µνeλae
µ
b + eµa∂νe
µ
b ⇒
ωνab =
(
Γλ µνe
µ
b + ∂νe
λ
b
)
eλa (3.48)
where we have also made some relabeling of the indices and used the fact that eµbeµa = ηba.
We should point out that one would like to have an expression of ωµab in terms of the affine
connection and the metric tensor only6. However, such a possibility does not exist since
the vielbeins carry more degrees of freedom than the metric tensor does and therefore the
former cannot be solved in terms of the latter. Notice now that if we define the ’Lorentz
blind’covariant derivative
∇ˆµAλb := ∂µAλb + Γλ νµAνb (3.49)
5Note that our definition of the index placing in both the vielbein and the spin connection is the
following: the coordinate index goes first (left side) and then the Lorentz indices follow.
6in the above the spin connection depends on the vielbeins as well.
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that is the covariant derivative that ’sees’ only the coordinate indices, than the above can
be written as
ωµab = eλa∇ˆµeλb (3.50)
In a similar manner we define the ’coordinate blind’ covariant derivative or else the gauge
covariant derivative to be
DνA
b
µ := ∂νA
b
µ + ω
b
ν aA
a
µ (3.51)
which when applied on the vielbeins, yields
Dνe
b
µ := ∂νe
b
µ + ω
b
ν ae
a
µ (3.52)
and as a result, (??) can be written in the handy form
Γλ µν = e
λ
bDνe
b
µ (3.53)
We would now like to show that the definitions of both the torsion and non-metricity
coincide (up to sign factors due to definitions) for the two formalisms. Let us start with
torsion. In the coordinate formalism, the latter is defined by
S λµν := Γ
λ
[µν] (3.54)
and upon using (3.53) it can also be expressed as
S λµν = e
λ
bD[νe
b
µ] (3.55)
In the first order formalism, torsion is defined by the 2-form
T b := Deb = deb + ωba ∧ ea (3.56)
which when expanded in the {dxµ} basis, gives
T b = T bνµ dx
ν ∧ dxµ = (∂[νe bµ] + ω b[ν ae aµ] )dxν ∧ dxµ = D[νe bµ]dxν ∧ dxµ (3.57)
that is
T bνµ = D[νe
b
µ] (3.58)
We therefore, conclude that
T λνµ = e
λ
bT
b
νµ = e
λ
bD[νe
b
µ] = S
λ
µν ⇒
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T λµν = −S λµν (3.59)
which is what we wanted to show. Notice the appearance of the minus sign which is
purely conventional and a remnant of the index placing definition in the affine connection.
Keeping this in mind and sticking strictly to our definitions, this sign difference is not
going to cause any problems. Another thing we can comment on is that even though
torsion depends only on the affine connection (no metric dependence) in the coordinate
formalism, when working on the vielbein formalism, the torsion 2-form depends both on ea
and ωab. So long as non-metricity is concerned, in the coordinate formalism the definition
reads
Qλµν := −∇λgµν (3.60)
while in the vielbein formalism is given by the one form
Qab := −Dηab = ωab + ωba = 2ω(ab) ⇒
Qab = Qλabdx
λ = (ωµab + ωλba)dx
λ (3.61)
What we are to show now is that given one from the above we can compute the other one
by some multiplication with the vielbeins. More specifically, we show that
Qλµν = e
a
µ e
b
ν Qλab = 2e
a
µ e
b
ν ωµ(ab) (3.62)
To start with, first recall the relation relating the metric tensor with the vielbeins
gµν = e
a
µ e
b
ν ηab (3.63)
which when substituted in (3.60) yields
Qλµν = −∇λgµν = −e aµ e bν ∇ληab = +2e aµ e bν ωλ(ab) = e aµ e bν Qλab (3.64)
as desired. In addition, taking the interior product of
Qab = Qλabdx
λ = Qdabe
d (3.65)
with ec, it follows that
Qcab = eccQab = 2eccω(ab) (3.66)
such that
Qλµν = e
c
λ e
a
µ e
b
ν 2(eccω(ab)) (3.67)
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Note now that while in the first order formalism the non-metricity 1-form depends only on
the spin connection (vielbein independent) when switching to coordinate formalism, the
non-metricity tensor depends both on gµν and Γ
λ
µν . For more on the frame and exterior
form formalism of gravity one may consult [22, 57]. We may now proceed searching for
ways to excite non-metric degrees of freedom.
3.5 A way to excite non-metric d.o.f.
Let us start again with the Einstein-Hilbert action and couple the surface term
∂µ(
√−gQµ) (3.68)
where Qµ is the Weyl vector, to a scalar F . In words, the action reads
S =
1
2κ
∫
dnx
√−gR(µν)gµν + 1
2κ
∫
dnxF (x)∂µ(
√−gQµ) (3.69)
Variation of the above with respect to gµν yields the modified Einstein equations, while the
variation with respect to the connection gives
P µνλ − 2δµλgαν∂αF = 0 (3.70)
Now, contracting in µ = λ and using the tracelessness of the Palatini tensor in its first two
indices (P µνµ = 0), we arrive at
gαν∂αF = 0 (3.71)
which when substituted back in (3.70) implies that P µνλ = 0 and therefore the theory
considered here is again trivial. Same goes when one tries to add a term that includes the
second non-metricity vector Q˜µ instead of the Weyl vector. Indeed, if we consider
S =
1
2κ
∫
dnx
√−gR(µν)gµν + 1
2κ
∫
dnxF (x)∂µ(
√−gQ˜µ) (3.72)
then upon varying with respect to the connection we arrive at
P µνλ − (δαλgµν + gαµδνλ)∂αF = 0 (3.73)
and again it follows that P µνλ = 0 and ∂µF = 0 as before. So, we now want to find a way
to avoid this triviality. This triviality comes about due to the fact that while the Ricci
scalar is invariant under projective transformations of the connection
Γλµν −→ Γλµν + δλµξν (3.74)
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the additional term in the action (in both cases) does not respect this symmetry and thus
we have a vanishing vectorial degree of freedom. So, what we want, is to add a term that
its variation with respect to the connection will yield a tensor that is also traceless in its
first two indices. To this end, we add to the action a term that goes like
I ∝
∫
dnxF (x)∂µ
[√−g(αQµ + βQ˜µ)] (3.75)
and choose the parameters α, β in such a way so that the tensor obtained after varying
with respect to the connection is identically traceless without imposing any field equation.
We have
A µνλ ≡
δ
δΓλ µν
(√−g(∂αF )(αQα + βQ˜α)) = (3.76)
=
√−g(∂αF )
[
2αδµλg
αν + β(δαλg
µν + gµαδνλ)
]
and
A µνµ =
√−g(∂αF )gαν2(αn+ β) (3.77)
So, we see that if we choose α = −β/n, A µνµ is identically zero. In fact, there is a deeper
reason why one should choose this relation between the parameters. The reason being the
projective invariance of the action that we discussed before. To see this, we first note that
under a projective transformation of the form of (3.74), the non-metricity tensor changes
as follows
Qαµν −→ Qαµν + 2ξαgµν (3.78)
and therefore the Weyl and second non-metricity vectors change correspondingly as
Qµ −→ Qµ + 2nξµ (3.79)
Q˜µ −→ Q˜µ + 2ξµ (3.80)
Therefore, Qµ and Q˜µ are not projective invariant individually, but the combination
Qµ − nQ˜µ (3.81)
remains invariant under (3.74), which of course amounts to the same choice for the pa-
rameters α, β as above. Having said this let us now go back to our model. The action
reads
S =
1
2κ
∫
dnx
√−gR(µν)gµν + β
2κ
∫
dnxF (x)∂µ
(√−g(−Qµ
4
+ Q˜µ)
)
(3.82)
=
1
2κ
∫
dnx
√−gR(µν)gµν − β
2κ
∫
dnx
√−g(∂µF )(−Q
µ
4
+ Q˜µ) + s.t.
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From now on we shall focus in four dimensions (n = 4) and set β = 1 because it can always
be absorbed in the definition of F . Variation of the above with respect to the metric tensor
gives us the modified Einstein equations with non-metricity, while the variation with respect
to the connection yields
P µνλ − (∂αF )
[
− 1
2
gανδµλ + δ
α
λg
µν + δνλg
µα
]
= 0 (3.83)
Note now that if we contract the in µ = λ we do not get any constraint since the action we
consider is projective invariant. It is easy to show that the affine connection for this model
is
Γλ µν = Γ˜
λ
µν +
1
4
gµν∂
λF +
1
4
δλν∂µF −
5
4
δλµ∂νF (3.84)
Having this we compute for the torsion and non-metricity tensors
S λµν =
3
2
δλ[ν∂µ]F (3.85)
and
Qαµν = −2gα(µ∂ν)F + 1
2
gµν∂αF (3.86)
respectively. We also compute
− 1
4
Qµ + Q˜µ =
9
4
∂µF (3.87)
Upon substitution of the latter two into our action we arrive at
S =
1
2κ
∫
d4x
√−gR(µν)gµν − 1
2κ
∫
d4x
√−g9
4
gµν∂µF∂νF (3.88)
3.6 Exciting both torsional and non-metric d.o.f.
3.6.1 Model 1
Let us now try to excite torsional degrees of freedom along with the non-metric ones. To this
end, we must add a surface term (coupled to a scalar) that also includes the torsion vector
and the total combination has again to be invariant under projective transformations. As
we have already seen, the Weyl and second non-metricity vectors, transform as
Qµ −→ Qµ + 2nξµ (3.89)
Q˜µ −→ Q˜µ + 2ξµ (3.90)
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under a projective transformation of the connection. From the definition of torsion it is
obvious that under (3.74) the latter transforms as
S λµν −→ S λµν + δλ[µξν] (3.91)
from which we deduce the transformation law for the torsion vector
Sµ −→ Sµ + (1− n)
2
ξµ (3.92)
From the above we see that an obvious combination (including all three) that remains
invariant, under a projective transformation, is the following
Qµ − Q˜µ + 4Sµ (3.93)
So, our model consists of the action
S =
1
2κ
∫
dnx
√−gR(µν)gµν + 1
2κ
∫
dnxF (x)∂µ
(√−g(Qµ − Q˜µ + 4Sµ)) (3.94)
=
1
2κ
∫
dnx
√−gR(µν)gµν − 1
2κ
∫
dnx
√−g(∂µF )(Qµ − Q˜µ + 4Sµ) + s.t.
Let us concentrate on the variation with respect to the connection. This yields
P µνλ = (∂αF )
[
2δµλg
αν − (δαλgµν + δνλgαµ) + 2(δνλgαµ − δµλgαν)
]
=
= (∂αF )(δ
ν
λg
µα − δαλgµν) = 2(∂αF )gµ[αδν]λ (3.95)
Contracting in ν = λ we arrive at
(n− 1)
(
Q˜µ − Q
µ
2
)
+ 2(2− n)Sµ = (n− 1)gµα(∂αF ) (3.96)
or
(n− 1)
(
Q˜µ − Qµ
2
)
+ 2(2− n)Sµ = (n− 1)(∂µF ) (3.97)
In addition, contracting (3.95) with gµν it follows that
(n− 3)
2
Qµ + Q˜µ + 2(n− 2)Sµ = (1− n)(∂µF ) (3.98)
Adding the latter two we obtain
Qµ = nQ˜µ (3.99)
which when substituted to either one of the above, yields
(n− 1)Q˜µ + 4Sµ = 2
(
n− 1
2− n
)
∂µF (3.100)
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Now, observe that this very quantity is the same appearing in the action. Indeed, using
the latter two equations we may write
Qµ − Q˜µ + 4Sµ = (n− 1)Q˜µ + 4Sµ = 2
(
n− 1
2− n
)
∂µF (3.101)
Therefore, substituting the above algebraic into our action, we arrive at
1
2κ
∫
dnx
√−gR(µν)gµν + 1
2κ
∫
dnx
√−g2
(
n− 1
n− 2
)
gµν(∂µF )(∂νF ) + s.t. (3.102)
3.6.2 Model 2
Let us now consider the action
S =
1
2κ
∫
d4x
√−gR(µν)gµν+
1
2κ
∫
d4x
[
φ(x)∂µ
(√−g(−Qµ
4
+ Q˜µ)
)
+ χ(x)µνρσ∂µSνρσ
]
(3.103)
=
1
2κ
∫
d4x
√−gR(µν)gµν
− 1
2κ
∫
d4x
√−g
[
(∂µφ)(−Q
µ
4
+ Q˜µ) + µνρσ(∂µχ)Sνρσ
]
+ s.t. (3.104)
where we now consider two scalar fields, φ(x) and χ(x). Varying with respect to the
connection we obtain
P µνλ −
1√−g 
αµνδgλδ(∂αφ)− (∂αχ)
[
− 1
2
gανδµλ + g
µνδαλ + g
µαδνλ
]
= 0 (3.105)
The latter can also be written as
P νρσ − 1√−g 
αρσν(∂αφ)− (∂αχ)
[
− 1
2
gασgρν + gανgρσ + gσνgρα
]
= 0 (3.106)
and upon contracting with µνρσ we arrive at
3gµα∂µφ = ε
ανρσSνρσ ⇒
µνρσSνρσ = 3
√−ggµν(∂νφ) (3.107)
Now, contracting (3.106) in λ = ν we obtain
3
[
Q˜µ − 1
2
Qµ
]
− 4Sµ = 9
2
gµν(∂νχ) (3.108)
In addition, a contraction with gµν yields
1
2
Qλ + Q˜λ + 4Sλ − 9
2
(∂λχ) = 0 (3.109)
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or in its contravariant form
1
2
Qµ + Q˜µ + 4Sµ =
9
2
gµν(∂νχ) (3.110)
Adding the latter with (3.108) we obtain
4Q˜µ −Qµ = 9gµν(∂νχ)⇒ −1
4
Qµ + Q˜µ =
9
4
gµν(∂νχ)
Note now that, remarkably, the torsion vector has been dropped out and the combination on
the left hand side is the very combination appearing in the action. Therefore, substituting
the latter equation along with (3.107) into our original action, we finally arrive at
S =
1
2κ
∫
d4x
√−gR(µν)gµν − 1
2κ
∫
d4x
√−g
[
3gµν(∂µφ)(∂νφ) +
9
4
gµν(∂µχ)(∂νχ)
]
+ s.t.
(3.111)
We note that extensions of the above are possible and one can also generate tensorial parts
of torsion and non-metricity by coupling surface terms to tensor fields.
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Chapter 4
Solving for the Connection in
Metric-Affine Gravity
4.1 Exactly Solvable Models/Solving for the Affine
Connection
Let us now give a systematic way to solve for the affine connection in Metric-Affine Theories.
We state and prove our results as three subsequent Theorems. The Theorems we state and
prove appear for the first time in the literature of MAG. First we start by allowing actions
that are linear in the connection to be added to the Einstein Hilbert. The expression for
the connection is then given by Theorem-1. Then, in Theorem-2 we generalize for f(R) and
in the last case we assume no restriction on the additional part of the action (Theorem-3).
We then see some applications of our results with three simple examples and discuss the
conditions for obtaining dynamical/non-dynamical connections.
4.1.1 Expression for an Exactly Solvable Connection
Let us start with our first Theorem1
1Here we will follow a step by step proof, in order to make the procedure of solving with respect to affine
connection completely clear, since we think that such a systematic procedure is absent from the literature.
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Theorem 1: Consider the action
S[gµν ,Γ
λ
αβ, φ] =
1
2κ
∫
dnx
√−gR + S1[gµν ,Γλ αβ, φ] (4.1)
where φ denotes any other additional fields that may be present in the space and
S1[gµν ,Γ
λ
αβ, φ] =
∫
dnx
√−gL1(g,Γ, φ) (4.2)
Now given any general action S1[g,Γ, φ] that is
2
• At most linear in Γλ µν and its partial derivatives
• Projective invariant
we state that the affine connection can solely be expressed in terms of variations of L13
and its form is the following
Γλ µν = Γ˜
λ
µν −
gλα
2
(Bαµν −Bναµ −Bµνα)− g
αλ
(n− 2)gν[µ(Bα] − B˜α]) (4.3)
where
B µνλ ≡
2κ√−g
δS1
δΓλ µν
=
2κ√−g
∂(
√−gL1)
∂Γλ µν
(4.4)
and Bµ ≡ B µλλ , B˜µ ≡ gαβBµαβ.
Proof: Varying (4.44) with respect to the affine connection, we derive
P µνλ +B
µν
λ = 0 (4.5)
where
B µνλ ≡
2κ√−g
δS1
δΓλ µν
=
2κ√−g
∂(
√−gL1)
∂Γλ µν
(4.6)
and P µνλ is the Palatini tensor which is defined by
P µνλ ≡
1√−g
δSEH
δΓλ µν
=
1√−g
∂(
√−gR)
∂Γλ µν
=
= −∇λ(
√−ggµν)√−g +
∇σ(√−ggµσ)√−g δ
ν
λ + 2(g
µνSλ − Sµδνλ + gµσS νσλ ) (4.7)
2Notice that we made no assumption about the origin of the action. It may include both matter and
gravitational parts so long as it satisfies the requirements that we impose! However, a gravitational sector
that is linear in the connection is difficult to come up with, we just include it for generality. In the second
Theorem we will assume that S1 contains only a matter sector.
3Of course the result also contains the metric tensor and its derivatives as they appear for instance in
the Levi-Civita part, but since this is too obvious we will omit mentioning it.
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as we have already seen. Now, as we show in the appendix, the latter can also be written
in the form
Pαµν =
(
Qα
2
+ 2Sα
)
gµν − (Qαµν + 2Sαµν) +
(
Q˜µ − Q
µ
2
− 2Sµ
)
gνα (4.8)
With this at hand and recalling the connection decomposition in terms of the Riemannian
part, non-metricity and torsion
Γλ µν = Γ˜
λ
µν +
1
2
gαλ(Qµνα +Qναµ −Qαµν)− gαλ(Sαµν + Sανµ − Sµνα) (4.9)
we observe that the combination (Qαµν + 2Sαµν) appears in both and can, therefore, be
eliminated4. Indeed, pairing up a bit the terms of the last equation, we may re-write it as
Γλ µν = Γ˜
λ
µν +
1
2
gαλ
(
(Qµνα + 2Sµνα) + (Qναµ + 2Sναµ)− (Qαµν + 2Sαµν)
)
(4.10)
where we have used the fact that Sαµν = −Sµαν . In addition, we observe that
Pαµν − Pναµ − Pµνα = Aαµν − gαµQ˜ν + 2gν[α(Q˜µ] −Qµ] − 4Sµ]) (4.11)
where
Aµνα = (Qµνα + 2Sµνα) + (Qναµ + 2Sναµ)− (Qαµν + 2Sαµν) (4.12)
Thus, substituting the above combination into (4.10) we obtain
Γλ µν = Γ˜
λ
µν +
gλα
2
(Pαµν − Pναµ − Pµνα) + gαλgν[µ(Q˜α] −Qα] − 4Sα]) + 1
2
δλµQ˜µ (4.13)
Now, as we also prove in the appendix, it holds that
P µ ≡ P µλλ = (n− 1)
(
Q˜µ − 1
2
Qµ
)
+ 2(2− n)Sµ (4.14)
P˜ µ ≡ gαβP µαβ = (n− 3)
2
Qµ + Q˜µ + 2(n− 2)Sµ (4.15)
such that
P µ − P˜ µ = (n− 2)(Q˜µ −Qµ − 4Sµ) (4.16)
Using this fact, the connection recasts to
Γλ µν = Γ˜
λ
µν +
gλα
2
(Pαµν − Pναµ − Pµνα) + g
αλ
(n− 2)gν[µ(Pα] − P˜α]) +
1
2
δλµQ˜ν (4.17)
4Fun Fact: This observation came to me as an insight during my visit in a CERN Winter School in
2015.
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Notice now that our total action is projective invariant by assumption. This means, as we
have already seen, that the theory is invariant under
Γλ µν → Γλ µν + δλµξν (4.18)
for any vector ξν . That is, there exists an unspecified vectorial degree of freedom. Using
this very fact we can always make any gauge choice that we may like. As it is apparent
from (4.17) in order to get rid of the last term (which is unspecified) we make the gauge
choice
ξν = −1
2
δλµQ˜ν (4.19)
Then, the connection assumes the form
Γλ µν = Γ˜
λ
µν +
gλα
2
(Pαµν − Pναµ − Pµνα) + g
αλ
(n− 2)gν[µ(Pα] − P˜α]) (4.20)
Upon using (4.5) and defining Bµ ≡ B µλλ along with B˜µ ≡ gαβBµαβ, we finally arrive at
Γλ µν = Γ˜
λ
µν −
gλα
2
(Bαµν −Bναµ −Bµνα)− g
αλ
(n− 2)gν[µ(Bα] − B˜α]) (4.21)
as stated.
Comment 1: The projective invariance of S1 is only necessary in order to remove the
term 1
2
δλµQ˜ν from (4.17). If S1 does not respect projective invariance one has to add the
aforementioned term in the general result (4.21).
Comment 2: If there is no gravitational sector to S1, i.e the latter is a purely matter
action S1 = SM then B
µν
λ = −κ∆ µνλ and the connection is found to be
Γλ µν = Γ˜
λ
µν + κ
gλα
2
(∆αµν −∆ναµ −∆µνα) + g
αλ
(n− 2)gν[µ(∆α] − ∆˜α]) (4.22)
where ∆µ ≡ ∆ µλλ , ∆˜µ ≡ gαβ∆µαβ which, as it stands, is an algebraic equation for the
connection given the fact that for a matter sector linear in Γ the hypermomentum is
independent of the connection.
Expressions for torsion and non-metricity
Having the above decomposition we can easily derive the expressions for torsion and non-
metricity by their very definitions. Starting with torsion, we have
S λµν ≡ Γλ [µν] =
1
2
(
B λ[µν] +B
λ
[ν µ] −Bλ [µν]
)
− 1
2(n− 2)δ
λ
ν (Bµ − B˜µ) (4.23)
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As long as non-metricity is concerned, from its definition it follows that
Qαµν ≡ −∇αgµν = −∇˜αgµν + 1
2
(
Bαµν +Bναµ +Bανµ +Bµαν −Bµνα −Bνµα
)
(4.24)
Now, using the fact that the Levi-Civita connection is metric compatible (∇˜αgµν = 0) we
obtain for the non-metricity
Qαµν = B(µν)α +B(µ|α|ν) −Bα(µν) (4.25)
Comment: Since S1[g,Γ] is linear in the connection, its variation Bαµν is independent
of the connection. Then, expression (4.21) is an algebraic equation for the connection. So
in this case, not surprisingly, the connection caries no dynamics.
4.1.2 Generalizing the Theorem
Now, our above result may be readily generalized for actions of the form
S[gµν ,Γ
λ
αβ, φ] =
1
2κ
∫
dnx
√−gf(R) + S1[gµν ,Γλ αβ, φ] (4.26)
where we have replaced R with a general f(R) function. In addition, we will now consider
the additional part S1 to be a purely matter part, that is S1[g,Γ, φ] = SM [g,Γ, φ]. We do
so in order to see how the energy tensors (energy momentum and hyper-momentum) enter
the picture, especially with regards to the dynamical content of the connection5. So, we
may now state and prove a second theorem.
Theorem 2: Consider the action
S[gµν ,Γ
λ
αβ, φ] =
1
2κ
∫
dnx
√−gf(R) + S1[gµν ,Γλ αβ, φ] (4.27)
where φ denotes any other additional fields that may be present in the spacetime and
S1[gµν ,Γ
λ
αβ, φ] = SM [gµν ,Γ
λ
αβ, φ] =
1
2κ
∫
dnx
√−gLM(g,Γ, φ) (4.28)
Now given any general matter action S1[g,Γ, φ] = SM [g,Γ, φ] that is
• At most linear in Γλ µν and its partial derivatives
5Similar results hold if we consider also a gravitational sector to S1 but then there is no direct contact
with the energy tensors.
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• Projective invariant
we state that the affine connection can solely be expressed in terms of f
′
(T ) (where T is the
trace of the energy momentum tensor) and of Γ-variations of LM (i.e. the hypermomentum
∆ µνλ ) and its form is the following
Γλ µν = Γ˜
λ
µν +
gλα
2
(Hαµν −Hναµ −Hµνα) + g
αλ
(n− 2)gν[µ(Hα] − H˜α]) (4.29)
where
H µνλ ≡ −
2κ
f ′
√−g
δLM
δΓλ µν
+
1
f ′
(gµν∂λf
′ − δνλ∂µf
′
) =
κ
f ′
∆ µνλ +
1
f ′
(gµν∂λf
′ − δνλ∂µf
′
) (4.30)
and Hµ ≡ H µλλ , H˜µ ≡ gαβHµαβ, f ′ = f ′(T ), T ≡ gµνTµν = gµν 2√−g ∂(
√−gLM )
∂gµν
and the
prime denotes differentiation with respect to the Ricci scalar.
Proof: Varying (4.27) with respect to the connection we obtain
P µνλ (h) = κ∆
µν
λ (4.31)
where
P µνλ (h) ≡ −
∇λ(√−gf ′gµν)√−g +
∇α(√−gf ′gµαδνλ)√−g + (4.32)
2f
′
(Sλg
µν − Sµδνλ − S µνλ )
is the Palatini tensor of the metric hµν = f
′(R)gµν , which is conformally related to gµν
and prime here denotes differentiation with respect to the Ricci scalar. ∆ µνλ is the usual
hypermomentum tensor we have defined earlier. Now, expanding the covariant derivatives
in the above we see that
P µνλ (h) = f
′
P µνλ (g) + δ
ν
λg
µα∂αf
′ − gµν∂λf ′ (4.33)
where P µνλ (g) is the usual Palatini tensor of gµν . Then for f
′(R) 6= 0 we may solve for the
latter
P µνλ (g) =
1
f ′
(
P µνλ (h)− δνλgµα∂αf
′
+ gµν∂λf
′
)
(4.34)
or by virtue of (4.31)
P µνλ (g) =
1
f ′
(
κ∆ µνλ − δνλgµα∂αf
′
+ gµν∂λf
′
)
(4.35)
117
Then recalling eq. (4.17) that we obtained in the first Theorem,
Γλ µν = Γ˜
λ
µν +
gλα
2
(
Pαµν(g)−Pναµ(g)−Pµνα(g)
)
+
gαλ
(n− 2)gν[µ
(
Pα](g)− P˜α](g)
)
+
1
2
δλµQ˜ν
(4.36)
and using the above, we find
Γλ µν = Γ˜
λ
µν +
κ
f ′
gλα
2
(∆αµν −∆ναµ −∆µνα) + κ
f ′
gαλ
(n− 2)gν[µ(∆α] − ∆˜α])
+
1
(n− 2)f ′
(
δλν∂µf
′ − gµν∂λf ′
)
+
1
2
δλµQ˜ν (4.37)
where at this point f ′ = f ′(R). Now, variation of our total action with respect to the
metric, yields
f
′
(R)R(µν) − f(R)
2
gµν = κTµν (4.38)
where
Tµν ≡ − 2√−g
δSM
δgµν
(4.39)
which we may contract with the metric tensor to obtain
f
′
(R)R− n
2
f(R) = κT (4.40)
The latter defines the implicit function R = R(T )6 and therefore both f(R) and f
′
(R) are
all functions of T (f(R) = f(R(T )) = f(T ) and f
′
(R) = f
′
(R(T )) = f
′
(T )). With this at
hand, and using the fact that our total action is projective invariant we may remove the
term 1
2
δλµQ˜ν and write
Γλ µν = Γ˜
λ
µν +
κ
f ′
gλα
2
(∆αµν −∆ναµ −∆µνα) + κ
f ′
gαλ
(n− 2)gν[µ(∆α] − ∆˜α])
+
1
(n− 2)f ′
(
δλν∂µf
′ − gµν∂λf ′
)
(4.41)
where f ′ is a function of T now. Finally, defining
Hαµν ≡ 1
f ′
(κ∆αµν + gµν∂αf
′ − gνα∂µf ′) (4.42)
we complete the proof
Γλ µν = Γ˜
λ
µν +
gλα
2
(Hαµν −Hναµ −Hµνα) + g
αλ
(n− 2)gν[µ(Hα] − H˜α]) (4.43)
6Except in the case f(R) ∝ R2 for which the left send hide of (4.40) is identically zero and the model
allows only for conformally invariant matter (T = 0). This exception have been studied in [5] where also
the cosmological solutions were given for this case.
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4.1.3 Generalized Theorem
We may now relax our assumptions and let S1[gµν ,Γ
λ
αβ, φ] have an arbitrary dependence
on the connection and its derivatives and may not respect the projective symmetry in gen-
eral. This leads us to the third Theorem.
Theorem 3: Consider the action
S[gµν ,Γ
λ
αβ, φ] =
1
2κ
∫
dnx
√−gR + S1[gµν ,Γλ αβ, φ] (4.44)
where
S1[gµν ,Γ
λ
αβ, φ] =
1
2κ
∫
dnx
√−gL1(g,Γ, φ) (4.45)
has an arbitrary dependence on the affine connection and its derivatives. Then, the con-
nection is given by the solution of
Γλ µν = Γ˜
λ
µν −
gλα
2
(Bαµν −Bναµ −Bµνα)− g
αλ
(n− 2)gν[µ(Bα] − B˜α]) (4.46)
where
B µνλ ≡
2κ√−g
δS1
δΓλ µν
=
2κ√−g
∂(
√−gL1)
∂Γλ µν
(4.47)
Bµ ≡ B µλλ , B˜µ ≡ gαβBµαβ and the above will be a differential equation for the connection
in general since B has an arbitrary dependence on the connection and its derivatives.
Proof: Following identical steps with Theorem-1 but now keeping in mind thatB µνλ (Γ, ∂Γ)
is a general function of the connection and its derivatives, we get
Γλ µν = Γ˜
λ
µν −
gλα
2
(Bαµν −Bναµ −Bµνα)− g
αλ
(n− 2)gν[µ(Bα] − B˜α]) (4.48)
where Bµ ≡ B µλλ , B˜µ ≡ gαβBµαβ and since B µνλ (Γ, ∂Γ) has an arbitrary dependence of
the connection and its derivatives, the above is a dynamical equation for the connection
in contrast to equation (4.21) which is an algebraic one. Having presented and proved the
three Theorems we may now see some examples where the latter can by applied.
4.1.4 Example 1: Exciting Torsional d.o.f.
Let us now use the results we obtained for the connection decomposition (the 3 Theorems)
in order to review the model studied in [54, 55, 56] but now in the coordinate formalism.
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Same way we did in the previous chapter we start with the action7
S =
1
2κ
∫
d4x
√−gR(µν)gµν + 1
2κ
∫
d4xF (x)µνρσ∂µSνρσ =
=
1
2κ
∫
d4x
√−gR(µν)gµν − 1
2κ
∫
d4xµνρσ(∂µF )Sνρσ + s.t. (4.49)
where F (x) is a scalar and s.t. stands for surface term. Notice that the additional piece
here is linear in the connection and therefore falls in the category of our Theorem-1. So,
we may proceed and use the result we obtained for the connection. Variation with respect
to the connection yields8
√−gP νρσ − αρσν(∂αF ) = 0 (4.50)
Also, since in this model the non-metricity is zero, the Palatini tensor reads
P νρσ = 2
(
gρσSν − gσνSρ + Sρνσ
)
(4.51)
Now, contracting (4.50) with µρσν and also using the above, we obtain
εµνρσS
ρσν = 3(∂µF ) (4.52)
where εµνρσ ≡ √−gµρσν is the Levi-Civita tensor. So, we may also write
µνρσSνρσ = 3
√−ggµν(∂νF ) (4.53)
Substituting the latter in our action we arrive at
S =
1
2κ
∫
d4x
[√−gR−√−g3gµν(∂µF )(∂νF )] (4.54)
We can also immediately see that
Sµ = 0 , P
µνα = −ερµνα∂ρF , Sµνα = −1
2
εµναλ∂
λF (4.55)
which when plugged into the connection decomposition (4.21) of Theorem-1 yield
Γλ µν = Γ˜
λ
µν +
1
2
ε ρλµν ∂ρF (4.56)
From which we conclude that this kind of torsion (being totally antisymmetric) has no
effect on the autoparallels and the latter coincide with the geodesics. Now, we can fully
7We studied exactly this model in the previous chapter so we will skip most of the calculations now.
8Where we have used the properties of the Levi-Civita symbol and also raised an index with the metric.
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decompose our original action to a Riemannian part plus an axion field. Indeed, to see this
first recall the Ricci scalar decomposition
R = R˜ + ∇˜µ(Aµ −Bµ) +BµAµ −NαµνNµνα (4.57)
Note now that the second term is a surface term and can therefore be dropped when taken
into the action integral. Regarding the other quantities appearing, we compute for our case
Nµνα = −1
2
εµναρ∂
ρF (4.58)
Aµ = Nµνβg
νβ = 0, Bµ = Nαµα = 0 (4.59)
NαµνN
µνα = −3
2
∂µF∂
µF (4.60)
so that, when substituted back to our action give
S =
1
2κ
∫
d4x
√−g
[
R˜− 3
2
gµν(∂µF )(∂νF )
]
(4.61)
which is the action of Einstein gravity plus an axionic massless field. To recap, for this
model, the affine connection takes the form
Γλ µν = Γ˜
λ
µν +N
λ
µν = Γ˜
λ
µν +
1
2
ε ρλµν ∂ρF (4.62)
Note now that this type of torsion (totally) antisymmetric has no effect on the autoparallels
and the latter coincide with the geodesics. However, for general torsion (even with vanishing
non-metricity) the two are not the same.
4.1.5 Example 2: Metric-Affine f(R) with projective invariant
matter
Let us now apply the results of our connection decomposition and study some characteristics
of Metric Affine f(R) theories ([12, 11, 13, 14]). In the case where the matter is not projective
invariant one may break the invariance by one of the ways we saw in the previous chapter.
Interestingly, if matter fields that respect the projective invariant are added to f(R) we
have exactly the case we presented in Theorem-2. Then, applying the results of our second
Theorem we immediately get for the affine connection
Γλ µν = Γ˜
λ
µν +
κ
f ′
gλα
2
(∆αµν −∆ναµ −∆µνα) + κ
f ′
gαλ
(n− 2)gν[µ(∆α] − ∆˜α])
+
1
(n− 2)f ′
(
δλν∂µf
′ − gµν∂λf ′
)
, where f ′ = f ′(T ) (4.63)
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With the above connection being dynamical when Tµν depends on the connection, and
lacking dynamics when the latter is independent of the connection.
4.1.6 Example 3: A Theory with a dynamical connection
As an application of our third Theorem let us consider the theory
S[g,Γ] =
∫
d4x
√−g
(
1
2κ
R +
λ
2κ
RµνR
µν
)
(4.64)
where λ is a parameter. Notice that there is no motivation behind the choice of this action,
we consider it here as a simple example in order to apply our Theorem-3. It is known
in the literature (see [13] for instance) that Theories of the family f(R,RµνR
µν) admit
a dynamical connection in general. Therefore, we expect that in the above Theory the
connection is dynamical. This can be easily verified by using our third Theorem. To see
this, let us vary the above action with respect to the connection, to get
P µνλ (g) = −2λP µνλ (R) (4.65)
where P µνλ (g) is the usual Palatini tensor computed with respect to the metric and
P µνλ (R) ≡ −
∇λ(√−gRµν)√−g +
∇σ(√−gRµσ)√−g δ
ν
λ + 2(R
µνSλ − SαRµαδνλ +RµσS νσλ ) (4.66)
Then using the result (4.48) of our third Theorem, we have
Γλ µν = Γ˜
λ
µν−gλαλ
(
Pαµν(R)−Pναµ(R)−Pµνα(R)
)
−2λ g
αλ
(n− 2)gν[µ
(
Pα](R)−P˜α](R)
)
+
1
2
δλµQ˜ν
(4.67)
and the above is a dynamical equation for the connection. This is easily understood by the
appearance of the terms such as ∇λRµν which contain higher order terms and derivatives
of the connection. So, with this simple example we see an immediate application of our
third Theorem. It goes beyond the purposes of this letter to investigate the above theory
any further but we mention that a similar theory9 was studied in [13] . In particular it was
shown there that for vanishing torsion, the Theory is equivalent to Einstein’s Gravity plus
a Proca field [13]. Similar results (again for vanishing torsion) for an action containing the
anti-symmetric part of the Ricci tensor and a quadratic non-metricity term were also found
in [17]. However, for projective actions of the form f(R,R(µν)R
(µν)) the connection lacks
9The additional piece they added to the Einstein Hilbert part there was c1R
(µν)R(µν) + c2R
[µν]R[µν].
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dynamics [13]. It would therefore be interesting to classify other actions that give similar
results and the conditions upon which the connection lacks/gains. These subjects certainly
worth further investigation.
4.2 Auxiliary Relation used for the Theorems
In this mini appendix we are going to express the Palatini tensor in terms of torsion and
non-metricity (and their related vectors), an equation we used in order to prove our 3-
Theorems. We start by writing down the definition of the Palatini tensor and expand the
various terms to arrive at
P µνλ = −gµν
∇λ√−g√−g −∇λg
µν + gµσ
∇σ√−g√−g δ
ν
λ + δ
ν
λ∇σgµσ (4.68)
+2(Sλg
µν − Sµδνλ + gµσS νσλ ) (4.69)
and by using
Q µνλ = +∇λgµν
∇λ√−g√−g = −
1
2
Qλ
Q˜µ = ∇σgσµ
it follows that
P µνλ = −gµν
Qλ
2
−Q µνλ + δνλ
(
Q˜µ − Q
µ
2
)
(4.70)
+2(Sλg
µν − Sµδνλ + gµσS νσλ ) (4.71)
and upon multiplying (and contracting) with gαλ we finally obtain
Pαµν = gµν
(
Qα
2
+ 2Sα
)
− (Qαµν + 2Sαµν) + gνα
(
Q˜µ − Q
µ
2
− 2Sµ
)
(4.72)
Note now that the second combination (Qαµν + 2Sαµν) plus circular permutations is the
exact one appearing on the decomposition of the connection. Then following the steps we
outlined previously (Theorems) we can solve the affine connection in terms of the Palatini
tensor as we showed.
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Chapter 5
A Peculiar f(R) Case: The model
f (R) ∝ R2
In this Chapter we will focus on the peculiar f(R) ∝ R2 case which as we have mentioned
in previous Chapter does not give R = constant in vacuum. We will first focus on the
theory with vanishing torsion and compare our results with the work of [21]1 and then
consider the general case with both torsion and non-metricity. We will see how the effects
of torsion and non-metricity are indistinguishable when only vectorial degrees of freedom
of the latter are excited.
5.1 Propagating Non-Metricity and its Cosmological
implications
As it is well known [15, 16], generic Palatini f(R) theories of gravity with matter (where we
have both torsion and non-metricity but the matter fields do not couple to the connection)
, are equivalent to Brans-Dicke gravity with parameter ω0 = −3/2. The same holds when
one turns on only torsion (with vanishing non-metricity) or turns on only non-metricity
(with zero torsion). So, Palatini f(R) with torsion only is in fact equivalent to Palatini
f(R) with only non-metricity, since both of them are equivalent to the same Brans-Dicke
theory. In vacuum f(R) theories are equivalent to General Relativity with a cosmological
1There, they considered the same theory but with vanishing non-metricity and non-vanishing torsion.
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constant 2 except in the case were f(R) = αR2. This is the case under investigation here,
that is our starting action is
S =
1
2κ
∫
d4x
√−gαR2 (5.1)
where our connection is torsionless but non-metricity is present. Varying with respect to
the metric we get
2R
(
R(µν) − R
4
gµν
)
= 0 (5.2)
which gives us two possibilities, either
R = 0 (5.3)
or
R(µν) − R
4
gµν = 0 (5.4)
Here we consider that R 6= 0 since this is the trivial case, so the field equations are
R(µν) − R
4
gµν = 0 (5.5)
Note that these look like Einstein equations in vacuum, but there is an extra factor of 1/2
in front of the Ricci scalar. This factor does make a huge difference because if we were to
take the trace of the above we would get no additional equation since the left hand side
is identically zero in 4-dimensions.3 Now, upon varying with respect to the (symmetric)
connection it follows that
∇α
(
R
√−ggµν
)
−∇β
(
R
√−ggβ(µ
)
δν)α = 0 (5.6)
taking the trace in α = µ we get
∇β
(
R
√−ggβµ
)
= 0 (5.7)
which when substituted back on the first one gives
∇α
(
R
√−ggµν
)
= 0 (5.8)
Expanding the latter, we arrive at
gµν∂λR− R
2
gµνQλ +RQ
µν
λ = 0 (5.9)
2Actually many models with different cosmological constant corresponding to the roots of f ′(R)R −
2f(R) = 0.
3Of course, this contraction gives R = 0 for Einstein’s equations.
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which when contracted by gµν , gives
∂µR
R
=
1
4
Qλ ⇒ ∂λ(lnR) = 1
4
Qλ (5.10)
The latter is the equation that gives dynamics to non-metricity, even though we are in
vacuum. Therefore in this model we see an example of propagating non-metricity. To see
this more clearly, we can decompose the Ricci scalar in its Riemannian and non-metric
parts
R = R˜− 3
4
∇˜µQµ − 3
32
QµQ
µ (5.11)
and by substituting the latter into (5.10) it follows that
∂λ
(
R˜− 3
4
∇˜µQµ − 3
32
QµQ
µ
)
=
1
4
(
R˜− 3
4
∇˜µQµ − 3
32
QµQ
µ
)
Qλ (5.12)
which is an equation containing only the non-metricity and the metric. Furthermore, it is
easy to show that
Qλµν =
1
4
gµνQλ (5.13)
which is the case of a Weyl non-metricity. With this at hand, the affine connection is easily
found to be
Γλ µν = Γ˜
λ
µν +
1
2n
(
2δλ(νQµ) −Qλgµν
)
(5.14)
where Γ˜λ µν is the Levi-Civita connection.
From this point on let us be more specific and study the cosmological implication of this
model. To this end we consider a spatially flat FLRW universe equipped with the metric
ds2 = −dt2 + a2(t)
(
dx2 + dy2 + dz2
)
(5.15)
for which the non-vanishing Christoffel (Levi-Civita) symbols are
Γ˜0ij = aa˙δij (5.16)
Γ˜i j0 =
a˙
a
δij (5.17)
and the Riemannian parts of the Ricci tensor and scalar can be easily computed
R˜00 = −3 a¨
a
(5.18)
R˜ij = 6
[
a¨
a
+
(
a˙
a
)2]
gij (5.19)
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Note now that the only non-vanishing component of non-metricity in such a universe is
Q0 = Q(t) (since Qi defines a direction and therefore must identically vanish). Then,
(5.10) can be directly integrated to give
R = Ce
1
4
∫
Qdt (5.20)
which may be expanded to give
6(H˙ + 2H2) +
3
4
Q˙+
9
4
HQ+
3
32
Q2 = Ce
1
4
∫
Qdt (5.21)
Furthermore, taking the 00-component of the field equations we have
R00 − 1
4
g00R = 0⇒
a¨
a
=
C
12
e
1
4
∫
Qdt − Q˙
8
− 1
8
HQ (5.22)
or
(H˙ +H2) +
Q˙
8
+
1
8
HQ =
C
12
e
1
4
∫
Qdt (5.23)
where we have used the fact that for Weyl non-metricity, the full Ricci tensor reads4
Rµν = R˜µν +
1
2n
(
∇˜µQν + ∇˜νQµ − (∇˜αQα)gµν
)
− 1
2
∇˜νQµ
+
(n− 2)
(2n)2
(
QµQν − (QαQα)gµν
)
(5.24)
From which, we get the component5
R00 = R˜00 − 3
8
(Q˙+HQ) (5.25)
Now, upon combining (5.21) and (5.23), we arrive at
H2 +
HQ
4
+
Q2
64
=
C
12
e
1
4
∫
Qdt (5.26)
Observing now that the terms at the left hand side form a complete square, the latter can
be written as (
H +
Q
8
)2
=
C
12
e
1
4
∫
Qdt (5.27)
4This is easily seen by decomposing the connection into the Levi-Civita plus the contribution for torsion
and then substituting the result into the decomposition of the full Ricci tensor in terms of its Riemannian
and non-metric part.
5We also set n = 4 for the spacetime dimension.
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which gives
H = H0e
1
8
∫
Qdt − Q
8
(5.28)
where H0 is a constant that can be both positive or negative. Note now that this is
exactly the same expression, for the Hubble parameter, with the one found in [21] upon
the exchange T ↔ 3
8
Q. We comment more on this duality and make it more clear in what
follows. Let us now find solutions for the scale factor.
Solutions
Integrating (5.28) for a general function Q(t) we get for the scale factor
a(t) = a0e
Λ(t) (5.29)
where a0 is another integration constant and
Λ(t) =
∫ [
H0e
1
8
∫
Qdt − Q
8
]
dt (5.30)
which is the most general solution. Let us now assume that the non-metric component is
constant, that is Q(t) = Q0, then the above reads
a(t) = a0e
8H0
Q0
e
Q0
8 t−Q0
8
t
(5.31)
which is a non-metric cosmological expansion! It is interesting to note that one gets accel-
erated expansion even when there is on non-metricity Qµ = 0. Indeed, looking at (5.10)
we see that for Qµ = 0 one gets ∂µR = 0⇒ R = constant = R˜. Then, we effectively have
a cosmological constant sourced solely by the curvature scalar R˜ as can be easily seen by
the field equations
R˜µν =
R˜
4
gµν = Λgµν (5.32)
where we have set Λ = R˜
4
. Then, assuming that R˜ > 0, the solutions for the Hubble
parameter and the scale factor read
H = H0 =
√
R˜
12
=
√
Λ
3
(5.33)
a(t) = a0e
H0(t−t0) (5.34)
Note, of course, that the above cannot be regarded as a realistic cosmological model since
we have a free function (Q(t)) in our Theory due to the conformal nature of the R2 term.
We do however consider it as a useful toy model to illustrate the connection between torsion
and non-metricity, for simple models on a cosmological context.
128
Impact on vector’s lengths
As we know the presence of non-metricity changes the lengths of vectors (when the vector
is parallely transported along a given curve) according to
d(wµwµ)
dλ
= −Qαµν dx
α
dλ
wµwν (5.35)
As we showed, in our case the non metricity takes the simple Weyl form
Qαµν =
1
4
Qαgµν (5.36)
for which the above is written as
dl = −1
4
lQαdx
α (5.37)
where l = wµwµ. The later is easily integrated to give
l ∝ e− 14
∫
Qµdxµ (5.38)
and in the case of an FLRW universe
l ∝ e− 14
∫
Q0(t)dt (5.39)
and for the particular case where Q0(t) = Q0 = cnst. takes the form
l = l0e
−Q0
4
t (5.40)
5.2 Torsion-Non metricity duality
Note that in our previous model, the Ricci scalar decomposition in terms of its Riemannian
and non metric parts is given by
R = R˜− 3
4
∇˜µQµ − 3
32
QµQ
µ (5.41)
or
R = R˜ +
3
4
Q˙+
9
4
HQ+
3
32
Q2 (5.42)
Now we state that this expression is dual to the one (which had only torsion) appearing in
[] which was found there to be
R = R˜ + 2T˙ + 6HT +
2
3
T 2 (5.43)
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Indeed, it can be easily seen that one maps to another by making the exchange
T ↔ 3
8
Q (5.44)
This duality not only holds for an FLRW geometry but for any other geometry as can be
easily seen from the general Ricci scalars
R = R˜− 2∇˜µT µ − 2
3
TµT
µ (5.45)
R = R˜− 3
4
∇˜µQµ − 3
32
QµQ
µ (5.46)
with the exchange
T µ ↔ 3
8
Qµ (5.47)
for a general dimension n the latter is generalized to
T µ ↔ n− 1
2n
Qµ (5.48)
We should point out that this T µ vector that appears in [21] is related to the torsion vector
through T µ = 2Sµ, so the duality really looks like
Sa ↔ n− 1
4n
Qa (5.49)
Note now that this duality6 can also be seen when one is looking at the autoparallel equa-
tion. In the case of torsion the connection is found to be
Γλµν = Γ˜
λ
µν −
2
n− 1
(
Sλgµν − Sµδλν
)
(5.50)
so that the autoparallel equation is
x¨α + Γ˜αµν x˙
µx˙ν = − 2
n− 1(Sµx˙
µ)x˙a +
2
n− 1S
ax˙2 (5.51)
where x˙2 = gµν x˙
µx˙ν and the dot represents differentiation with respect to the affine pa-
rameter λ. In the non-metric case the connection is
Γλµν = Γ˜
λ
µν −
1
2n
(
Qλgµν − 2Q(µδλν)
)
(5.52)
with autoparallels
x¨α + Γ˜αµν x˙
µx˙ν = − 1
n
(Qµx˙
µ)x˙a +
1
2n
Qax˙2 (5.53)
6Similar dualities of torsion and non-metricity have reported previously in the literature [58, 16]. Note
however that such dualities arise only when the theories at hand are projective invariant.
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Note now that in both cases the first term on the right hand side of the autoparallel
equation is of the form f(λ)x˙a which as we know can be dropped by a re-parametrization
of the curve. So we see that the duality is also apparent in the autoparallel equation when
one exchanges
2
n− 1S
a ↔ 1
2n
Qa (5.54)
As far as the Ricci tensors are concerned, when only torsion is present one has7
Rµν = R˜µν − 2(n− 2)
(n− 1) ∇˜νSµ −
2
(n− 1)(∇˜αS
α)gµν + 4
(n− 2)
(n− 1)2
[
SµSν − (SαSα)gµν
]
(5.55)
while, when we have only non-metricity
Rµν = R˜µν +
1
2n
(
∇˜µQν + ∇˜νQµ − (∇˜αQα)gµν
)
− 1
2
∇˜νQµ
+
(n− 2)
(2n)2
(
QµQν − (QαQα)gµν
)
(5.56)
Next we ask the question, what happens when both torsion and non-metricity are present
and find generalizations to the solutions we found so far.
5.3 Mixed Torsion and Non-metricity
As we have already pointed out, when one allows only torsion to be present (for f(R) = R
n
2 )
one gets accelerated expansion due to the torsion vector Sµ and it can be seen that the full
Ricci scalar reads8
R = Ce
4
n−1
∫
Sµdxµ (5.57)
while when only non-metricity is present
R = Ce
1
n
∫
Qµdxµ (5.58)
Now let us see what happens for a general f(R) = R
n
2 theory in vacuum when both torsion
and non-metricity are different from zero. Variation with respect to the metric gives
nRn/2−1
(
R(µν) − R
n
gµν
)
= 0 (5.59)
7For now on we will do the calculations for general dimension n and only set n = 4 when we study the
cosmological implications.
8In general dimension n.
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and disregarding the trivial solution R = 0, the field equations follow
R(µν) − R
n
gµν = 0 (5.60)
Varying with respect to the affine connection we get
−∇λ(
√−ggµνRn/2−1) +∇σ(
√−ggµσRn/2−1)δνλ (5.61)
+2
√−gRn/2−1(Sλgµν − Sµδνλ + gµσS νσλ ) = 0 (5.62)
and after some contractions it follows that
∂µR
R
=
1
n
Qµ +
4
n− 1Sµ (5.63)
which can be directly integrated to give
R = Ce
∫
( 1
n
Qµ+
4
n−1Sµ)dx
µ
(5.64)
After some lengthy calculations, we can also solve for the affine connection
Γλ µν = Γ˜
λ
µν +
1
2n
(
δλν
(
Qµ +
4n
n− 1Sµ
)
− gµν
(
Qλ +
4n
n− 1Sµ
))
+
1
2
δλµQ˜ν (5.65)
Note now that the last term containing Q˜ν can be ignored due to the invariance of our
starting action under projective transformations. Defining
wµ :=
1
n
Qµ +
4
n− 1Sµ =
∂µR
R
(5.66)
and dropping the last term, the latter may also be written as
Γλ µν = Γ˜
λ
µν +
1
2
(
δλνwµ − gµνwλ
)
(5.67)
We should stress out from this final result, that there exists a possibility where we can have
both torsion and non-metricity but their contributions in wµ be such that they cancel out.
This happens when 1
n
Qµ +
4
n−1Sµ = 0. Then, one has effectively a Riemannian space with
the usual Levi-Civita connection. Also, using the above definitions, the Ricci tensor and
scalar are decomposed according to
Rµν = R˜µν − (n− 2)
2
∇˜νwµ − 1
2
(∇˜αwα)gµν + (n− 2)
4
[
wµwν − (wαwα)gµν
]
(5.68)
R = R˜ + (1− n)∇˜µwµ − (n− 2)(n− 1)
4
wµw
µ (5.69)
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Notice that for vanishing torsion (Sµ = 0) the above Ricci scalar reduces to (5.46) while
when non-metricity is zero (Qµ = 0) it reduces to (5.45). As far as the Ricci tensor is
concerned, for vanishing torsion one gets (5.56)9 and for vanishing non-metricity (5.55).
Having these, we can again find the evolution of the Hubble parameter
H = H0e
1
2
∫
wdt − w
2
(5.70)
where w = w0.
5.4 Torsion/Non-Metricity interrelation
As we saw above, a geometry with vectorial torsion and zero non-metricity seems to have
the same effects with a geometry that has Weyl non-metricity (i.e. vectorial form) and zero
torsion. In fact this is always true if the theory at hand has projective invariance. This has
been mentioned sometimes in the literature but no mathematical proof of the equivalence
was ever given. We will now state and prove this equivalence for the first time in the
literature (at least to our knowledge). So, we state and prove the following proposition.
Proposition. A projective invariant theory of gravity with vectorial torsion and zero non-
metricity can be switched with a torsionless theory with Weyl non-metricity, by means of
a projective transformation of the affine connection, and vice versa:
S λµν =
2
n− 1S[µδ
λ
ν] , Qαµν = 0⇐⇒ S λµν = 0 , Qαµν =
Qα
n
gµν (5.71)
Proof: Let us first prove the ′′ ⇒ ′′ part. Starting with
S λµν =
2
n− 1S[µδ
λ
ν] , Qαµν = 0 (5.72)
let us perform the projective transformation (since our theory is respects projective invari-
ance by assumption)
Γλµν −→ Γˆλµν = Γλµν + δλµξν (5.73)
Then, the torsion tensor transforms as
Sˆ λµν =
1
n− 1
(
Sµ − n− 1
2
ξµ
)
δλν −
1
n− 1
(
Sν − n− 1
2
ξν
)
δλµ (5.74)
9Note that in order to prove this one also needs to use the fact that because Qµ is exact (Qµ ∝ ∂µ ln |R|),
it holds that ∇˜[νwµ] = 0 and therefore in this case the Ricci tensor is symmetric.
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From which we see that for the gauge choice
ξµ =
2
n− 1Sµ (5.75)
we have
Sˆ λµν = 0 (5.76)
and
Qˆναµ = 2N(αµ)ν = 2gαµξν ⇒ Qˆαµν = 4
n− 1Sαgµν (5.77)
which is the case of a Weyl non-metricity with Weyl vector Qµ =
4n
n−1Sµ and vanishing
torsion. Conversely ( ′′ ⇐ ′′), starting with
S λµν = 0 , Qαµν =
Qα
n
gµν (5.78)
and performing a projective transformation but now for the gauge choice
ξµ = − 1
2n
Qµ (5.79)
leaves us with
Qˆαµν = 0 (5.80)
Sˆ λµν = δ
λ
[µξν] =
1
2n
Q[µδ
λ
ν] (5.81)
which is the case of a metric theory with vectorial torsion! So, to conclude when we
have very restricted forms of torsion and non-metricity, torsion and non-metricity can be
exchanged with one another and therefore the effect of torsion is the same with that of non-
metricity. Of course this is not true for general forms of torsion and non-metricity since
the non-metricity tensor has more degrees of freedom from the torsion tensor. However,
as we have seen for restricted forms the two are related. To state it one more time, a
projective invariant theory with vectorial torsion and zero non-metricity can be traded
by a (projective invariant) theory with Weyl non-metricity and zero torsion. Note that
projective invariance is key here.
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Chapter 6
Cosmology with Torsion and
Non-metricity
In this Chapter we study to some degree the kinematics of torsion and non-metricity firstly
for general spacetimes and then for FLRW Cosmologies. We then derive the allowed forms of
torsion and non-metricity that can live in such highly symmetric Cosmological spacetimes.
In addition we obtain, for the first time, the form of fixed length vector non-metricity that
is allowed in FLRW spacetimes. We find cosmological solutions of universes with torsion
and also derive, for the first time in the literature, the modified Friedmann equations in
the presence of non-metricity.
6.1 Kinematics with Torsion and Non-Metricity
In this section we wish to study how does the time projected continuity equation
uν∇µT µν = 0 (6.1)
modify in the presence of torsion and non-metricity and then apply our results in Cosmol-
ogy. In Einstein’s Gravity this is a direct consequence of the contracted Bianchi identities
∇µGµν = 0where Gµν is the Einstein tensor1
Gµν = Rµν − R
2
gµν (6.2)
1In Riemannian Geometry RµνR(µν).
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and any quantity that appears is purely Riemannian. Now, when torsion and non-metricity
are present, the Bianchi identities have a more complicated form2and one expects to have
an equation that goes like
uν∇µT µν = ∇µGµν = ∇µ
(
R(µν) − R
2
gµν
)
=
Torsion+NonMetricity Terms 6= 0 (6.3)
In what follows we find exactly what the right hand terms look like firstly when one allows
torsion (but with vanishing non-metricity) and later when one allows non-metricity (but
with vanishing torsion). The entire analysis is done for the case when the Field equations
are formalistically the same with Einstein Equations
Gµν ≡ R(µν) − R
2
gµν = κTµν (6.4)
but with the quantities appearing in it having both the Riemannian and non-Riemannian
contributions. So, lets start with torsion.
6.1.1 Kinematics with Torsion
Let us consider the Einstein-Cartan model of Gravity, that is a torsion-full and metric
theory of gravity given by
S =
1
2κ
∫
d4x
√−gR + SM [gµν ,Γλ αβ] (6.5)
Variation with respect to the metric tensor gives the modified torsion-full Einstein equations
Gµν ≡ R(µν) − R
2
gµν = κTµν (6.6)
Note now that in Einstein equations only the symmetric part of the Ricci tensor contributes.
The covariant derivative of the above reads
κ∇µTµν = ∇µGµν (6.7)
where ∇µGµν 6= 0, and depends on torsion. Let us find the kinematics of the latter in the
case of a perfect fluid
Tµν = ρuµuν + phµν (6.8)
2Of course their Riemannian parts themselves satisfy all the identities of Einstein’s Gravity but the
quantities appearing in the field equations are the total ones with torsion and non-metric contributions
too. These satisfy sets of identities that are much more complicated than their Riemannian counterparts.
136
where uµ is an observers’4-velocity and hµν = gµν + uµuν the projective tensor. For such a
fluid, we readily derive
∇µTµν =
[
ρ˙+ Θ(ρ+ p)
]
uν + (ρ+ p)Aν +Dνp (6.9)
Now, regarding the part involving the Einstein tensor we proceed as follows. By contracting
the Bianchi identities we obtain
∇µ
(
Rµν − 1
2
Rgµν
)
= −(2RαβSναβ +RαβλνSαβλ) (6.10)
where Rµν is now the full Ricci tensor (both symmetric and antisymmetric parts). Decom-
posing
Rµν = R(µν) +R[µν] (6.11)
and using the fact that
R[µν] = ∇αSµνα + 2∇[µSν] − 2SµναSα (6.12)
where Sµ ≡ S λµλ , it follows that
∇µGµν +∇µR[µν] = −(2RαβSναβ +RαβλνSαβλ)⇒
∇µGµν = −
[
∇µ∇αSµνα +2Sν −∇µ∇νSµ − 2∇µ(SµναSα)
+2RαβSναβ +RαβλνS
αβλ
]
(6.13)
Combining this with (6.7) and (7.66) it follows that
κ
[
ρ˙+ Θ(ρ+ p)
]
uν + κ(ρ+ p)Aν + κDνp =
= −
[
∇µ∇αSµνα +2Sν −∇µ∇νSµ − 2∇µ(SµναSα) + 2RαβSναβ +RαβλνSαβλ] (6.14)
Projecting this along uν we have
κ
[
ρ˙+ Θ(ρ+ p)
]
=
[
∇µ∇αSµνα +2Sν −∇µ∇νSµ − 2∇µ(SµναSα)]uν
+2RαβSναβu
ν +RαβλνS
αβλuν (6.15)
Note now that one would like to fully eliminate the last two terms (Riemann tensor de-
pended) appearing on the RHS of the above and solely express everything in terms of
torsion. Let us see how we can deal with the first one. We start by decomposing
2RαβSναβu
ν = 2R[αβ]Sναβu
ν + 2R(αβ)Sναβu
ν (6.16)
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Now, since the form of R[αβ] is known, the first term on the RHS of the latter is written as
2R[αβ]Sναβu
ν = 2
[
∇αS αµν + 2∇[µSν] − 2S αµν Sα
]
Sλµνuλ (6.17)
So long as the second one is concerned, we start by writing down the field equations
R(αβ) − 1
2
Rgαβ = κTαβ (6.18)
which when contracted with Sναβ yield
R(αβ)Sναβ − 1
2
RSν = κT
αβSναβ (6.19)
and upon using
R = κ(ρ− 3p) (6.20)
along with
TαβSναβ = (ρ+ p)Sναβu
αuβ + pSν (6.21)
we obtain
2R(αβ)Sναβ = κ
[
2(ρ+ p)Sναβu
αuβ + (ρ− p)Sν
]
(6.22)
Now, contract with uν to finally arrive at
2R(αβ)Sναβu
ν = κ(ρ− p)Sνuν (6.23)
where we have used the fact that Sναβu
νuαuβ = 0 since Sναβ is antisymmetric in ν, α and
uνuαuβ fully symmetric in all its indices. Now we want to deal with the term RαβλνS
αβλuν .
Note that the fact that the index contracted with uν is the last one3 makes this term more
elaborate to work with. A way to proceed goes as follows. Take the antisymmetrized
Riemann tensor and contract it with the torsion tensor to obtain
Rα[βµν]S
αβµ =
1
3
(
RαβµνS
αβµ +RανβµS
αβµ +RαµνβS
αβµ
)
(6.24)
Circularly permuting α→ µ→ β → α in the torsion tensor, we also have
Rα[βµν]S
µαβ =
1
3
(
RαβµνS
µαβ +RανβµS
µαβ +RαµνβS
µαβ
)
(6.25)
and permuting once more
Rα[βµν]S
βµα =
1
3
(
RαβµνS
βµα +RανβµS
βµα +RαµνβS
βµα
)
(6.26)
3If it were the second one (or the first one) we could have readily eliminate it by the very definition of
the Riemann tensor (antisymmetrized covariant derivative acting on uν).
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Now, using the symmetries of both the Riemann and torsion tensor and some relabeling of
the dummy indices, the last two equations may be written as
Rα[βµν]S
µαβ =
1
3
(
RαµνβS
αβµ +RανβµS
µαβ +RαβµνS
αβµ
)
(6.27)
and
Rα[βµν]S
βµα =
1
3
(
RαµνβS
αβµ +RανβµS
βµα +RαµνβS
αβµ
)
(6.28)
Combining all three4, we obtain
RαβµνS
αβµuν =
3
2
(Sαβµ + Sµαβ − Sβµα)
(
Rα[βµν]u
ν − 1
3
Rανβµu
ν
)
(6.29)
Notice now, that the above combination of the torsion tensor is (up to a minus sign) exactly
the contorsion tensor. More precisely, it holds that
Sαβµ + Sµαβ − Sβµα = −Kµαβ (6.30)
so that
RαβµνS
αβµuν = Kµαβ
(1
2
Rανβµu
ν − 3
2
Rα[βµν]u
ν
)
(6.31)
From this point on is simply a matter of application of identities to express everything in
terms of torsion. Indeed, using
Rα [βµν] = −2∇[βS αµν] − 4S λ[βµ S αν]λ (6.32)
along with
2∇[α∇β]uµ = Rµ ναβuν + 2S ναβ ∇νuµ ⇒
Rµ ναβu
ν = 2
(
∇[α∇β] − S ναβ ∇ν
)
uµ (6.33)
it follows that
RαβµνS
αβµuν = Kµαβ
[
(∇[β∇µ] − S λµβ ∇λ)uα + 3uν(∇[βSµν]α + 2S λ[βµ Sν]λα)
]
Substituting all the above in (6.15) we finally arrive at
κ
[
ρ˙+ Θ(ρ+ p)
]
= (uν∇µ + 2uλSλµν)(∇αSµνα + 2∇[µSν] − 2SµναSα)
+Kµαβ
[
(∇[β∇µ] − S λµβ ∇λ)uα + 3uν(∇[βSµν]α + 2S λ[βµ Sν]λα)
]
+κ(ρ− p)Sνuν (6.34)
4That is subtracting the last one from the former two.
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Note now that the latter can be generalized for any kind of matter that might be present
in spacetime. Indeed, going back to our derivation one can easily check that the only term
that was Tµν-dependent was 2R
(αβ)Sναβu
ν , which in the case of a general fluid takes the
form
2R(αβ)Sναβu
ν = κ
(
− TSνuν + TαβuνSναβ
)
(6.35)
as can be easily seen by contracting the field equations
R(αβ) − 1
2
Rgαβ = κTαβ (6.36)
with uνSναβ. So, when no assumption about the matter filling the spacetime is made, the
kinematic equation generalizes to
κuν∇µTµν = −(uν∇µ + 2uλSλµν)(∇αSµνα + 2∇[µSν] − 2SµναSα)
−Kµαβ
[
(∇[β∇µ] − S λµβ ∇λ)uα + 3uν(∇[βSµν]α + 2S λ[βµ Sν]λα)
]
−κ(−TSνuν + TαβuνSναβ) (6.37)
This is the kinematic’s equation generalization in the presence of torsion but with vanishing
non-metricity. Next we do the same for non-vanishing non-metricity but zero torsion.
6.1.2 Kinematics of Non-metricity
Same way we did with torsion, we now consider a theory with non-metricity but vanishing
torsion, that is given by
S =
1
2κ
∫
d4x
√−gR + SM [gµν ,Γλ αβ] (6.38)
Variation with respect to the metric tensor gives the modified Einstein equations
Gµν ≡ R(µν) − R
2
gµν = κTµν (6.39)
which now contain non-metricity but vanishing torsion. Again, using the generalized
Bianchi identities, we find
∇µGµν = Cν + (Q˜µ −∇µ)R[µν] −QρµβRµβgρν
+(R(µν) −Rgµν)Q˜µ −QρβµRρβµν (6.40)
where
Cν = ∇µ
(
gµλgρνgκα(∇[αQρ]κλ)
)
+Qαρνgµλ∇[λQρ]µα (6.41)
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We now wish to express everything that appears at the right hand side, in terms of non-
metricity. So, what we want to do again, is to express the Riemann tensor and its contrac-
tions in terms of the non-metricity and maybe matter (Tµν).In pretty much the same way
as we did with torsion, using the generalized curvature identities and the field equations,
after some heavy calculations we arrive at
uν∇µGµν = κ
[
T µν(Q˜µuν − uαQαµν) + T
2
(Q˜µ +Qµ)u
µ
]
−Qµαβ
[
uν
(
2∇[βQν]αµ −∇[µQν]αβ
)
− 2gαλ∇[β∇µ]uλ
]
+uν
[
∇µ
(
gµλgρνgκα(∇[αQρ]κλ)
)
+Qαρνgµλ∇[λQρ]µα
]
+
1
2
uν(Q˜µ −∇µ)∂[µQν] (6.42)
So, in this case the kinematic equation is
κuν∇µT µν = κ
[
T µν(Q˜µuν − uαQαµν) + T
2
(Q˜µ +Qµ)u
µ
]
−Qµαβ
[
uν
(
2∇[βQν]αµ −∇[µQν]αβ
)
− 2gαλ∇[β∇µ]uλ
]
+uν
[
∇µ
(
gµλgρνgκα(∇[αQρ]κλ)
)
+Qαρνgµλ∇[λQρ]µα
]
+
1
2
uν(Q˜µ −∇µ)∂[µQν] (6.43)
and this is true for generic matter fields contained in Tµν . Next we see some applications
of the above considerations in Cosmology.
FLRW Cosmology with Torsion
Let us consider a flat universe filled with a fluid that generates torsion. The isotropy and
homogeneity of such a space allow only one degree of freedom for torsion (call it φ(t))
S j0i = δ
j
iφ(t) (6.44)
or
S0ij = gijφ(t) (6.45)
The modified Friedmann equations, in the presence of torsion, are then
a¨
a
= −4piG
3
(ρ+ 3p)− 2φ˙ (6.46)
a¨
a
+
(
a˙
a
)2
= −4piG
3
(−ρ+ 3p)− 2(φ˙+ 4φ2)− 6 a˙
a
φ (6.47)
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and by subtracting the two, we get(
a˙
a
)2
=
8piG
3
ρ− 2
(
4φ2 +
a˙
a
φ
)
(6.48)
Another combination, gives
H˙ = −4piG(ρ+ p) + 2(4φ2 − φ˙−Hφ) (6.49)
Noticing now that
h0i = 0 = h00 (6.50)
for a comoving observer, we can suggest for (6.45) the covariant form5
Sµνα = 2u[µhν]αφ (6.51)
Taking the above considerations into account, the continuity equation becomes
ρ˙+ Θ(ρ+ p) = 3φ(ρ− p) + 24
κ
Hφ2 (6.52)
where
Θ ≡ ∇µuµ = 3H − 6φ (6.53)
Now, one might ask what is the physical significance of the scalar φ torsional degree of
freedom. If you assume that torsion is related to spin (which seems to be true) we can
relate the torsion vector Sα to a spin vector. Now, we can also observe that for the above
ansatz for torsion, the torsion vector is written as
Sα = 3φuα (6.54)
Notice now, that if the latter is regarded as a spin current (just as a regular current ~J = ρ~υ
) we can see that 3φ is its spin density! As a result, spin conservation is ensured as long as
∇αSα = 0 (6.55)
From which it follows the continuity equation for φ,
φ˙+ Θφ = 0 (6.56)
5A similar ansatz was given in [59].
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The latter closes the system of equations we need to solve to obtain solutions. To find a
solution let us assume that φ/H << 1,(and just focus on dust p = 0) so that the system
of equations becomes
φ˙+ Θφ = 0⇒ (6.57)
φ˙+ 3Hφ ≈ 0 (6.58)
ρ˙+ Θρ ≈ 3φρ (6.59)
(H + φ)2 ≈ κ
3
ρ (6.60)
Now, (6.58) can be directly integrated to give
φ =
C0
a3
(6.61)
Next we proceed by integrating (6.59) in two ways. First by eliminating Θ (using the
equation for φ)
ρ˙− φ˙
φ
ρ ≈ 3φρ (6.62)
which upon integration results in
ρ
φ
= C1e
3
∫
φdt (6.63)
and by expanding Θ,
ρ˙− 3Hρ ≈ 9φρ (6.64)
which leads to
ρa3 = C2e
9
∫
φdt (6.65)
Combining the latter two equations, it follows that
ρ =
A
a3
(6.66)
where A = (C0C1)
3/2/
√
C2. Now, let us find the evolution of the scale factor. Upon using
(6.60) we obtain
H = ±
√
κ
3
√
A
α3/2
− C0
a3
(6.67)
and by separating variables and integrating we finally arrive at
a3/2 +
C0
λ
ln
(
λa3/2 − C0
)
=
3λ
2
t+ C (6.68)
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where λ = ±√κ
3
√
A. Now, for a general barotropic fluid (p = wρ) the solution of the
system is
φ =
C0
a3
(6.69)
ρ =
B
a3(1+w)
(6.70)
which shows that when torsion is not strong enough (φH−1 << 1) the matter decouples
and evolves as if torsion was not there.
Radiation Solution
When radiation dominates the universe (w = 1/3) the solution for the scale factor reads
C21 t+ C2 =
C1
2
a2 + C0a+
C0
C1
ln (c1a− C0) (6.71)
where C1, C2 are integration constants. Notice that in this case the scale factor cannot
become zero and its minimum value is amin = C0/C1.
Stiff matter solution
For a stiff matter model (w = 1) the solution is
a(t) =
[
3(C0 − C1)t+ 3C2
]1/3
(6.72)
and we see that in this case also the scale factor is nonzero for t = 0 in general(expect if
C2 = 0).
Inflation
When torsion is present, during inflation era,the universe expands as
a(t) =
[
C0
C1
+
C2
C1
e3C1t
]1/3
(6.73)
Static Universe Solutions
Let us now study the case of a static universe scale factor-wise(a˙ = 0). The conservation
equation for φ then becomes
φ˙ = 6φ2 (6.74)
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which when integrated, gives
φ(t) =
1
c1 − 6t (6.75)
Now, from Friedmann equation, we have
κ
3
ρ = 8φ2 ⇒
ρ(t) =
24
κ
1
(c1 − 6t)2 (6.76)
and from the continuity equation we find that
p(t) =
ρ˙
3φ
− 3ρ = 24
κ
1
(c1 − 6t)2 (6.77)
and we wee that for such a universe the only possible matter form is stiff matter (p = ρ)
6.2 Cosmology with non-metricity
Let us consider a flat FLRW cosmology with zero torsion but a non-vanishing non-
metricity. As shown in [60] in such a universe the non-metricity tensor has three inde-
pendent (a priori) degrees of freedom, call them A(t), B(t), C(t) and it holds that
Q000 = A(t) (6.78)
Qij0 = δijB˜(t) = gijB(t) (6.79)
Q0ij = δijC˜(t) = gijC(t) (6.80)
Considering an Einstein-Hilbert action and the presence of a perfect fluid, the Friedmann
equations with non-metricity are
a¨
a
+
(
a˙
a
)2
= −κ
6
(−ρ+ 3p) + 1
8
(C2 + 6B2 + AC +BC − 3AB) + 3
4
(B˙ − C˙) (6.81)
a¨
a
= −κ
6
(ρ+ 3p)− 1
2
[
a˙
a
A+ B˙ +
1
2
(AB + C2)
]
(6.82)
6.2.1 General form of the Non-metricity tensor in FLRW Uni-
verses
Let us now extend our previous considerations and derive the most general form that the
non-metricity tensor can have in a general FLRW background (that is, for any value of the
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curvature). To do so, consider an observer with 4-velocity uµ, then our building blocks for
constructing Qαµν can only be {uµ, gµν} and demanding symmetry in the last two indices
of non-metricity, the only possible combinations will be
uαgµν , gα(µuν) , uαuµuν (6.83)
and any of these combinations can have a factor in front of it that depends mostly on time
(the x0 = t coordinate of the observer). These requirements leave no other choice than
Qαµν = F1(t)uαgµν + F2(t)gα(µuν) + F3(t)uαuµuν (6.84)
This is the most general form of the non-metricity tensor in FLRW Universes and is pre-
sented here for the first time in the literature. Note that in such a spacetimes, non-metricity
is specified by three functions of time.
Fixed Length Vectors in FLRW Universes
As we have seen many times by now, one effect of the non-metricity is that it changes the
length of any vector that lives in spacetime. However, a certain form of non-metricity can
be found for which the space possesses what is known as fixed length vectors6. This specific
kind of non-metricity, as we have already seen, obeys
Qαµνv
αvµvν = 0 (6.85)
for any vector vµ, that is
Q(αµν) = 0 (6.86)
namely, the completely symmetric part of non-metricity is zero. In a given spacetime, any
non-metric configuration that respects (6.86) possesses fixed length vectors. Let us now find
the general for for such a tensor in an FLRW spacetime. Firstly note that since the totally
symmetric part of Qαµν has to vanish, the term uαuµuν has to be absent from (6.84) and
therefore F3 = 0 for this kind of non-metricity. Furthermore, expanding equation (6.85) we
have
F1u
4 + F2u
4 = 0 (6.87)
6Note that the length of any vector is fixed but the angle between two vectors will change due to
non-metricity even for this special case.
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and for this to hold true for any uµ we must have F2 = −F1. Then, substituting this relation
back in (6.84) we conclude that in an FLRW universe, with a fixed length non-metricity,
the non-metricity tensor reads7
Qαµν = A(t)
(
uαgµν − gα(µuν)
)
(6.88)
where A(t) = F1(t). Therefore, in this universe the fixed length vector non-metricity
evolution is determined by one time function.
7Again, as far as we know, this equation is presented for the first time in the literature here.
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Chapter 7
The Raychaudhuri Equation in
Spaces with Torsion and
Non-metricity
In this chapter we introduce and carefully develop the 1 + 3 spacetime splitting for gen-
eral non-Riemannian spaces. We therefore let the space possess generic torsion and non-
metricity along with curvature and also allow the dimension to be arbitrary. Focusing on
timelike observers, we identify and discuss the main differences between their kinematics
and those of their counterparts living in standard Riemannian spacetimes. At the centre of
our analysis lies the Raychaudhuri equation, which is the fundamental formula monitoring
the convergence/divergence, namely the collapse/expansion, of timelike worldline congru-
ences. To the best of our knowledge, we provide the most general1 expression so far of
the Raychaudhuri equation, with applications to an extensive range of non-standard astro-
physical and cosmological studies. Assuming that metricity holds, but allowing for nonzero
torsion, we recover the results of analogous previous treatments. Focusing on non-metricity
alone, we identify a host of effects that depend on the nature of the timelike congruence
and on the type of the adopted non-metricity. We also demonstrate that in spaces of high
symmetry one can recover the pure-torsion results from their pure non-metricity analogues,
and vice-versa, via a simple ansatz between torsion and non-metricity. We then proceed to
1Forms of the Raychaudhuri equation with torsion have been developed in literature previously(see refs
in what follows) however its form with non-metricity was not known until now. We derive here the most
general expression with both torsion and non-metricity.
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derive the most generic equation for the evolution of vorticity. Some of the results of this
chapter we have published in [7].
7.1 Spacetime Splitting with Torsion and Non-Metricity
Let us generalize the 1 + 3 formulation in the presence of both torsion and non-metricity2.
The crucial thing now is that since non-metricity does not vanish, the length of every
vector changes as one moves in spacetime. This has several important implications some of
which include, the non-uniform passing of time for a co-moving observer, the fact that the
velocity of the observer is no longer perpendicular to the acceleration (because the velocity
is no longer of unit length) and the existence of two ′accelerations′ as we shall see. In the
following we define and use the needed set up for obtaining the expansion equation.
7.1.1 Velocity, acceleration and spatial projections
Let uµ be the tangent vector of a curve and accordingly the 4−velocity of an observer,
then the scalar uµu
µ cannot be normalized to −1 (or 1) because the length of every vector
changes in spacetime due to non-metricity. Therefore the normalization now reads
uµu
µ = gµνu
µuν = −l2(x) ≡ −φ(x) (7.1)
with uµ = dx
µ
dλ
. As we will see later this very equation tells us that now the 4-velocity and
4-acceleration of an observer are no longer perpendicular to each other. Let us define below
the whole set up to be used in our analysis. First we define the observer’s spatial metric.
The naive generalization
hµν = gµν + uµuν (7.2)
does not seem to work here since the basic properties hµνu
µ = 0 = hµνu
ν and hµνh
µν = n−1
are not met. To fix this, we simply normalize the velocity term and define
hµν = gµν +
uµuν
l2
(7.3)
2The Raychaudhuri equation in spaces with torsion has been presented in some previous works (see
[61],[62],[63] for instance and for a spin fluid in [64] ) but for generic non-metricity no formula was ever
given.
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which now satisfies hµνu
µ = 0 = hµνu
ν and hµνh
µν = n − 1 as can be easily checked. In
addition, it also satisfies
hµαh
να = h νµ = δ
ν
µ +
uµu
ν
l2
(7.4)
We now define the projections along time and spatial space in the usual manner
T˙ β1...βmα1...αn = u
µ∇µT β1...βmα1...αn (7.5)
DµT
β1...βm
α1...αn
= h λµ h
γ1
α1
...h γnαn h
β1
δ1
...h βmδm ∇λT δ1...δmγ1...γn (7.6)
respectively. With this at hand we can define the observer’s acceleration, but we have to
be careful with the indices since the covariant derivative does not commute with the metric
due to the presence of non-metricity. For this reason we devote a full subsection on the
actual definition. Before doing so, let us first discuss some subtle points regarding the
definition of the proper time and affine parametrization.
Proper ′time′ and Affine Parametrization
When we defined the projection along time we defined it as (on a scalar for instance)
F˙ = uµ∇µF (7.7)
where
uµ ≡ dx
µ
dλ
(7.8)
is the tangent vector along the curve the observer follows, parametrized by the affine
parameter λ. We should stress out that for generic non-metricity this affine parameter
cannot be the proper time, and the two coincide only when the theory possesses fixed
length vectors.3 To me more specific, given that
gµνu
µuν = gµν
dxµ
dλ
dxν
dλ
= −l2 (7.9)
and the definition of proper time
dτ 2 = −ds2 = −gµνdxµdxν ⇒
1 = −gµν dx
µ
dτ
dxν
dτ
(7.10)
3Fixed length vectors can also exist in non-metric spaces given that the non-metricity tensor satisfies
Q(λµν) = 0. This is certainly not true for Weyl non-metricity where Qαµν = 1/nQαgµν .
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By using the chain rule, it follows that
− l2 = gµν dx
µ
dλ
dxν
dλ
= gµν
dxµ
dτ
dxν
dτ︸ ︷︷ ︸
=−1
(
dτ
dλ
)2
= −
(
dτ
dλ
)2
⇒
(
dτ
dλ
)2
= l2 (7.11)
or (
dτ
dλ
)
= l (7.12)
and since l = l(x) is not constant in a generic non-metric space, the parameter λ cannot be
identified with the proper time-τ and their relation is given by (7.12). Given that l(x) can
be specified when the non-metricity tensor is known, the latter can be integrated to give
τ =
∫
l(x)dλ+ C (7.13)
Notice however that the time x0 that a co-moving observer (ui = 0) measures identifies
with the proper time when g00 = −1 as in the case of an FLRW universe. To see this, using
u0 = dx
0
dλ
and ui = 0, equation (7.9) becomes
g00(u
0)2 = −l2 ⇒
dx0
dλ
=
l√−g00 (7.14)
Comparing the last one with (7.12) we see that indeed when g00 = −1 we have that dx0 = dτ
and the two ′times′ are the same. To conclude, when taking the derivative one should be
careful and the proper time is not a good parametrization for the curve. So, derivatives
with respect to the affine parameter λ we will denote with a dot
F˙ ≡ dF
dλ
= uµ∇µF (7.15)
and derivatives with respect to the proper time (and also with respect to x0 when g00 = −1)
shall be denoted by a prime
F
′ ≡ dF
dτ
(7.16)
and the two are related by
F˙ ≡ dF
dλ
=
dF
dτ
dτ
dλ
= lF
′
(7.17)
or in operator form
d
dλ
= l
d
dτ
(7.18)
Having clarified this point, we can move on and define the acceleration when non-metricity
is present.
151
Path and Hyper Acceleration
The fact that the metric tensor is not covariantly conserved (non-metricity) means that we
cannot freely raise and lower indices with the metric tensor inside the covariant derivative.
This allows one to define two kinds of acceleration, one is the usual one
Aµ ≡ u˙µ ≡ uλ∇λuµ (7.19)
which we shall call the path acceleration since the vanishing of it implies that we have
autoparallel motion.4 Note now that one may define another acceleration through
aµ ≡ u˙µ ≡ uλ∇λuµ (7.20)
and notice that
Aµ 6= aµ (7.21)
but rather
Aµ = uλ∇λuµ = uλ∇λ(uνgµν)⇒
Aµ = aµ +Qλµνuλuν (7.22)
Also, it is worth pointing out that for autoparallel motion, the fact that Aµ = 0 does not
force aµ to vanish but rather fixes it to aµ = −Qλµνuλuν . From this we see that aµ arises
due to non-metricity and we shall call it hyper acceleration since it does not vanish even
for autoparallel motion.
Identities for the accelerations
As we have already mentioned the fact the the length of the 4 − velocity changes due to
non-metricity, implies that the acceleration (both the path and the hyper one) is no longer
perpendicular to the velocity. In fact, this allows one two obtain some identities among
them regarding their inner products. Starting with the relation
uµu
µ = gµνu
µuν = −l2(x) ≡ −φ(x) (7.23)
4A particle follows an autoparallel trajectory when its path acceleration is zero, that is Aµ ≡ u˙µ ≡
uλ∇λuµ = 0 in contrast to the geodesic motion in which u˜λ∇˜λu˜µ = 0, where ∇˜λ is the covariant derivative
computed with respect to the Levi-Civita connection.
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and taking the covariant derivative of it, one time writing uµu
µ = gµνu
µuν and the other
writing it as uµu
µ = gµνuµuν we obtain
−Qλµνuµuν + 2uµ∇λuµ = −∇λφ (7.24)
and
Q µνλ uµuν + 2u
µ∇λuµ = −∇λφ (7.25)
Now, contracting both with uλ it follows that
−Qλµνuλuµuν + 2uµAµ = −φ˙ (7.26)
as well as
Qλµνu
λuµuν + 2uµa
µ = −φ˙ (7.27)
which when added and subtracted lead to
uµ(A
µ + aµ) = −φ˙ (7.28)
and
uµ(A
µ − aµ) = Qλµνuλuµuν (7.29)
respectively. From the above two we see that neither of the accelerations is perpendicular
to the velocity when non-metricity is present. We should stress out that these identities
are general and for any curve one considers, next we study how do these modify when one
assumes autoparallel motion.
Hyper-Acceleration For Autoparallel Motion
Let us now specialize and see what happens when our curve5 is an autoparallel. In this
case we have
Aµ = u˙µ ≡ uλ∇λuµ = 0 (7.30)
which, recalling the relation
Aµ = aµ +Qλµνuλuν (7.31)
implies that
aµ = −Qλµνuλuν (7.32)
5That is the observer we are considering is moving with zero path acceleration.
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and the identities (7.28) and (7.29) become
φ˙ = −uµaµ (7.33)
− uµaµ = Qλµνuλuµuν (7.34)
or upon combining them
φ˙ = Qλµνu
λuµuν = Q(λµν)u
λuµuν (7.35)
from this we see that when Q(λµν) = 0 we have that φ˙ = 0 ⇒ φ = const. = l2 and
the spacetime possesses fixed length vectors. This, of course, is not true for generic non-
metricity. So, the length change will in general be (upon integrating the last one)
φ = l2 =
∫
Qλµνu
λuµuνdλ+ C (7.36)
Next we see how all these simplify when the theory possesses fixed length vectors.
Fixed Length Vectors
As we stated in earlier chapter, for a theory to possess fixed length vectors we must have
Qλµνu
λuµuν = 0 for any vector or equivalently Q(λµν) = 0. Looking now at (7.36) we see
that indeed this is the exact condition we must impose so as to achieve
uµu
µ = −l2 = −φ = −C = constant (7.37)
we might as well normalize this constant to be C = 1 so as to have the standard normal-
ization
uµu
µ = −1 (7.38)
If we further assume an autoparallel motion
uα∇αuµ = 0 (7.39)
a whole set of interesting identities follows which we will give later on, after we have defined
all the appropriate quantities. So, we devote the next section in defining all these quantities.
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7.1.2 Expansion, Shear, Vorticity and the rest
Now, in order to derive the Raychaudhuri equation we have to carefully define the various
quantities appearing in it. Firstly, for convenience we define
ξµ ≡ uα∇µuα (7.40)
Next we define the expansion, rotation and shear6
Θ ≡ gµν∇µuν (7.41)
ωνµ ≡ D[µuν] (7.42)
σνµ ≡ D<µuν> ≡ D(µuν) − (h
αβDαuβ)
n− 1 hµν (7.43)
respectively. Notice now that Θ 6= ∇µuµ but rather
∇µuµ = Θ + uµQ˜µ (7.44)
It also holds that
∇µuν = Dµuν − ξµuν + uµaν
l2
− uµuν(a · u)
l4
(7.45)
and
Dµuν = ωνµ + σνµ +
(
Θ +
(a · u)
l2
) hµν
n− 1 (7.46)
and upon combining them
∇µuν = ωνµ + σνµ +
(
Θ +
(a · u)
l2
) hµν
n− 1 −
ξµuν + uµaν
l2
− uµuν(a · u)
l4
(7.47)
where (a · u) = aµuµ = gµνaµuν . In addition with some basic calculations it can be seen
that the whole set of equations
0 = σµνu
µ = gµνσµν = h
µνσµν = ωµνu
µ = gµνωµν = h
µνωµν =
= ωµνσ
µν = uµDµuν = u
νDµuν (7.48)
is satisfied.
6Each of these quantities can be split in its Riemannian and non-Riemannian pieces but this de-
composition does not simplify things in any way. For instance the expansion can be written as Θ =
Θ˜ +
(
− Q˜µ + 1/2Qµ + 2Sµ
)
uµ.
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7.1.3 The Raychaudhuri equation
With this equipment at hand, we are now in a position to derive the evolution equations.
As far as the expansion equation is concerned, we start from Ricci identity for uµ
2∇[α∇β]uµ = −Rλµαβuλ + 2S ναβ ∇νuµ (7.49)
and contract it by gµβuα to obtain
gµβuα(∇α∇βuµ −∇β∇αuµ) = −Rλµαβuλuαgµβ + 2S µνα uα∇νuµ (7.50)
We first carry out the calculations for the left hand side. After some partial integrations
and using the definitions, a rather lengthy calculation reveals
gµβuα(∇α∇βuµ −∇β∇αuµ) = Θ˙ +
(
Θ + a·u
l2
)2
n− 1 + σ
2 − ω2
−(a · u)
2
l4
− 2(a · ξ)
l2
− uαQαβµ∇βuµ + uαQµνα∇νuµ − gµν∇µaν (7.51)
where σ2 ≡ σµνσµν , ω2 ≡ ωµνωµν and notice that gµν∇µaν 6= ∇µaµ but rather
∇µaµ = gµν∇µaν + Q˜µaµ (7.52)
Now as far as the right hand side is concerned the only tricky term is the one involving the
Riemann tensor. Because of the limited symmetries now, the contraction does not give the
Ricci tensor directly, but one has
−Rλµαβgµβ = +Rλµβαgµβ = Rˇλα (7.53)
which is the third independent contraction of the Riemann tensor. To express this in terms
of the Ricci tensor, which can latter on be eliminated in terms of the energy momentum
tensor upon using the field equations, we use an identity we have proven
R(µν)αβ = ∇[αQβ]µν − S λαβ Qλµν (7.54)
So by adding a zero we have
Rˇλα = Rλµβαg
µβ = gµβ
(
Rλµβα +Rµλβα −Rµλβα
)
=
= gµβ2R(λµ)βα −Rλα =
= 2gµβ
(
∇[βQα]λµ − S ρβα Qρλµ
)
−Rλα (7.55)
156
Thus, the relation
Rˇλα = 2g
µβ
(
∇[βQα]λµ − S ρβα Qρλµ
)
−Rλα (7.56)
holds as an identity! Using all the above eq. (7.50) takes the form
Θ˙ +
(
Θ + a·u
l2
)2
n− 1 + σ
2 − ω2 − gµν∇µaν
−(a · u)
2
l4
− 2(a · ξ)
l2
− uαQαβµ∇βuµ + uαQµνα∇νuµ =
= −Rµνuµuν + 2uµuβ
(
gνα∇[αQβ]µν − S λαβ Q αλµ
)
+ 2uαS
αµν∇νuµ (7.57)
Note that if we define the expansion rate
ΘD ≡ gµνDµuν = Θ + a · u
l2
(7.58)
the above can be written as
Θ˙D +
Θ2D
n− 1 −
d
dλ
((a · u)
l2
)
+ σ2 − ω2 − gµν∇µaν
−(a · u)
2
l4
− 2(a · ξ)
l2
− uαQαβµ∇βuµ + uαQµνα∇νuµ =
= −Rµνuµuν + 2uµuβ
(
gνα∇[αQβ]µν − S λαβ Q αλµ
)
+ 2uαS
αµν∇νuµ (7.59)
The last equation is the generalization of the Raychaudhuri equation in spaces where apart
from curvature and torsion, there is also non-metricity and to our knowledge appears for the
first time in literature. Notice that in this form the latter holds as a geometric identity and
only becomes an equation when an energy momentum tensor Tµν and a hyper-momentum
tensor ∆ µνλ are given. The former giving rise to curvature through the field equations
and the latter giving rise to both torsion and non-metricity through the Palatini equations
(equations obtained after varying with respect to the general affine connection). We should
also point out that in deriving the equation above no specific choice of the curve (that
the observer follows) was made, that is if one considers autoparallel motion ( Aµ = 0) the
equation changes accordingly as we discuss in what follows. Before discussing some special
cases of the above derived generalized Raychaudhuri equation let us point out that the
above form is not in its irreducible form. Further decomposition of the terms ∇µuν , ∇µaν
leads to the fully irreducible form of the generalized Raychaudhuri equation in n − dim
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spacetime with curvature, torsion and non-metricity, which reads
Θ˙ = − 1
n− 1 Θ
2 −Rµνuµuν − 2
(
σ2 − ω2)+ Dµaµ + 1
`2
aµA
µ
+
2
n− 1
(
Θ +
1
`2
aνu
ν
)
Sµu
µ + 2Sµνλu
µ(σνλ + ωνλ) +
2
`2
Sµνλa
µuνuλ
− 1
`2
(aµu
µ)· − 2Θ
`2(n− 1) aµu
µ +
n− 2
`4(n− 1)(aµu
µ)2 +
2
`2
aµξ
µ − ˙˜Qµuµ
+
1
n− 1
(
Θ +
1
`2
aνu
ν
)
(Qµ − Q˜µ)uµ −Qµνλ(σµν + ωµν)uλ − 1
`2
Qµνλu
µuν(aλ + ξλ)
+Qµνλu
µσνλ +
1
`2
Qµνλ(u
µξν + aµuν)uλ + uµuν∇λQµνλ +QµλβQβλνuµuν
+2Sµ
λβQβλνu
µuν . (7.60)
Note that only the terms in the first line on the right-hand side of the above have Rieman-
nian analogues. More specifically, in the absence of torsion and in the presence of metricity
(i.e. when Sµνλ ≡ 0 ≡ Qµνλ), the rest of the terms on the right-hand side of (7.60) vanish
identically. Then, setting n = 4, we recover the standard form of the Raychaudhuri equation
(e.g. see [61, 62, 65, 63] and also keep in mind that aµ ≡ Aµ, with aµuµ = 0 = Aµuµ, and
that ξµ ≡ 0 when metricity holds). Let us now see how the above generalized Raychaudhuri
equation is simplified in the cases of pure torsion and pure non-metricity respectively.
7.1.4 The case of pure torsion
The terms in the second line on the right-hand side of Eq. (7.60) are purely torsional in
nature, with the exception of the first which has a additional contribution from the non-
metricity of the space (through the inner product aµu
µ, which vanishes when metricity
holds). Then, when dealing with a n-dimensional spacetime that has nonzero torsion but
satisfies the metricity condition, expression (7.60) reduces to
Θ′ = − 1
n− 1 Θ
2 −Rµνuµuν − 2
(
σ2 − ω2)+ DµAµ + AµAµ
+
2
n− 1 ΘSµu
µ + 2Sµνλu
µ
(
σνλ + ωνλ
)
+ 2SµνλA
µuνuλ , (7.61)
with the prime indicating differentiation with respect to proper time. Applying the above
to a 4-dimensional spacetime, one recovers the Raychaudhuri equation of the Riemann-
Cartan geometry derived in [61](Alternative derivations of the Raychaudhuri equation with
torsion have also been given in [62, 65, 63]). Note that, when doing the aforementioned
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identification, one should also take into account the differences in the definitions of the
torsion tensor and of the torsion vector between the two studies.
Following (7.61), torsion affects the convergence/divergence of a timelike congruence in
a variety of ways, which depend on whether these worldlines are geodesics or not, as well as
on whether they have nonzero shear or vorticity. The most straightforward effect of torsion
propagates via the first term in the second line on the right-hand side of the above. More
specifically, torsion enhances/inhibits the expansion/contraction of the worldline congru-
ence depending on the sign of the inner product (Sµu
µ) between the torsion vector and the
n-velocity (i.e. on the relative orientation of the two vector fields (see also [61] for further
discussion).
As we mentioned in the previous section, Eq. (7.61) is of purely geometrical nature, since
no matter fields have been introduced yet. In order to investigate the effects of gravity,
we need to relate both the Ricci tensor and the torsion tensor to the material component
of the spacetime. This can be done by means of, say, the Einstein-Cartan and the Cartan
field equations.
7.1.5 The case of pure non-metricity
Finally, the terms seen in lines three to six on the right-hand side of (7.60) are due to the
non-metricity of the space, with the last of them carrying a torsional contribution as well.
Therefore, in the presence of non-metricity but in the absence of torsion, we may write
Θ˙ = − 1
n− 1 Θ
2 −Rµνuµuν − 2
(
σ2 − ω2)+ Dµaµ + 1
`2
Aµaµ
+
1
n− 1
(
Θ +
1
`2
aνu
ν
)(
Qµ − Q˜µ
)
uµ +Qµνλu
µσνλ − 1
`2
Qµνλu
µuν
(
aλ + ξλ
)
+
1
`2(n− 1)
(
Θ− n− 2
`2
aβu
β
)
Qµνλu
µuνuλ + uµuν∇λQµνλ +QµλβQβλνuµuν − ˙˜Qµuµ
− 1
`2
(aµu
µ)· − 1
`2(n− 1) Θ (aµ + Aµ)u
µ +
n− 2
`2(n− 1) Aµaνu
µuν
+
1
`2
(aµζ
µ + Aµξ
µ) . (7.62)
Here, in contrast to Eq. (7.61), the overdot implies differentiation in terms of the affine
parameter (i.e. relative to λ – see definitions in the beginning of the chapter.). According
to the above, the implications of non-metricity for the convergence/divergence of a timelike
congruence are multiple and not straightforward to decode. Similarly to the case of pure
159
torsion seen before, the most transparent effects are those depending on the orientation of
the non-metricity vectors and their derivatives (Qµ, Q˜µ and
˙˜Qµ) relative to the uµ-field.
Before closing this subsection, we should point out that the Raychaudhuri formulae
given in expressions (7.60)-(7.62), are purely geometrical relations, which acquire physical
relevance after the energy-momentum and the hyper-momentum tensors are introduced.
The former gives rise to spacetime curvature and the latter to both torsion and non-
metricity, through the field equations and the Palatini equations respectively. Also note
that the nature of the observers’ worldlines, namely of the curves tangent to the n-velocity
vector uµ, has so far been left unspecified. Assuming, for example, motion along autoparallel
curves the path-acceleration vanishes (i.e. Aµ = 0 – see § 7.1.1 earlier), in which case the
Raychaudhuri equation simplifies considerably. Let us now focus on specific forms of torsion
and non-metricity, see how the Raychaudhuri equation simplifies and seek cosmological
solutions.
Vectorial Torsion
For a vectorial torsion of the form
S λµν =
2
n− 1S[µδ
λ
ν] (7.63)
and vanishing non-metricity, the expansion equation takes the form
Θ˙ +
Θ2
n− 1 + σ
2 − ω2 −∇µaµ = −Rµνuµuν + 2
n− 1
(
uµSµΘ− aµSµ
)
(7.64)
which for autoparallel motion (aµ = 0) simplifies to
Θ˙ +
Θ2
n− 1 + σ
2 − ω2 = −Rµνuµuν + 2
n− 1(u
µSµ)Θ (7.65)
Exact Cosmological Solution For Generic Torsion Vector
If we consider an empty and flat FLRW universe, the above equation can be solved exactly
for random torsion vector Sµ. Indeed, in this case we have
Θ˙ +
Θ2
3
=
2
3
(uµSµ)Θ (7.66)
Notice now that the expansion can be expressed as
Θ = Θ˜ + 2Sµu
µ (7.67)
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where
Θ˜ = 3
a˙
a
(7.68)
is the Riemannian part and 2Sµu
µ the contribution from torsion. Solving the latter equation
for 2Sµu
µ and substituting back into (7.66) we obtain
Θ˙ +
Θ2
3
=
Θ2
3
− Θ˜Θ
3
⇒
Θ˙ +
Θ˜Θ
3
= 0⇒
Θ˙
Θ
+
a˙
a
= 0⇒
d
dt
(
ln Θ · a
)
= 0⇒
Θ · a = const. = c0 (7.69)
Expanding Θ in the last one it follows that
a˙+
2
3
(Sµu
µ)a = C0 (7.70)
and multiplying through by e
2
3
∫
Sµdxµ we get
a˙e
2
3
∫
Sµdxµ +
2
3
(Sµu
µ)e
2
3
∫
Sµdxµa = C0e
2
3
∫
Sµdxµ (7.71)
Observe now that the left hand side can be written as the product derivative
d
dt
(
a · e 23
∫
Sµdxµ
)
= C0e
2
3
∫
Sµdxµ (7.72)
and by integrating the last one we can solve for the scale factor
a(t) = e−
2
3
∫
Sµdxµ
[
C1 + C0
∫
e
2
3
∫
Sµdxµdt
]
(7.73)
Thus, we have find the scale factor for any given torsion vector Sµ. Notice though that
since we have considered a flat FLRW the only non-zero component of Sµ is S0(t) and
depends only on time, so we can write the above as
a(t) = e−
2
3
∫
S0(t)dt
[
C1 + C0
∫
e
2
3
∫
S0(t)dtdt
]
(7.74)
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7.1.6 Form for Weyl Non-metricity
Let us see apply now our generalized Raychaudhuri equation for a Weyl non-metricity.
Recall that for Weyl non-metricity we have a single vector Qµ defining non metricity, that
is
Qαµν =
1
n
Qαgµν (7.75)
and torsion is zero. For such an arrangement along with the demand that our curve is an
autoparallel (Aµ = uα∇αuµ = 0) the following hold true
Q˜µ =
1
n
Qµ , aµ = −(Qλu
λ)
n
uµ (7.76)
Qµu
µ = −2nl˙
l
, aµu
µ = −2ll˙ (7.77)
and equation (7.59) takes the form
Θ˙ +
(Θ− L)2
n− 1 + σ
2 − ω2 − L˙ = −Rµνuµuν (7.78)
where we have set
L = 2
l˙
l
(7.79)
for convenience. In addition, splitting Θ into its Riemannian and non-Riemannian parts
we have
Θ = ∇˜µuµ +
(
− Q˜µ − Qµ
2
)
uµ ⇒
Θ = ∂µu
µ + Γ˜µ λµu
λ +
n− 2
2n
Qµu
µ (7.80)
Notice now that since uµ = δµ0 l the partial derivative appearing on the right hand side is
not zero but rather
∂µu
µ = ∂0u
0 =
dl
dτ
=
l˙
l
(7.81)
Taking all the above into consideration7 and setting n = 4 we finally arrive at
Θ = − l˙
l
+ 3
a˙
a
(7.82)
We should stress out again that here the dot denotes differentiation with respect to the
affine parameter λ which is not the proper time.
7And also using the Christoffel symbols for a flat FRW spacetime.
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Solution for a σ = 0 = ω empty universe in 4-dim
Let us now seek a solution when both shear and rotation are zero and in the absence of
matter for a n = 4 dimensional universe. We then, have to solve
Θ˙− L˙+ (Θ− L)
2
3
= 0 (7.83)
This can be immediately integrated to give
Θ =
1
λ
3
+ C
+ L (7.84)
and as we noted before, the decomposition of Θ in Riemannian and non-Riemannian parts
reads
Θ = 3
a˙
a
− l˙
l
(7.85)
such that
Θ− L = 3 a˙
a
− 3 l˙
l
=
d
dλ
[
ln
(a3
l3
)]
(7.86)
upon a second integration we can solve for the scale factor
a = C0(C1 + λ)l (7.87)
where
l = l0e
− 1
8
∫
Qµuµdλ = l0e
− 1
8
∫
Q0(τ)dτ (7.88)
and
λ =
∫
dτ
l
=
∫
dτ
l0
e
1
8
∫
Q0(τ)dτ (7.89)
So, we may write
a(λ) = C0l0(C1 + λ)e
− 1
8
∫
Qµuµdλ (7.90)
or
a(τ) = C0l0e
− 1
8
∫
Q0(τ)dτ
[
C1 +
∫
1
l0
e
1
8
∫
Q0(τ)dτdτ
]
(7.91)
Now, from the last one we see an astonishing result. This solution looks similar to the
solution (7.74) we found for vectorial torsion and zero non-metricity. In fact the two
solutions are identical upon the exchange8
Sµ ←→ 3
16
Qµ (7.92)
and notice that this duality is exactly the same with the one that appears in [our other paper with R2].
This of course is due to the fact that vectorial torsion can be traded with Weyl non-metricity
as we saw in a previous chapter.
8For general dimension-n this duality reads Sµ ↔ n−14n Qµ.
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7.1.7 Form for Fixed Length Vectors Non-metricity
As it can be easily checked for a fixed length vector theory and assuming autoparallel
motion, the set of identities9
uµaµ = 0 , Qαµνu
µuν = 0 , aν = −Qαµνuαuµ = 0 , ξα = uµ∇αuµ = 0 (7.93)
uαQαµν = −A(t)hµν , Qαµνuν = 1
2
A(t)hαµ
uαQαµν∇µuν = −A(t)Θ , uαQµνα∇νuµ = 1
2
A(t)Θ
Qµ = A(t)(n− 1)uµ , Q˜µ = −1
2
A(t)(n− 1)uµ
is satisfied. Note that all these hold true for general dimension n. Considering the 4− dim
spacetime of our world, only the last two fix to
Qµ = 3A(t)uµ , Q˜µ = −3
2
A(t)uµ (7.94)
In this case we also have
uµuβgνα∇βQαµν = 3
2
(A˙+ A2) (7.95)
and
uµuβgνα∇αQβµν = A
2
∇µuµ (7.96)
where ∇µuµ = Θ + Q˜µuµ, which combine to give
uµuβgνα∇[αQβ]µν = −3
4
(
A˙+
1
2
A2 − 1
3
AΘ
)
(7.97)
Using these results, the expansion equation takes the form
Θ˙ +
Θ2
3
= −1
4
(
5AΘ + 3A˙+
3
2
A2
)
(7.98)
and this is Raychaudhuri’s equation for a fixed length theory in an FLRW spacetime.
Solution for A = A0 = const.
Let us now seek solutions for A = A0 = constant. Then, the expansion equation becomes
Θ˙ +
Θ2
3
= −1
4
(
5A0Θ +
3
2
A20
)
(7.99)
9Notice that no issue of affine parametrization not identified with the proper time arises since the
magnitude of every vector remains constant (uµu
µ = −1). That is, λ = τ = t.
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which after completing the square, can be brought to
d
dt
(
Θ +
15
8
A0
)
+
1
3
(
Θ +
15
8
A0
)2
=
C2
3
(7.100)
where we have set C2/3 = 51A20/64. Considering the change of variable
Θ +
15
8
A0 = y (7.101)
the later is written as
y˙ =
1
3
(C2 − y2) (7.102)
which can be easily integrated to give
y = C
(
C1e
2C
3
t − 1
C1e
2C
3
t + 1
)
(7.103)
or
Θ(t) = C
(
C1e
2C
3
t − 1
C1e
2C
3
t + 1
)
− 15
8
A0 (7.104)
where C1 > 0 is an integration constant. Now we would like to study if our solution exhibits
singularity as t→ 0 as in the case of Einstein’s General Relativity. Notice that one avoids
an initial singularity as long as
Θ˙ +
1
3
Θ2 > 0 (7.105)
From the above solution, one trivially shows that
Θ˙ =
4C2
3
C1e
2C
3
t
(1 + C1e
2C
3
t)2
> 0 (7.106)
which is strictly positive for any C1 > 0 and for every t, that is it retains its initial sign for
all times. Therefore, by enhancing the above inequality it follows that
Θ˙ +
1
3
Θ2 > 0 (7.107)
for every t and as a result the minimum and maximum values of Θ are obtained for t = 0
and t→∞ respectively. Notice that our solution can also be written as
Θ(t) = C − 15
8
A0 − 2C
C1e
2C
3
t + 1
(7.108)
or, using the fact that C ≈ 3A0/2
Θ(t) = −3A0
8
(
1 +
8
C1eA0t + 1
)
(7.109)
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Furthermore, decomposing Θ inti its Riemannian and non-metric parts
Θ = Θ˜− 3A0 (7.110)
we can integrate the above and solve for the scale factor
a(t) = C2(C1 + e
−A0t)e
7
8
A0t (7.111)
where C2 > 0 is another integration constant. Assuming the initial conditions a(t = 0) = a0
and H(t = 0) = H0 for the scale factor and Hubble parameter respectively, the above can
also be written as
a(t) = a0 + a0
(7
8
A0 −H0
)
(e−
1
8
A0t − e 78A0t) (7.112)
where a0 > 0. Since both C1, C2 > 0 we see that we have accelerated (inflation-like)
expansion irrespective of the sign of A0.
Pseudo-vectorial Torsion
For a pseudo-vectorial form of torsion, one has
Sµνλ =
1
3!
µνλρS˜
ρ (7.113)
such that
Θ˙ +
Θ2
n− 1 + σ
2 − ω2 −∇µaµ = −Rµνuµuν + 1
3
αβµνuαS˜
βωµν (7.114)
which, for autoparallel motion reads
Θ˙ +
Θ2
n− 1 + σ
2 − ω2 = −Rµνuµuν + 1
3
αβµνuαS˜
βωµν (7.115)
Notice now that for an observer with uµ = δ
0
µ only the spatial part ωij of rotation arises
due to torsion.
7.2 Vorticity Evolution
Let us derive now, the evolution equation for the vorticity tensor in general non-Riemannian
spaces, just for the sake of completeness. We prove the most general expression, for the
first time in the literature. The starting point is again the Ricci identity
∇α∇βuµ −∇β∇αuµ = −Rλµαβuλ + 2S ναβ ∇νuµ (7.116)
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which we may contract now by uα and antisymmetrize in β, µ to arrive at
uα∇α∇[βuµ] − uα∇[β∇|α|uµ] = 1
2
(Rλβαµ −Rαµλβ) + 2uαS να[β∇|ν|uµ] (7.117)
Now, using decomposition (7.47) we may take the antisymmetric part of it
∇[βuµ] = ωµβ − 1
l2
(ξ[βuµ] + u[βaµ]) (7.118)
which will help us compute the first term of the left hand side of the above
uα∇α∇[βuµ] = ω˙µβ + d
dλ
(
1
l2
t[µuβ]
)
(7.119)
where we have defined tµ ≡ ξµ − aµ. Regarding the second term on the left hand side of
the contracted Ricci identity, using partial integration we obtain
uα∇[β∇|α|uµ] = ∇[µaβ] −∇αu[β∇µ]uα (7.120)
To compute the last term of the above we first note that10
(∇αuβ)∇µuα = (∇αuβ)uνQ ναµ + (∇αuβ)gνα∇µuν (7.121)
and we only need to take care of the last term of the latter. After some lengthy calculations,
we finally arrive at
(∇αuβ)gνα(∇µuν) = ωβαωαµ + σβασαµ + ωβασαµ + σβαωαµ
+
2
n− 1ΘD(ωβµ + σβµ)−
1
l2
uµa
α(ωβα + σβα)− 1
l2
uβξα(ω
α
µ + σ
α
µ)
+
Θ2D
(n− 1)2hµβ +
uµuβ
l4
[
− 2
n− 1ΘD(a · u) +
1
l2
(a · u)(ξ · u) + (ξ · a)
]
− 1
l2
ΘD
n− 1(aβuµ + ξµuβ + uµaβ)−
1
l2
aβξµ (7.122)
and taking its antisymmetric part in β, µ it follows that
(∇αu[β)gνα∇µ]uν = 2σα[βωαµ] +
2ΘD
n− 1ωβµ −
ΘD
(n− 1)l2u[βtµ]
+
1
l2
(pαωα[β + t
ασα[β)uµ] − 1
l2
a[βξµ] (7.123)
10To derive this we simply use uα = gανuν and the definition of non-metricity.
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where we have defined pµ ≡ ξµ + aµ. Using, all the above, the contracted Ricci identity
finally becomes
ω˙λν = ∇[νaλ] + 2σα[νωαλ] −
2ΘD
n− 1ωλν
+(∇αu[ν)
(
Q αλ]κ + 2S
α
λ]κ
)
uκ
+
d
dλ
(
1
l2
u[νtλ]
)
− ΘD
(n− 1)l2u[νtλ] −
1
l2
a[νξλ]
+
1
l2
(
pαωα[ν + t
ασα[ν
)
uλ] +
1
2
(
Rµνκλ −Rκλµν
)
uµuκ (7.124)
where tµ ≡ ξµ − aµ, pµ ≡ ξµ + aµ and recall that ΘD = Θ + (a · u)/l2. Now, notice that
the last term of the above involving the Riemman tensor, namely
1
2
(
Rµνκλ −Rκλµν
)
uµuκ (7.125)
does not vanish as in Riemannian case11 as one cannot freely interchange the first two with
the last two indices. To deal with this term let us recall identity (1.162)
Rµνκλ −Rκλµν = 3
(
gµα∇[νS αλκ] + gνα∇[µS αλκ] + gκα∇[λS αµν] + gλα∇[κS αµν]
)
+6
(
gµαS
β
[νλ S
α
κ]β + gναS
β
[µλ S
α
κ]β + gκαS
β
[λµ S
α
ν]β + gλαS
β
[κµ S
α
ν]β
)
+∇[λQκ]νµ +∇[νQλ]κµ +∇[κQµ]λν +∇[µQν]λκ +∇[µQλ]νκ +∇[νQκ]λµ
−
(
S αλκ Qανµ + S
α
νλ Qακµ + S
α
κµ Qαλν
+S αµν Qαλκ + S
α
µλ Qανκ + S
α
νκ Qαλµ
)
(7.126)
which we may contract by uµuκ to arrive at(
Rµνκλ −Rκλµν
)
uµuκ =
3
(
gµα∇[νS αλκ] + gνα∇[µS αλκ] + gκα∇[λS αµν] + gλα∇[κS αµν]
)
uµuκ
+6
(
gµαS
β
[νλ S
α
κ]β + gναS
β
[µλ S
α
κ]β + gκαS
β
[λµ S
α
ν]β + gλαS
β
[κµ S
α
ν]β
)
uµuκ
+
(
∇[λQκ]νµ +∇[νQλ]κµ +∇[κQµ]λν +∇[µQν]λκ +∇[µQλ]νκ +∇[νQκ]λµ
)
uµuκ
−
(
S αλκ Qανµ + S
α
νλ Qακµ + S
α
κµ Qαλν
+S αµν Qαλκ + S
α
µλ Qανκ + S
α
νκ Qαλµ
)
uµuκ (7.127)
11In the Riemannian case, where both torsion and non-metricity vanish, one has Rµνκλ = Rκλµν and the
aforementioned term is zero.
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Substituting this back to (7.124) we obtain
ω˙λν = ∇[νaλ] + 2σα[νωαλ] −
2ΘD
n− 1ωλν
+(∇αu[ν)
(
Q αλ]κ + 2S
α
λ]κ
)
uκ +
1
l2
(
pαωα[ν + t
ασα[ν
)
uλ]
+
d
dλ
(
1
l2
u[νtλ]
)
− ΘD
(n− 1)l2u[νtλ] −
1
l2
a[νξλ]
3
2
(
gµα∇[νS αλκ] + gνα∇[µS αλκ] + gκα∇[λS αµν] + gλα∇[κS αµν]
)
uµuκ
+3
(
gµαS
β
[νλ S
α
κ]β + gναS
β
[µλ S
α
κ]β + gκαS
β
[λµ S
α
ν]β + gλαS
β
[κµ S
α
ν]β
)
uµuκ
+
1
2
(
∇[λQκ]νµ +∇[νQλ]κµ +∇[κQµ]λν +∇[µQν]λκ +∇[µQλ]νκ +∇[νQκ]λµ
)
uµuκ
−1
2
(
S αλκ Qανµ + S
α
νλ Qακµ + S
α
κµ Qαλν
+S αµν Qαλκ + S
α
µλ Qανκ + S
α
νκ Qαλµ
)
uµuκ (7.128)
which is the evolution equation for the vorticity! To make the decomposition irreducible (as
if in this form it is not already horrifying enough!) we may also substitute ∇αuν (appearing
in the second line) by its decomposition to finally arrive at
ω˙λν = ∇[νaλ] + 2σα[νωαλ] −
2ΘD
n− 1ωλν
+(σα[ν − ωα[ν)
(
Q αλ]κ + 2Q
α
λ]κ
)
uκ +
ΘD
n− 1
(
Q[λ|κ|ν] + 2S[λ|κ|ν]
)
uκ
+
ΘD
(n− 1)l2u[ν
(
Qλ]κα + 2Sλ]κα
)
uκuα − 1
l2
(ξαu[ν + u
αa[ν)
(
Qλ]κα + 2Sλ]κα
)
uκ
− 1
l4
(a · u)u[ν
(
Qλ]κα + 2Sλ]κα
)
uκuα +
1
l2
(
pαωα[ν + t
ασα[ν
)
uλ]
+
d
dλ
(
1
l2
u[νtλ]
)
− ΘD
(n− 1)l2u[νtλ] −
1
l2
a[νξλ]
3
2
(
gµα∇[νS αλκ] + gνα∇[µS αλκ] + gκα∇[λS αµν] + gλα∇[κS αµν]
)
uµuκ
+3
(
gµαS
β
[νλ S
α
κ]β + gναS
β
[µλ S
α
κ]β + gκαS
β
[λµ S
α
ν]β + gλαS
β
[κµ S
α
ν]β
)
uµuκ
+
1
2
(
∇[λQκ]νµ +∇[νQλ]κµ +∇[κQµ]λν +∇[µQν]λκ +∇[µQλ]νκ +∇[νQκ]λµ
)
uµuκ
−1
2
(
S αλκ Qανµ + S
α
νλ Qακµ + S
α
κµ Qαλν
+S αµν Qαλκ + S
α
µλ Qανκ + S
α
νκ Qαλµ
)
uµuκ (7.129)
This is the evolution equation for vorticity in spaces with both torsion and non-metricity
and is the most general one can have. This is the most general form of the vorticity
evolution equation and (to the best of our knowledge) it is presented here for the first time
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in the literature. Again, at this point the above holds as an identity an only becomes an
equation once an energy momentum and a hyper-momentum tensors are given.
To complete the analysis we should also give the evolution equation for shear but since
this is a lot more complicated even from the above, we will refrain from writing it down for
obvious reasons. We may now change subject and study scale transformations in Metric-
Affine Geometry.
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Chapter 8
Scale Transformations in
Metric-Affine Geometry
In this chapter we define some transformations that can be performed in a non-Riemannian
space. In particular, we define the projective, conformal and frame rescaling transforma-
tions, and see the effect of those transformations on the basic geometrical quantities. We
also state and prove some useful identities that follow when a scalar quantity is invariant un-
der any of the above separately. We then compute how quadratic torsion and non-metricity
scalars transform under those transformations and construct invariant actions with respect
to each transformation. The results of this chapter we have published in [7].
8.1 Transformations in Metric Affine Manifolds
To start with, it will be helpful for our discussion later to define the scalars
Pure Non-Metricity Scalars
A1 = QαµνQ
αµν (8.1)
A2 = QαµνQ
µνα (8.2)
A3 = QµQ
µ (8.3)
A4 = qµq
µ (8.4)
A5 = Qµq
µ (8.5)
A6 = 
αβγδQαβµQ
µ
γδ (8.6)
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where Qα ≡ Qαµνgµν and Q˜µ = Qλνµgλν .
Pure Torsion Scalars
B1 = SαµνS
αµν (8.7)
B2 = SαµνS
µνα (8.8)
B3 = SµS
µ (8.9)
B4 = tµt
µ (8.10)
B5 = Sµt
µ (8.11)
B6 = 
αβγδSαβµS
µ
γδ (8.12)
B7 = 
αβγδSλαβS
λ
γδ (8.13)
B8 = 
αβγδSµαβS
µ
γδ (8.14)
where Sµ ≡ S λµλ and tα ≡ αβγδSβγδ.
Mixed
C1 = QαµνS
αµν (8.15)
C2 = QµS
µ (8.16)
C3 = qµS
µ (8.17)
C4 = Q
µtµ (8.18)
C5 = q
µtµ (8.19)
C6 = 
αβγδQαβµS
µ
γδ (8.20)
C7 = 
αβγδQαβµS
µ
γδ (8.21)
We should remark that the parity-even scalars A1, ..., A5 B1, B2, B3 C1, C2, C3 exist for any
dimension-n while the remaining parity-odd only for n = 4. Let us now proceed to discuss
the transformations that can be formed in a Metric-Affine Geometry.
8.1.1 Projective Transformations
In this section we define and discuss more thoroughly projective transformations of the
affine connection and see how some important tensors transform under such transforma-
tions. In addition, we present some projective invariant tensors and prove the connection
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of tracelessness and projective invariance. So, to start our discussion, a projective trans-
formation of the affine connection is defined as
Γλµν −→ Γλµν + δλµξν (8.22)
where ξν(x) is a random vector field. When this vector field is exact, namely when
ξν = ∂νλ (8.23)
for some scalar function λ(x) we have what is known as a special projective transformation
Γλµν −→ Γλµν + δλµ∂νλ (8.24)
Under transformation (8.22), the Riemann tensor transforms as
Rµναβ −→ Rµναβ − 2δµν ∂[αξβ] (8.25)
and therefore the transformation rule for the Ricci tensor is
Rαβ −→ Rαβ − 2∂[αξβ] (8.26)
and for homothetic curvature
Rˆαβ −→ Rˆαβ − 2n∂[αξβ] (8.27)
Notice that all of the above tensors are invariant under special projective transformations (
since ∂[α∂β]λ = 0 ) but not general ones. In addition, if the space is endowed with a metric
we also have the transformation rule
Rµναβ −→ Rµναβ − 2gµν∂[αξβ] (8.28)
and the third contraction of the Riemann tensor Rˇµβ = Rµναβg
να transforms according to
Rˇµβ −→ Rˇµβ − 2∂[µξβ] (8.29)
At this point we should stress out that even though the Ricci tensor Rµν is not projective
invariant, its symmetric part R(µν) is unaltered under projective transformations
R(µν) −→ R(µν) (8.30)
and as a result the Ricci scalar is invariant under projective transformations
R −→ R (8.31)
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Thus, the Einstein-Hilbert action (and of course any f(R) theory) has a gravitation sector
that is invariant under projective transformations and this invariance is the reason why the
Palatini tensor is traceless in its first two indices. Now regarding the transformations of
torsion and non-metricity tensors, one can easily check that under projective transforma-
tions
S λµν −→ S λµν + δλ[µξν] (8.32)
or
Sµνα −→ Sµνα + gα[µξν] (8.33)
and
Qαµν −→ Qαµν + 2ξαgµν (8.34)
For their associate vectors we have
Sµ −→ Sµ + (1− n)
2
ξµ (8.35)
Qµ −→ Qµ + 2nξµ (8.36)
Q˜µ −→ Q˜µ + 2ξµ (8.37)
Also, since
S[µνα] −→ S[µνα] (8.38)
as is easily seen from (8.33) the torsion pseudo-vector remains invariant
S˜µ −→ S˜µ (8.39)
With these at hand, we can find how the quadratic scalars transform under projective
transformations. A straightforward calculation yields
Aˆ1 = A1 + 4Qµξ
µ + 4nξµξ
µ (8.40)
Aˆ2 = A2 + 4qµξ
µ + 4ξµξ
µ (8.41)
Aˆ3 = A3 + 4nQµξ
µ + 4n2ξµξ
µ (8.42)
Aˆ4 = A4 + 4qµξ
µ + 4ξµξ
µ (8.43)
Aˆ5 = A5 + 2(Qµ + nqµ)ξ
µ + 4nξµξ
µ (8.44)
Aˆ6 = A6 (8.45)
174
for the pure non-metricity quadratic scalars. For the pure torsion scalars we fine
Bˆ1 = B1 − 2Sµξµ + (n− 1)
2
ξµξ
µ (8.46)
Bˆ2 = B2 + Sµξ
µ +
(1− n)
4
ξµξ
µ (8.47)
Bˆ3 = B3 + (1− n)Sµξµ + (n− 1)
2
4
ξµξ
µ (8.48)
Bˆ4 = B4 (8.49)
Bˆ5 = B5 +
(1− n)
2
tµξ
µ (8.50)
Bˆ6 = B6 − 2tµξµ (8.51)
and for the mixed terms
Cˆ1 = C1 +
1
2
(qµ −Qµ + 4Sµ)ξµ + (1− n)ξµξµ (8.52)
Cˆ2 = C2 +
(1− n)
2
(
Qµ +
4
1− nSµ)ξ
µ + (1− n)ξµξµ (8.53)
Cˆ3 = C3 +
(1− n)
2
(
qµ +
4n
1− nSµ)ξ
µ + n(1− n)ξµξµ (8.54)
Cˆ4 = C4 + 2ntµξ
µ (8.55)
Cˆ5 = C5 + 2tµξ
µ (8.56)
Cˆ6 = C6 + 2tµξ
µ (8.57)
Next we digress a bit and discuss more combinations that give projective invariant
quantities.
Projective Invariant Combinations
As we have already seen, some quantities remain invariant under projective transformation,
for instance the Ricci scalar
R −→ R (8.58)
is unchanged. Let us enumerate some (of the many) projective invariant combinations that
can be formed. These include
• R −→ R
• R(µν) −→ R(µν)
• R[µν]αβ −→ R[µν]αβ
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• (Rµναβ − gµνRαβ) −→ (Rµναβ − gµνRαβ)
• µναβRµναβ −→ µναβRµναβ
• (nRµναβ − gµνRˆαβ) −→ (nRµναβ − gµνRˆαβ)
• (Rˆµν − nRµν) −→ (Rˆµν − nRµν)
• S[αµν] −→ S[αµν]
• S˜µ −→ S˜µ
• (nQ˜µ −Qµ) −→ (nQ˜µ −Qµ)
• (Q˜µ −Qµ − 4Sµ) −→ (Q˜µ −Qµ − 4Sµ)
• (Qµ − 4n1−nSµ) −→ (Qµ − 4n1−nSµ)
• (αQµ + βQ˜µ + γSµ) −→ (αQµ + βQ˜µ + γSµ) , with nα + β + (1−n)4 γ = 0
• (Q[µν]α + 2Sµνα) −→ (Q[µν]α + 2Sµνα)
• (Qαµν − Qαn gµν) −→ (Qαµν − Qαn gµν)
• (Qαµν − Q˜αgµν) −→ (Qαµν − Q˜αgµν)
• (Sµνα − 21−nδλ[µSν]) −→ (Sµνα − 21−nδλ[µSν])
• (Rµν + 41−n∂[µSν]) −→ (Rµν + 41−n∂[µSν])
• (Rˆµν + 4n1−n∂[µSν]) −→ (Rˆµν + 4n1−n∂[µSν])
These are just a few projective invariant combinations one can form, and by no means all
the possible ones. Notice that any scalar that it’s build up out of these combinations will
also be projective invariant and as a result its variation with respect to the connection will
yield a tensor that is traceless in its first two indices. We prove this (along with other two
identities) after defining the conformal and frame rescaling transformations. Now let us
continue with the conformal transformations.
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8.1.2 Conformal Transformations
A conformal transformation of the metric is defined as
gµν → g¯µν = e2φgµν (8.59)
Γλ µν → Γ¯λ µν = Γλ µν (8.60)
that is under a conformal transformation the metric tensor picks up a conformal factor
e2φ while the affine connection is left unchanged. Note that the contravariant form of the
metric tensor transforms as
g¯µν = e−2φgµν (8.61)
as can be easily seen from the relation gµνg
νλ = δλµ. In addition, the square root of the
determinant of the metric obeys the transformation rule
√−g¯ = enφ√−g (8.62)
and for n = 4
√−g¯ = e4φ√−g (8.63)
which is obtained directly by first taking the determinant of (8.59) and then taking the
square root of the result. From this last relation we infer the transformation rule for the
Levi-Civita tensor
¯µνρσ = e
4φµνρσ (8.64)
¯µνρσ = e−4φµνρσ (8.65)
and recall that µνρσ =
√−gηµνρσ where ηµνρσ is the Levi-Civita symbol. Using the above
we see that torsion and non-metricity transform as
S¯ λµν = S
λ
µν (8.66)
Q¯αµν = e
2φ
(
Qαµν − 2(∂αφ)gµν
)
(8.67)
and the related vectors
Q¯µ = Qµ − 2n∂µφ (8.68)
q¯µ = qµ − 2∂µφ (8.69)
S¯µ = Sµ (8.70)
t¯µ = tµ (8.71)
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Then, it follows that all pure torsion scalars
B1 = SαµνS
αµν (8.72)
B2 = SαµνS
µνα (8.73)
B3 = SµS
µ (8.74)
B4 = tµt
µ (8.75)
B5 = Sµt
µ (8.76)
B6 = 
αβγδSαβµS
µ
γδ (8.77)
B7 = 
αβγδSλαβS
λ
γδ (8.78)
B8 = 
αβγδSµαβS
µ
γδ (8.79)
transform conformaly, that is
B¯i = e
−2φBi (8.80)
for any i = 1, 2, ..., 8. This means that any combination
√−gBiBj is conformally invariant1.
Regarding the pure non-metricity scalars, one can verify the transformation laws
A¯1 = Q¯αµνQ¯
αµν = e−2φ
[
A1 − 4Qµ∂µφ+ 4n(∂φ)2
]
(8.81)
A¯2 = Q¯αµνQ¯
µνα = e−2φ
[
A2 − 4qµ∂µφ+ 4(∂φ)2
]
(8.82)
A¯3 = Q¯µQ¯
µ = e−2φ
[
A3 − 4nQµ∂µφ+ 4n2(∂φ)2
]
(8.83)
A¯4 = q¯µq¯
µ = e−2φ
[
A4 − 4qµ∂µφ+ 4(∂φ)2
]
(8.84)
A¯5 = Q¯µq¯
µ = e−2φ
[
A5 − 2(Qµ + nqµ)∂µφ+ 4n(∂φ)2
]
(8.85)
A¯6 = ¯
αβγδQ¯αβµQ¯
µ
γδ = e
−2φA6 (8.86)
1Weyl-Invariant extensions of the Metric-Affine Gravity were studied in [66] in 4-dim. The quadratic
conformally invariant action was also given there.
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and for the mixed terms
C¯1 = Q¯αµνS¯
αµν = e−2φ
[
C1 − 2Sµ∂µφ
]
(8.87)
C¯2 = Q¯µS¯
µ = e−2φ
[
C2 − 2nSµ∂µφ
]
(8.88)
C¯3 = q¯µS¯
µ = e−2φ
[
C3 − 2Sµ∂µφ
]
(8.89)
C¯4 = Q¯
µt¯µ = e
−2φ
[
C4 − 2ntµ∂µφ
]
(8.90)
C¯5 = q¯
µt¯µ = e
−2φ
[
C5 − 2tµ∂µφ
]
(8.91)
C˜6 = ¯
αβγδQ¯αβµS¯
µ
γδ = e
−2φ
[
C6 − 2tµ∂µφ
]
(8.92)
C¯7 = ¯
αβγδQ¯αβµS¯
µ
γδ = e
−2φ
[
C7 − 2tµ∂µφ
]
(8.93)
8.1.3 Frame Resclaling
A frame rescaling transformation results in a combination of a conformal metric transformation+
a special projective transformation. More specifically, we have
Γλ µν → Γ˜λ µν = Γλ µν + δλµ∂νφ (8.94)
gµν → g˜µν = e2φgµν (8.95)
with the same scalar field φ(x) appearing in both above. Interestingly, under the above
transformations, the non-metricity tensor does not change and it just picks-up a conformal
factor. In words
Q˜αµν = e
2φQαµν (8.96)
as can be easily seen by applying both transformations on the non-metricity tensor. This
makes the procedure of computing quadratic non-metricity scalars, extremely simple. In-
deed, let us consider the scalars
A1 = QαµνQ
αµν (8.97)
A2 = QαµνQ
µνα (8.98)
A3 = QµQ
µ (8.99)
A4 = qµq
µ (8.100)
A5 = Qµq
µ (8.101)
A6 = 
αβγδQαβµQ
µ
γδ (8.102)
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It is an easy matter to show that under frame rescalings
A˜i = e
−2φAi (8.103)
for any i = 1, 2, ..., 6. Therefore any combination
√−gAiAj is invariant under frame rescal-
ings. As far as torsion is concerned, we have the transformation law
S˜ λµν = S
λ
µν + δ
λ
[µ∂ν]φ (8.104)
and for the torsion vector
S˜µ = Sµ +
(1− n)
2
∂µφ (8.105)
Then, considering the scalars
B1 = SµναS
µνα (8.106)
B2 = SαµνS
µνα (8.107)
B3 = SµS
µ (8.108)
we see that under a frame rescaling, the above transform as
B˜1 = e
−2φ
[
B1 − 2Sµ∂µφ+ (n− 1)
2
(∂φ)2
]
(8.109)
B˜2 = e
−2φ
[
B2 + S
µ∂µφ+
(1− n)
4
(∂φ)2
]
(8.110)
B˜3 = e
−2φ
[
B3 + (1− n)Sµ∂µφ+ (1− n)
2
4
(∂φ)2
]
(8.111)
Notice that the combinations B1 + 2B2, (n − 1)B1 − 2B3 and (n − 1)B2 + B3 transform
conformally. For the rest of the quadratic torsion scalars one finds
B˜4 = e
−2φB4 (8.112)
B˜5 = e
−2φ
[
B5 +
(1− n)
2
tµ∂µφ
]
(8.113)
B˜6 = e
−2φ
[
B6 − 2tµ∂µφ
]
(8.114)
B˜7 = e
−2φ
[
B7 + t
µ∂µφ
]
(8.115)
B˜8 = e
−2φ
[
B8 − 1
2
tµ∂µφ
]
(8.116)
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For the mixed terms one finds
C˜1 = Q˜αµνS˜
αµν = e−2φ
[
C1 +
1
2
(qµ −Qµ)∂µφ
]
(8.117)
C˜2 = Q˜µS˜
µ = e−2φ
[
C2 +
1
2
(1− n)Qµ∂µφ
]
(8.118)
C˜3 = q˜µS˜
µ = e−2φ
[
C3 +
1
2
(1− n)qµ∂µφ
]
(8.119)
C˜4 = Q˜µt˜
µ = e−2φC4 (8.120)
C˜5 = q˜µt˜
µ = e−2φC5 (8.121)
C˜6 = ˜
αβγδQ˜αβµS˜
µ
γδ = e
−2φC6 (8.122)
C˜7 = ˜
αβγδQ˜αβµS˜
µ
γδ = e
−2φC6 (8.123)
Having obtained the needed setup we are now in a position to study theories invariant
under the three above transformations we defined. Before doing so, let us make an aside
and see what identities do these invariances impose on the theories that are invariant under
those.
8.1.4 Invariances and Identities
We will show now that the variations of actions that are invariant under a transformation
produce tensors that satisfy certain identities. More specifically we show that
1) If an action is invariant under projective transformations then its variation with respect
to the connection produces a tensor that is traceless in its first two indices.
2) An action invariant under conformal transformations, produces a traceless tensor when
varied with respect to the metric.
3) If an action is invariant under frame rescalings then the trace of its variation with respect
to the metric tensor is related to the divergence of the trace in the first two indices of its
variation with respect to the connection. We prove each of the above statements below.
Projective Invariance and tracelessness
As we have already pointed out the Palatini Tensor
P µνλ ≡
δR
δΓλ µν
(8.124)
has zero trace when contracted in its first two indices, that is
P µνµ = 0 (8.125)
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In fact as we have argued before, any tensor constructed out of a projective invariant
quantity has this property. Let us prove this here. Consider the scalar quantity Ψ that is
invariant under projective transformations. Then define
Ξ µνλ ≡
δΨ
δΓλ µν
(8.126)
Now consider the projective transformation
Γλµν −→ Γˆλµν = Γλµν + δλµξν (8.127)
such that2
δpΓ
λ
µν = Γˆ
λ
µν − Γλµν = δλµξν (8.128)
Applying the latter transformation to Ψ, we have
δpΨ =
δΨ
δpΓλ µν
δpΓ
λ
µν = Ξ
µν
λ δ
λ
µξν = Ξ
µν
µ ξν (8.129)
Now since Ψ is invariant, we have that δpΨ = 0. Thus, using this, along with the fact that
the vector ξν is arbitrary, from the above we conclude that
Ξ µνµ = 0 (8.130)
as we stated.
Conformal Invariance and Tracelessness
As we have proved earlier, if a scalar quantity is invariant under projective transformations
then its variation with respect to the connection yields a tensor (or tensor density if we
do not divide the result by
√−g) that is traceless in its first two indices. Similarly, if a
scalar density (which we may integrate to construct an action of course) is invariant under
conformal transformations then its variation with respect to the metric tensor yields a
tensor that is traceless. Let us prove this here.
Proof: Consider the scalar density
√−gΨ (8.131)
where Ψ is a scalar. Then define the variation
Mµν ≡ 1√−g
δ(
√−gΨ)
δgµν
(8.132)
2δp denotes a projective variation of the connection.
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and denote its trace by M ≡ Mµνgµν . Consider now a conformal transformation of the
metric
g¯µν = e
2φgµν (8.133)
or in its contravariant form
g¯µν = e−2φgµν (8.134)
Expanding the latter for infinitesimal transformations, it follows that
g¯µν ≈ (1− 2φ)gµν ⇒ δcgµν = −2φgµν (8.135)
where δcg
µν ≡ g¯µν − gµν denotes the infinitesimal change the metric undergoes under the
conformal transformation. Given that (8.131) is invariant under conformal transformations
we have
δc(
√−gΨ) = 0⇒Mµνδcgµν = 0⇒ −2φMµνgµν = 0
and since the last one must hold true for arbitrary φ we conclude that
M = Mµνg
µν = 0 (8.136)
as stated.
Examples: Let us confirm the strength of the above statement with two examples. First
consider the scalar density (in 4dimensions)3
√−gR2 (8.137)
which is conformally invariant as can be easily seen. Its metric variation is found to be
Mµν =
1√−g
δ(
√−gR2)
δgµν
= 2R
(
Rµν − 1
4
gµνR
)
(8.138)
and therefore
M = Mµνg
µν = 2R (R−R) = 0 (8.139)
as expected. As a second example consider
√−gRµνRµν (8.140)
3This of course generalizes to any dimension and takes the form
√−gRn2 where n is the dimension of
the space.
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which is also a conformally invariant quantity in 4 − dim. Variation with respect to the
metric yields
Mµν =
1√−g
δ(
√−gRµνRµν)
δgµν
=
= −1
2
RαβR
αβgµν +R
β
µ Rνβ +R
β
νRβµ (8.141)
which again gives a vanishing trace since
M = Mµνg
µν = −2RµνRµν +RµνRµν +RµνRµν = 0 (8.142)
Invariance under frame rescalings
As we have seen a frame rescaling results in a conformal transformation + a special pro-
jective transformation both powered by a single scalar field φ(x).4 We will now prove that
if a scalar density is invariant under frame rescalings then, the trace of its metric conjugate
and the divergence of the trace of its connection conjugate are related to one another.
Proof: Consider the action
S =
∫
dnx
√−gL (8.143)
and recall the definitions of the metric and connection conjugates
Mµν ≡ 1√−g
δ(
√−gL)
δgµν
(8.144)
Ξ µνλ ≡
1√−g
δ(
√−gL)
δΓλ µν
=
δL
δΓλ µν
(8.145)
and define the traces
M = gµνMµν , Ξ
µ = Ξ λµλ (8.146)
We now state that if (8.143) is invariant under frame rescalings then
2M +
∂µ(
√−gΞµ)√−g = 0 (8.147)
To prove this let us compute the change in (8.143) under frame rescalings. Using
δfrg
µν = g˜µν − gµν = −2φgµν (8.148)
4This is most important because one can also have projective and conformal transformations that are
powered by different fields. Then invariance means that both metric and connection conjugates have zero
traces and they are not related. As an example consider
√−gR2 which is independently invariant under
Γλµν → Γλµν + δλµξν and gµν → e2φgµν (where ξν and φ are not related to any way) and as a result M = 0
and Ξµ = 0.
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δfrΓ
λ
µν = Γ˜
λ
µν − Γλ µν = δλµ∂νφ (8.149)
where δfr denotes the change under frame rescalings, we compute
δfrS =
∫
dnx
[√−gMµνδfrgµν +√−gΞ µνλ δfrΓλ µν] =
=
∫
dnx
[√−g(−2φgµνMµν) +√−gΞ µνλ δλµ∂νφ] =
=
∫
dnx
[
−√−g2φM +√−gΞµ∂µφ
]
=
= −
∫
dnx
[√−g2φM + φ(∂µ√−gΞµ)]+ ∫ dnx∂µ(√−gΞµφ) =
= −
∫
dnxφ
[√−g2M + (∂µ√−gΞµ)]+ s.t. (8.150)
Then, ignoring surface terms, since S is invariant it follows that
δfrS ⇒ φ
[√−g2M + (∂µ√−gΞµ)] = 0 (8.151)
and since the last must be true for arbitrary φ we conclude that
2M +
∂µ(
√−gΞµ)√−g = 0 (8.152)
as stated.
Example:As an example consider the scalar density
√−gA2 = √−g(QµQµ)2 (8.153)
which is invariant under frame rescalings in 4 − dim as can be easily seen. Its metric
conjugate reads (where we have dropped a total derivative that is assumed to vanish on
the boundary)
Mµν = −1
2
gµνA
2 + 2AQµQν − 4gµν ∂α(
√−gQαA)√−g (8.154)
with trace
M = −16∂α(
√−gQαA)√−g (8.155)
The associated connection conjugate is found to be
Ξ µνλ = 8AQ
νδµλ (8.156)
with trace (in the first two indices)
Ξν = 32AQν (8.157)
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So we observe that
∂µ(
√−gΞµ)√−g = 32
∂α(
√−gQαA)√−g = −2M ⇒
2M +
∂µ(
√−gΞµ)√−g = 0 (8.158)
as expected. Let us see now what do these invariances imply for the matter part of the
action.
Identities for the Matter Sector
When the above invariances are also respected by the matter sector of the theory, they
impose certain identities for the energy momentum and hypermomentum tensors. In par-
ticular, from the above discussion we immediately conclude that, if the matter action is
invariant under projective transformations it holds that
∆µ ≡ ∆ λµλ = 0 (8.159)
Namely projective invariance means that the hypermomentum tensor is traceless in its first
two indices. A weaker condition on ∆ µνλ is generated when the action is invariant only
under special projective transformations but not general ones. Then, it holds that
∂µ(
√−g∆ λµλ ) = 0 (8.160)
for matter that is invariant under special projective transformations.
On the other hand, if the matter action is conformally invariant, then the associated
theory calls only for a traceless energy momentum tensor, viz.
T = Tµνg
µν = 0 (8.161)
Notice that if the theory is independently invariant under both of the above transformations,
then it will satisfy both of the above identities. Lastly, for matter that is invariant under
frame rescalings the traces of the energy momentum and hypermomentum tensors are
related through
2T +
∂µ(
√−g∆ λµλ )√−g = 0 (8.162)
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Variations
Let us gather here the various variations that we will use in what follows. We start with
torsion and compute variations with respect to the metric first. We have
Tµνλ(δgS
µνλ) = δgµν
(
TµαβS
αβ
ν − TανβS αβµ
)
= δgµν(2T[να]βS
αβ
µ ) (8.163)
and also
T µνλ(δgSµνλ) = −δgµν
(
TαβνSαβµ
)
(8.164)
where Tµνλ is an arbitrary tensor field (or tensor density). Then setting Tµνλ = Sµνλ one
has
Sµνλ(δgS
µνλ) = δgµν(2SναβS
αβ
µ ) (8.165)
as well as
Sµνλ(δgSµνλ) = −δgµν(SαβµSαβν) (8.166)
such that
δg(SµνλS
µνλ) = δgµν
(
2SναβS
αβ
µ − SαβµSαβν
)
(8.167)
In addition, setting Tµνλ = Sλµν we conclude that
δg(SµνλS
λµν) = −SναβS αβµ (δgµν) (8.168)
Now, using
δgαβγδ = δg(
√−gηαβγδ) = −1
2
αβγδgµνδg
µν (8.169)
we compute
Aαδgtα = δg
µν
[
−1
2
gµνAαt
α + 2AλλναβS
αβ
µ
]
(8.170)
where Aµ is an arbitrary vector. Then, also using that δgSµ = 0 we find
δg(tαS
α) = δgµν
[
−1
2
gµνSαt
α + 2SλλναβS
αβ
µ + tµSν
]
(8.171)
and also
δg(SαS
α) = δgµν(SµSν) (8.172)
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Following the same procedure for the rest of the quadratic torsion scalars, we finally derive
the g−variations
δgB1 = δg
µν
(
2SναβS
αβ
µ − SαβµSαβν
)
δgB2 = δg
µν(−SναβS αβµ )
δgB3 = δg
µν(SµSν)
δgB4 = δg
µν
[
tµtν − gµνtαtα + 4tλλναβS αβµ
]
δgB5 = δg
µν
[
−1
2
gµνSαt
α + 2SλλναβS
αβ
µ + tµSν
]
δgB6 = δg
µν
(
1
2
gµνB6 − αβγδSαβµSγδν
)
δgB7 = δg
µν
(
1
2
gµνB7 + 2S
αβ
µS
γδ
α νβγδ + 
αβγδSµαβSνγδ
)
δgB8 = δg
µν
(
1
2
gµνB8 − βνγδSγδαSµαβ
)
(8.173)
8.1.5 Γ-Variations
For the Γ-variations of non-metricity scalars we find
δΓA1 = δΓ(QαµνQ
αµν) = (4Qνµλ)δΓ
λ
µν
δΓA2 = δΓ(QαµνQ
µνα) = 2(Qµνλ +Q
µν
λ )δΓ
λ
µν
δΓA3 = δΓ(QµQ
µ) = (4Qνδµ λ)δΓ
λ
µν
δΓA4 = δΓ(Q˜µQ˜
µ) = 2(Q˜λg
µν + Q˜µδνλ)δΓ
λ
µν
δΓA5 = δΓ(QµQ˜
µ) = (2Q˜νδµλ +Qλg
µν +Qµδνλ)δΓ
λ
µν
(8.174)
and for the pure torsion and mixed scalars
δΓB1 = δΓ(SµνλS
µνλ) = 2SµνλδΓ
λ
µν
δΓB2 = δΓ(SµνλS
λµν) = 2S
[µν]
λ δΓ
λ
µν
δΓB3 = δΓ(SµS
µ) = 2S[µδ
ν]
λ δΓ
λ
µν
δΓC1 = δΓ(QαµνS
αµν) = (Sνµλ − S νµλ +Q[µν]λ)δΓλ µν
δΓC2 = δΓ(QµS
µ) = (2Sνδµλ +Q
[µδ
ν]
λ )δΓ
λ
µν
δΓC3 = δΓ(qµS
µ) = (Sλg
µν + Sµδνλ + q
[µδ
ν]
λ )δΓ
λ
µν
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8.1.6 A Simple Conformally Invariant Theory
As a warm up, let us study now a conformally invariant theory by coupling the Ricci scalar,
to a scalar field ψ, in the metric-affine framework5. The nice thing now is that one does not
need the existence of an additional gauge field Aµ in order to define the gauge covariant
derivative on ψ since torsion and non-metricity offer enough room to accommodate it into
them. To be more specific, consider the action
S =
1
2κ
∫
dnx
[√−gψ2R + λ√−ggµνDµψDνψ] (8.175)
where λ is a parameter and Dµψ the gauge covariant derivative on the field, to be defined in
a moment. Notice now that the first term in the above action is invariant under conformal
transformations of the metric
gµν → g¯µν = e2θgµν (8.176)
provided that we simultaneously transform the scalar field as
ψ → ψ¯ = e (2−n)2 θψ (8.177)
In order to keep this invariance on the kinetic term too, one needs to replace the partial
derivative ∂µ with a covariant one Dµ = ∂µ + Aµ and also impose a gauge transformation
on the field Aµ (Aµ → Aµ + ∂µχ) so as to have the transformation
D¯µψ¯ = e
(2−n)
2
θDµψ (8.178)
and subsequently
√−g¯g¯µνD¯µψ¯D¯νψ¯ = gµνDµψDνψ (8.179)
which will ensure the conformal invariance of the total action. Now, what’s interesting is
that we do not have to add this gauge field Aµ by hand, we have a generalized geometry
offering torsion and non-metricity vectors that can do the job. Notice now that since the
torsion vector Sµ does not change under conformal transformations, it cannot be regarded
as our desired gauge field. The non-metricity (Weyl) vector however, transforms as
Q¯µ = Qµ − 2n∂µθ (8.180)
5Conformally invariant theories in the context of teleparallel gravity have been studied in [67]. Notice
however the difference between the transformation law for torsion tensor in their formalism compared to
ours.
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under a conformal transformation. Therefore, defining the covariant derivative on the scalar
field as
Dµ ≡ ∂µ + 2− n
4n
Qµ (8.181)
ensures that (8.179) is satisfied. So, building the action this way, let us derive the field
equations of (8.175). Variation with respect to the metric tensor yields
−1
2
gµν
(
ψ2R + λ(Dψ)2
)
+ ψ2R(µν) + λDµψDνψ
+λ
(n− 2)
2n
gµν
∂α(
√−gψDαψ)√−g = 0 (8.182)
where we have abbreviated (Dψ)2 = gµνDµψDνψ. Now, since our initial action is confor-
mally invariant one would expect that the trace of the above equation identically vanishes.
In fact, the trace of the above equation gives the same equation that one gets when varying
with respect to the scalar field ψ. Therefore, when the equation of motion for ψ is on shell,
the above trace vanishes identically. To see this first note that the trace of the above field
equations is
ψ2R + λ(Dψ)2 − λ∂α(
√−gψDαψ)√−g = 0 (8.183)
On the other hand, varying the action with respect to ψ, we obtain
Rψ − λ∂α(
√−gDαψ)√−g − λ
(n− 2)
4n
Qµ(Dµψ) = 0 (8.184)
Multiplying this by ψ (given that ψ 6= 0) and doing a partial integration it follows that
Rψ2 − λ∂α(
√−gψDαψ)√−g + λ
(
∂µ +
2− n
4n
Qµ
)
Dµψ = 0 (8.185)
or equivalently
ψ2R + λ(Dψ)2 − λ∂α(
√−gψDαψ)√−g = 0 (8.186)
which is indeed the same equation with (8.183). Lastly, variation of the action with respect
to the connection yields
P µνλ (h) + λ
(2− n)
n
δµλ(D
νψ) = 0 (8.187)
where
P µνλ (h) ≡ −
∇λ(√−gψ2gµν)√−g +
∇α(√−gψ2gµαδνλ)√−g + (8.188)
2ψ2(Sλg
µν − Sµδνλ − S µνλ )
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is the Palatini tensor computed with respect to the metric hµν = ψ
2gµν . This tensor can
also be written as
P µνλ (h) = ψ
2P µνλ (g) + δ
ν
λg
µα∂αψ
2 − gµν∂λψ2 (8.189)
where P µνλ (g) is the usual Palatini tensor computed with respect to the metric tensor gµν .
Looking back at (8.187), contracting in µ = λ and using the fact that the Palatini tensor
is traceless in its first two indices,6it follows that
Dνψ = 0 (8.190)
which when substituted back at (8.187) gives
P µνλ (h) = 0⇒
ψ2P µνλ (g) = −δνλgµα∂αψ2 + gµν∂λψ2 (8.191)
with this at hand we can use the connection decomposition (Theorem-1, Chapter 4) and
easily find the affine connection
Γλ µν = Γ˜ µν +
2
n− 2gµν
∂λψ
ψ
− 2
n− 2δ
λ
ν
∂µψ
ψ
+
1
2
δλµQ˜ν (8.192)
Before finding the expressions for torsion and non-metricity that follow from the above, let
us expand (8.190) to get
∂µψ − (n− 2)
4n
Qµψ = 0 (8.193)
from which we conclude that
Qµ =
4n
n− 2
∂µψ
ψ
(8.194)
that is, the Weyl vector is exact and powered by the scalar field-ψ. Now, using the above
connection decomposition and the fact that
S λµν = N
λ
[µν] (8.195)
and
Qαµν = 2N(αµ)ν (8.196)
6Note that both P µνµ (g) = 0 and P
µν
µ (h) = 0, that is any Palatini tensor that is built from a metric
conformally related to gµν is also traceless in its first two indices.
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where Nλ µν ≡ Γλ µν − Γ˜ µν , it follows that
S λµν = −2
∂[µψδ
λ
ν]
ψ
+
1
2
δλµQ˜ν] (8.197)
and
Qαµν = Q˜αgµν (8.198)
Contracting the last equation with gµν we conclude that Qα = nQ˜α
Qαµν =
1
n
Qαgµν (8.199)
also recalling that Qµ =
4n
n−2
∂µψ
ψ
we have
Qαµν =
4
n− 2gµν
∂µψ
ψ
(8.200)
which is the case of a Weyl integrable non-metricity. Also, using the above, the torsion
tensor may be expressed as
S λµν =
4
n− 2
δλ[µ∂ν]ψ
ψ
(8.201)
with torsion vector
Sµ = −2(n− 1)
(n− 2)
∂µψ
ψ
(8.202)
and the above s a case of vectorial torsion with an exact torsion vector. Finally, using the
above results, the field equations for the scalar field and the metric imply
R = 0 (8.203)
and
Rµν = 0 (8.204)
Note however that these do not mean that we have Einstein’s Gravity in vacuum since
the curvature has more degrees of freedom coming from torsion and non-metricity. So, in
this simple conformally invariant model we have a Weyl non-metricity and vectorial torsion
both sourced by the scalar field ψ.
8.1.7 Generalized Quadratic Theory
The most general Theory of Gravity that is quadratic in torsion and non-metricity is given
by
S =
1
2κ
∫
dnx
√−g
[
LQ + LT + LQT
]
+ SMatter (8.205)
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where
LQ =
6∑
i=1
aiAi (8.206)
LT =
8∑
i=1
biBi (8.207)
LQT =
7∑
i=1
ciCi (8.208)
and ai, bi, ci are constant parameters. Furthermore, demanding a parity preserving theory,
one is left with
S =
1
2κ
∫
dnx
√−g
[
a4A4 + a5A5 +
3∑
i=1
(aiAi + biBi + ciCi)
]
+ SMatter =
=
1
2κ
∫
dnx
√−g
[
b1SαµνS
αµν + b2SαµνS
µνα + b3SµS
µ
a1QαµνQ
αµν + a2QαµνQ
µνα + a3QµQ
µ + a4qµq
µ + a5Qµq
µ
+c1QαµνS
αµν + c2QµS
µ + c3qµS
µ
]
+ SMatter (8.209)
Notice now that for the parameter choice b1 = 1, b2 = −2, b3 = −4, ai = 0 = ci and
imposing a vanishing curvatute and non-metricity, one recovers the teleparallel equivalent
of GR. In addition, demanding vanishing curvature and torsion and taking a1 = −a3 = 1/4,
a2 = −a5 = −1/2, a4 = 0, bi = 0 = ci one obtains the symmetric teleparallel equivalent of
GR. Furthermore if we pick b1 = 1, b2 = −1, b3 = −4 , a1 = −a3 = 1/4, a2 = −a5 = −1/2,
a4 = 0, c1 = −c2 = c3 = 2 and impose only vanishing curvature we reproduce a generalized
equivalent to GR that admits both torsion and non-metricity. Now, in order to obtain a
conformally invariant theory we should first restrict the above parameters and find a specific
combination for which the total Lagrangian density transforms conformally, namely it only
picks up a factor e−2θ. To do so, we use the transformation laws for the quadratic scalars
that we obtained earlier. Then under a conformal transformation, we have
L¯T = e−2θLT (8.210)
L¯Q = e−2θLQ − e−2θQµ∂µθ(4a1 + 4na3 + 2a5)
−e−2θqµ∂µθ(4a2 + 4a4 + 2na5)
+e−2θ(∂θ)24(na1 + a2 + n2a3 + a4 + na5) (8.211)
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L¯QT = e−2θLQT − e−2θ2Sµ∂µθ(c1 + nc2 + c3) (8.212)
From these we conclude that the parameter choice
4a1 + 4na3 + 2a5 = 0
4a2 + 4a4 + 2na5 = 0
na1 + a2 + n
2a3 + a4 + na5 = 0
c1 + nc2 + c3 = 0 (8.213)
and whatever b′is guarantee that
L¯Q + L¯T + L¯QT = e−2θ
(
LQ + LT + LQT
)
(8.214)
as we desired. The above parameter choice ensures that the total action is conformally
invariant! Now, let us consider frame rescalings, then it can be easily seen that
L˜Q = e−2θLQ (8.215)
L˜T = e−2θLT + e−2θSµ∂µθ
(
− 2b1 + b2 + (1− n)b3
)
+
(n− 1)
4
e−2θ(∂θ)2
(
2b1 − b2 + (n− 1)b3
)
(8.216)
L˜QT = e−2θLQT + 1
2
e−2θQµ∂µθ
(
− c1 + (1− n)c2
)
+
1
2
e−2θqµ∂µθ
(
c1 + (1− n)c3
)
(8.217)
Then, frame rescaling invariance
L˜Q + L˜T + L˜QT = e−2θ
(
LQ + LT + LQT
)
(8.218)
is ensured so long as
−2b1 + b2 + (1− n)b3 = 0
−c1 + (1− n)c2 = 0
c1 + (1− n)c3 = 0 (8.219)
and whatever a′is. Now, let us see how our action changes under projective transformations
of the connection
Γλµν −→ Γˆλµν = Γλµν + δλµξν
gµν −→ gˆµν = gµν (8.220)
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We compute
LˆQ = LQ + (4a1 + 4na3 + 2a5)Qµξµ + (4a2 + 4a4 + 2na5)qµξµ
+(4na1 + 4a2 + 4n
2a3 + 4a4 + 4na5)ξµξ
µ (8.221)
LˆT = LT +
[
− 2b1 + b2 + (1− n)b3
]
Sµξ
µ
−(n− 1)
4
[
− 2b1 + b2 + (1− n)b3
]
ξµξ
µ (8.222)
LˆQT = LQT + 1
2
[
− c1 + (1− n)c2
]
Qµξ
µ +
1
2
[
c1 + (1− n)c3
]
qµξ
µ
+2(c1 + nc2 + c3)Sµξ
µ + (1− n)(c1 + nc2 + c3)ξµξµ (8.223)
Therefore, the total action changes according to
LˆQ + LˆT + LˆQT = LQ + LT + LQT
+
[
2(2a1 + 2na3 + a5) +
1
2
(
− c1 + (1− n)c2
)]
Qµξ
µ
+
[
2(2a2 + 2a4 + na5) +
1
2
(
c1 + (1− n)c3
)]
qµξ
µ
+
[
− 2b1 + b2 + (1− n)b3 + 2(c1 + nc2 + c3)
]
Sµξ
µ[
4(na1 + a2 + n
2a3 + a4 + na5) +
(n− 1)
4
(
2b1 − b2 + (n− 1)b3
)
− (n− 1)(c1 + nc2 + c3)
]
ξµξ
µ
(8.224)
Then, projective invariance is ensured if the parameters satisfy
4(2a1 + 2na3 + a5)− c1 + (1− n)c2 = 0 (8.225)
4(2a2 + 2a4 + na5) + c1 + (1− n)c3 = 0 (8.226)
− 2b1 + b2 + (1− n)b3 + 2(c1 + nc2 + c3) = 0 (8.227)
16(na1 + a2 + n
2a3 + a4 + na5)
+(n− 1)
(
2b1 − b2 + (n− 1)b3 − 4(c1 + nc2 + c3)
)
= 0 (8.228)
The important thing to note here is that the parameters ai, bi, ci mix when one demands
projective invariance. This means that LQ, LT and LQT are not independently projective
invariant but their sum is. This was not the case when we considered conformal and frame
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rescaling transformations where the parameters did not mix and LQ, LT and LQT where
all independently invariant under the associated transformations.
Having restricted the parameter space in each of the transformations we can now obtain
an invariant theory by coupling the above to ψ2. We first combine the case of conformal
and frame rescaling transformations in a single action given by
S =
1
2κ
∫
dnx
√−gψ2
[
a4A4 + a5A5 +
3∑
i=1
(aiAi + biBi + ciCi)
]
+ Sψ =
=
1
2κ
∫
dnx
√−g
[
ψ2
(
b1SαµνS
αµν + b2SαµνS
µνα + b3SµS
µ
a1QαµνQ
αµν + a2QαµνQ
µνα + a3QµQ
µ + a4qµq
µ + a5Qµq
µ
+c1QαµνS
αµν + c2QµS
µ + c3qµS
µ
)
+ λgµνDµψDνψ
]
=
=
∫
dnx
√−g
[
ψ2L+ λgµνDµψDνψ
]
(8.229)
where again λ is a parameter, Dµ is the gauge covariant derivative to be defined later, and
L = LQ + LT + LQT with
LQ = a1QαµνQαµν + a2QαµνQµνα + a3QµQµ + a4qµqµ + a5Qµqµ (8.230)
LT = b1SαµνSαµν + b2SαµνSµνα + b3SµSµ (8.231)
LQT = c1QαµνSαµν + c2QµSµ + c3qµSµ (8.232)
Now, it will be convenient for the calculations to define the ’superpotentials’
Ωαµν ≡ a1Qαµν + a2Qµνα + a3gµνQα + a4gαµqν + a5gαµQν (8.233)
Σαµν ≡ b1Sαµν + b2Sµνα + b3gµνSα (8.234)
Παµν ≡ c1Sαµν + c2gµνSα + c3gαµSν (8.235)
for non-metricity, torsion and their mixing, respectively. With these, the above are written
as
LQ = QαµνΩαµν (8.236)
LT = SαµνΣαµν (8.237)
LQT = QαµνΠαµν (8.238)
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We are now in a position to derive the variations of the above. Let us first compute
variations with respect to the metric. We have
√−gψ2δgLQ = (δgµν)
[√−gψ2L(µν) + (2Sλ −∇λ)Jλ (µν) + gµν(2Sλ −∇λ)ζλ
+α4(2S(µ −∇(µ)(
√−gψ2qν))
]
(8.239)
where
Lµν = (a1Qµαβ + a2Qαβµ)Q
αβ
ν + (a3Qµ + a5qµ)Qν + a3QαµνQ
α
+Qµνα(a4q
α + a5Q
α)− ΩαβνQαβµ − ΩαµβQαβν (8.240)
and we have also defined the tensor densities
Jλ (µν) ≡
√−gψ2(α1Qλ µν + a2Q λµν + Ωλ µν) (8.241)
ζλ =
√−gψ2(a3Qλ + a5qλ) (8.242)
Continuing with the pure torsion and mixed part, we obtain
√−gψ2δgLT = (δgµν)
√−gψ2
[
b1(2SναβS
αβ
µ − SαβµSαβν)− b2SναβS αβµ + b3SµSν
]
(8.243)
√−gψ2δgLQT = (δgµν)
√−gψ2
[
ΠµαβQ
αβ
ν
−(c1SαβνQαβµ + c2SαQαµν + c3SαQµνα) +
1√−gψ2 (2Sλ −∇λ)(
√−gψ2Πλ µν)
]
(8.244)
Using all the above we can now derive the field equations for the conformally and frame
rescaling invariant theories. To obtain a conformally invariant theory, the parameters must
satisfy (8.213) and the gauge covariant derivative on the scalar field has to be defined as
Dµ ≡ ∂µ −
(
n− 2
4n
)
Qµ (8.245)
On the other hand, in order to obtain a frame rescaling invariant theory, the parameter
space is restricted to (8.283) and the gauge derivative is defined as
Dµ ≡ ∂µ −
(
n− 2
n− 1
)
Sµ (8.246)
Having clarified this, the field equations after varying with respect to the metric tensor are
ψ2
(
Z(µν) − 1
2
gµνL
)
− 1
2
gµνλ(Dψ)
2 + λ
(
DµψDνψ +Kµν
)
= 0 (8.247)
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where
Zµν ≡ Lµν + ξµν + b1(2SναβS αβµ − SαβµSαβν)− b2SναβS αβµ + b3SµSν
+ΠµαβQ
αβ
ν − (c1SαβνQαβµ + c2SαQαµν + c3SαQµνα)
+
1√−gψ2 (2Sλ −∇λ)(
√−gψ2Πλ µν) (8.248)
ξµν ≡ 1√−gψ2
[
(2Sλ −∇λ)Jλ (µν) + gµν(2Sλ −∇λ)ζλ
+α4(2S(µ −∇(µ)(
√−gψ2qν))
]
(8.249)∫
dnx
√−gKµν ≡
∫
dnx
√−g(Dαψ)δ(Dαψ)
δgµν
(8.250)
and therefore
Kµν =
(n− 2)
2n
gµν
∂α(
√−gψDαψ)√−g (8.251)
for the conformally invariant theory and
Kµν = 0 (8.252)
for the frame rescaling invariant theory7. Let us continue with the rest of the field equations.
Variation with respect to the connection gives
ψ2
(
Hµνλ + δ
µ
λk
ν + δνλh
µ + gµνhλ + f
[µδ
ν]
λ
)
+ Θµνλ = 0 (8.253)
where
Hµνλ ≡ a1Qνµλ + 2a2(Qµνλ +Q µνλ ) + 2b1Sµνλ + 2b2S [µν]λ
+c1(S
νµ
λ − S νµλ +Q[µν]λ (8.254)
kµ ≡ 4a3Qµ + 2a5qµ + 2c2Sµ (8.255)
hµ ≡ a5Qµ + 2a4qµ + c3Sµ (8.256)
fµ ≡ c2Qµ + c3qµ + 2b3Sµ (8.257)
and
Θµνλ ≡
∂
∂Γλ µν
(
λgαβDαψDβψ
)
(8.258)
7This is so because in this case the gauge covariant derivative is constructed in terms of Sµ and the
latter is independent of the metric tensor.
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which for the conformally invariant case takes the form
Θµνλ = −λ
(
n− 2
n
)
ψ(Dνψ)δµλ (8.259)
and for the frame rescaling invariant theory
Θµνλ = −2λ
(
n− 2
n− 1
)
ψ(D[µψ)δ
ν]
λ (8.260)
with the gauge covariant derivative given by (8.245) for the former and (8.284) for the latter
respectively. To conclude, for the conformally invariant case the Γ-field equations read
ψ2
(
Hµνλ + δ
µ
λk
ν + δνλh
µ + gµνhλ + f
[µδ
ν]
λ
)
= λ
(
n− 2
n
)
ψ(Dνψ)δµλ (8.261)
and for the frame rescaling invariant case
ψ2
(
Hµνλ + δ
µ
λk
ν + δνλh
µ + gµνhλ + f
[µδ
ν]
λ
)
= 2λ
(
n− 2
n− 1
)
ψ(D[µψ)δ
ν]
λ (8.262)
Now, to close the system of the field equations it remains to vary with respect to the scalar
ψ. For the conformally invariant case we find
ψL = λ
(
n− 2
4n
QµD
µψ +
∂µ(
√−gDµψ)√−g
)
(8.263)
while for the frame rescaling invariant theory, one obtains
ψL = λ
(
n− 2
n− 1SµD
µψ +
∂µ(
√−gDµψ)√−g
)
(8.264)
Before gathering our results let us examine (8.261) and (8.262) a little further. To do so,
notice that we can consider three operations on (8.261) and (8.262). We can contract in
µ = λ, contact in ν = λ and multiply (and contact) by gµν . Then we get three vector
equations that we may formally write as
α1Qµ + α2qµ + α3Sµ =
∂µψ
ψ
β1Qµ + β2qµ + β3Sµ =
∂µψ
ψ
γ1Qµ + γ2qµ + γ3Sµ =
∂µψ
ψ
(8.265)
where the αi, βi, γi are all combinations of ai, bi, ci and λ. Then the above system of
equations can be formally solved8 to give
Qµ = λ1
∂µψ
ψ
, qµ = λ2
∂µψ
ψ
, Sµ = λ3
∂µψ
ψ
(8.266)
8Assuming that the determinant of the matrix corresponding to the system does not vanish.
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where the λ′is depend on αi, βi, γi. This result when substituted back at (8.261)and (8.262)
yield
Hµνλ = σ1δ
µ
λ
∂νψ
ψ
+ σ2δ
ν
λ
∂µψ
ψ
+ σ3g
µν ∂
λψ
ψ
(8.267)
where again σ′is depend on ai, bi, ci and λ. We are now in a position to recap our results.
So, starting with
S =
∫
dnx
√−g
[
ψ2L+ λgµνDµψDνψ
]
=
1
2κ
∫
dnx
√−g
[
ψ2
(
b1SαµνS
αµν + b2SαµνS
µνα + b3SµS
µ
a1QαµνQ
αµν + a2QαµνQ
µνα + a3QµQ
µ + a4qµq
µ + a5Qµq
µ
+c1QαµνS
αµν + c2QµS
µ + c3qµS
µ
)
+ λgµνDµψDνψ
]
=
(8.268)
A conformally invariant theory is produced when the parameters satisfy
4a1 + 4na3 + 2a5 = 0
4a2 + 4a4 + 2na5 = 0
na1 + a2 + n
2a3 + a4 + na5 = 0
c1 + nc2 + c3 = 0
b′is = no constraint (8.269)
and the gauge covariant derivative is defined as
Dµ ≡ ∂µ −
(
n− 2
4n
)
Qµ (8.270)
Then the field equations following from the above, read
g-Variation:
ψ2
(
Z(µν) − 1
2
gµνL
)
− 1
2
gµνλ(Dψ)
2 + λ
(
DµψDνψ +Kµν
)
= 0 (8.271)
where
Zµν ≡ Lµν + ξµν + b1(2SναβS αβµ − SαβµSαβν)− b2SναβS αβµ + b3SµSν
+ΠµαβQ
αβ
ν − (c1SαβνQαβµ + c2SαQαµν + c3SαQµνα)
+
1√−gψ2 (2Sλ −∇λ)(
√−gψ2Πλ µν) (8.272)
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ξµν ≡ 1√−gψ2
[
(2Sλ −∇λ)Jλ (µν) + gµν(2Sλ −∇λ)ζλ
+α4(2S(µ −∇(µ)(
√−gψ2qν))
]
(8.273)
Lµν = (a1Qµαβ + a2Qαβµ)Q
αβ
ν + (a3Qµ + a5qµ)Qν + a3QαµνQ
α
+Qµνα(a4q
α + a5Q
α)− ΩαβνQαβµ − ΩαµβQαβν (8.274)
Jλ (µν) ≡
√−gψ2(α1Qλ µν + a2Q λµν + Ωλ µν) (8.275)
ζλ =
√−gψ2(a3Qλ + a5qλ) (8.276)
Kµν =
(n− 2)
2n
gµν
∂α(
√−gψDαψ)√−g (8.277)
Γ-Variation:
ψ2
(
Hµνλ + δ
µ
λk
ν + δνλh
µ + gµνhλ + f
[µδ
ν]
λ
)
= λ
(
n− 2
n
)
ψ(Dνψ)δµλ (8.278)
where
kµ ≡ 4a3Qµ + 2a5qµ + 2c2Sµ (8.279)
hµ ≡ a5Qµ + 2a4qµ + c3Sµ (8.280)
fµ ≡ c2Qµ + c3qµ + 2b3Sµ (8.281)
ψ-Variation:
ψL = λ
(
n− 2
4n
QµD
µψ +
∂µ(
√−gDµψ)√−g
)
(8.282)
For the frame rescaling invariant theory the action is again (8.268) but now the param-
eters have to satisfy
ai = no constraint
−2b1 + b2 + (1− n)b3 = 0
−c1 + (1− n)c2 = 0
c1 + (1− n)c3 = 0 (8.283)
and the gauge covariant derivative must be defined as
Dµ ≡ ∂µ −
(
n− 2
n− 1
)
Sµ (8.284)
For this case the field equations are g-Variation:
ψ2
(
Z(µν) − 1
2
gµνL
)
− 1
2
gµνλ(Dψ)
2 + λ
(
DµψDνψ
)
= 0 (8.285)
201
where
Zµν ≡ Lµν + ξµν + b1(2SναβS αβµ − SαβµSαβν)− b2SναβS αβµ + b3SµSν
+ΠµαβQ
αβ
ν − (c1SαβνQαβµ + c2SαQαµν + c3SαQµνα)
+
1√−gψ2 (2Sλ −∇λ)(
√−gψ2Πλ µν) (8.286)
ξµν ≡ 1√−gψ2
[
(2Sλ −∇λ)Jλ (µν) + gµν(2Sλ −∇λ)ζλ
+α4(2S(µ −∇(µ)(
√−gψ2qν))
]
(8.287)
Lµν = (a1Qµαβ + a2Qαβµ)Q
αβ
ν + (a3Qµ + a5qµ)Qν + a3QαµνQ
α
+Qµνα(a4q
α + a5Q
α)− ΩαβνQαβµ − ΩαµβQαβν (8.288)
Jλ (µν) ≡
√−gψ2(α1Qλ µν + a2Q λµν + Ωλ µν) (8.289)
ζλ =
√−gψ2(a3Qλ + a5qλ) (8.290)
Γ-Variation:
ψ2
(
Hµνλ + δ
µ
λk
ν + δνλh
µ + gµνhλ + f
[µδ
ν]
λ
)
= 2λ
(
n− 2
n− 1
)
ψ(D[µψ)δ
ν]
λ (8.291)
ψ-Variation:
ψL = λ
(
n− 2
n− 1SµD
µψ +
∂µ(
√−gDµψ)√−g
)
(8.292)
Apart from the two above invariant theories, another case is of interest and this is the case
of projective invariance. Note that in order to obtain a projective invariant theory no scalar
field is required, so we may set ψ = 1 and λ = 0 to our starting action to arrive at
S =
∫
dnx
√−gL
=
1
2κ
∫
dnx
√−g
[
b1SαµνS
αµν + b2SαµνS
µνα + b3SµS
µ
+a1QαµνQ
αµν + a2QαµνQ
µνα + a3QµQ
µ + a4qµq
µ + a5Qµq
µ
+c1QαµνS
αµν + c2QµS
µ + c3qµS
µ
]
(8.293)
The above defines projective invariant theories so long as the parameters satisfy
4(2a1 + 2na3 + a5)− c1 + (1− n)c2 = 0 (8.294)
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4(2a2 + 2a4 + na5) + c1 + (1− n)c3 = 0 (8.295)
− 2b1 + b2 + (1− n)b3 + 2(c1 + nc2 + c3) = 0 (8.296)
16(na1 + a2 + n
2a3 + a4 + na5)
+(n− 1)
(
2b1 − b2 + (n− 1)b3 − 4(c1 + nc2 + c3)
)
= 0 (8.297)
8.1.8 Including the Parity-Odd terms
Now, let us also add the parity violating terms into our general quadratic action. One
thing we should clarify however is the redundancy among these terms. In particular,
in 4-dimensions there are only two independent parity-odd quadratic pure torsion terms.
That is, from the four parity-odd torsion scalars we considered B5, B6, B7, B8 only two are
independent. A way to see this is starting by
tρ = ρκλσSκλσ (8.298)
which when contracted by ραβµ and using 
ρκλσραβµ = −3!δ[κα δλβδσ]µ gives
ραβµt
ρ = −3!S[αβµ] (8.299)
Exploiting the antisymmetry of the torsion tensor in its first two indices the above may be
expressed as
ραβµt
ρ = −2(Sαβµ + Sµαβ + Sβµα) (8.300)
Furthermore, contracting the above with αβγδ and using ραβµ
αβγδ = −4δ[γρ δδ]µ we finally
arrive at
2t[γδδ]µ = 
αβγδSαβµ + 2
αβγδSµαβ (8.301)
The latter is the key equation that gives the relations among the parity-odd terms. To
obtain these, we first contract (8.301) by S µγδ and use the definitions of B
′
is to obtain
2B5 = B6 + 2B8 (8.302)
In addition, contracting with Sµγδ this time, gives
−B5 = B8 + 2B7 (8.303)
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Therefore, we have two equations relating the B5, ..., B8 and so only two of the four are
independent. We may choose the B5 and B6. Regarding the mixed
9 parity-odd terms, we
note that out of the four combinations C4, C5, C6, C7 only the three are independent. This
is easily seen by contracting (8.301) with Q µγδ to arrive at
C4 − C5 = C6 + 2C7 (8.304)
therefore one scalar is redundant and we choose to disregard C7. Before writing down
the general quadratic action including the above parity-odd terms to the original action,
let us point out another redundant term, this time though a parity-even one, and that is
B4 = tµt
µ.By a direct calculation, this is found to be
B4 = tµt
µ = µαβγ
µκλρSαβγSκλρ = −3!δ[κα δλβδρ]γ SαβγSκλρ =
= −3!SαβγS[αβγ] = −2Sαβγ(Sαβγ + Sγβα + Sβγα) =
= −2(B1 + 2B2) (8.305)
In conclusion, for the parity-odd case we have 2 independent pure torsion scalars, 3 inde-
pendent mixed scalars and 1 pure non-metric scalar. Note that our results are in perfect
agreement with the number of parity-odd scalars that were considered in [18]. Thus, in
4− dim there will be 6 parity-odd quadratic scalars added to our general action. With the
points we presented above on the redundant scalars we may set
b7 = b8 = c7 = b4 = 0 (8.306)
since the scalars with those coefficients all depend on the other basic scalars as we showed
earlier. So, our total action including the parity-odd terms reads
S =
1
2κ
∫
d4x
√−gψ2
[
b1SαµνS
αµν + b2SαµνS
µνα + b3SµS
µ
a1QαµνQ
αµν + a2QαµνQ
µνα + a3QµQ
µ + a4qµq
µ + a5Qµq
µ
+c1QαµνS
αµν + c2QµS
µ + c3qµS
µ
+a6
αβγδQαβµQ
µ
γδ + b5Sµt
µ + b6
αβγδSαβµS
µ
γδ
c4Qµt
µ + c5q
µtµ + c6
αβγδQαβµS
µ
γδ
]
+
1
2κ
∫
d4x
√−gλgµνDµψDνψ (8.307)
9For the pure non-metricity parity-odd scalars we just have one term-A6 so we may not worry about
redundancy here.
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Note that the first three lines of the above represent the quadratic parity-even terms (as
appear in 8.229), and in the forth and fifth line we have included the 6 parity-odd terms
A6, B5, B6, C4, C5, C6. Let us now find the parameter space for the above action to be
invariant under each of the three transformations. Let us start with the conformal trans-
formations. The newly added parity-odd terms transform as
A¯6 = e
−2θA6 , B¯5 = e−2θB5 , B¯6 = e−2θB6 ,
C¯4 = e
−2θ(C4 − 2ntµ∂µθ)
C¯5 = e
−2θ(C5 − 2tµ∂µθ)
C¯6 = e
−2θ(C6 − 2tµ∂µθ)
under a conformal metric transformation. Defining then the parity-odd Lagrangian densi-
ties
Lp−oddQ ≡ a6αβγδQαβµQµγδ = a6A6 (8.308)
Lp−oddT ≡ b5Sµtµ + b6αβγδSαβµS µγδ = b5B5 + b6B6 (8.309)
Lp−oddQT ≡ c4Qµtµ + c5qµtµ + c6αβγδQαβµS µγδ = c4C4 + c5C5 + c6C6 (8.310)
Lp−odd ≡ Lp−oddQ + Lp−oddT + Lp−oddQT (8.311)
we see that the latter transform as
L¯p−oddQ = e−2θLp−oddQ , L¯p−oddT = e−2θLp−oddT (8.312)
L¯p−oddQT = e−2θLp−oddQ − e−2θ2tµ(∂µθ)(nc4 + c5 + c6) (8.313)
The transformation for the parity-even part of the Lagrangian we have already computed
in the previous section. So, for the total action to be invariant under conformal trans-
formations we must have10
4a1 + 4na3 + 2a5 = 0
4a2 + 4a4 + 2na5 = 0
na1 + a2 + n
2a3 + a4 + na5 = 0
c1 + nc2 + c3 = 0 , b
′
is = no constraint
nc4 + c5 + c6 = 0 , a6 = whatever (8.314)
10Of course in what follows n = 4.
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Note that the first four constraints in the above are the ones we had derived previously
for the pure parity-even Lagrangian and the last constraint is imposed on the parity-odd
part. We should mention that the additional constraint establishes a relation only between
the coefficients of the parity-odd terms and does not mix them with the parameters of the
parity-even scalars! Now, under a frame rescaling the parity-odd parts transform as
L˜p−oddQ = e−2θLp−oddQ , L˜p−oddT = e−2θLp−oddT + e−2θtµ∂µθ
(1− n
2
b5 − 2b6
)
(8.315)
L˜p−oddQT = e−2θLp−oddQ (8.316)
And for the total action to be invariant under frame rescalings, the parameters must
satisfy
ai = no constraint
−2b1 + b2 + (1− n)b3 = 0
−c1 + (1− n)c2 = 0
c1 + (1− n)c3 = 0
1− n
2
b5 − 2b6 = 0 , b5, b6 = no constraint (8.317)
Again, the first four constraints above are the same with the pure parity-even theory and
the last one is imposed among the parameters of the parity-odd terms. Now, in order to
study the parameter space for the projective invariant case, again there is no need for a
scalar field ψ to compensate for the invariance, and our action is therefore
S =
1
2κ
∫
d4x
√−g
[
b1SαµνS
αµν + b2SαµνS
µνα + b3SµS
µ
a1QαµνQ
αµν + a2QαµνQ
µνα + a3QµQ
µ + a4qµq
µ + a5Qµq
µ
+c1QαµνS
αµν + c2QµS
µ + c3qµS
µ
+a6
αβγδQαβµQ
µ
γδ + b5Sµt
µ + b6
αβγδSαβµS
µ
γδ
c4Qµt
µ + c5q
µtµ + c6
αβγδQαβµS
µ
γδ
]
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for the most general case (including the parity-odd scalars too). As we have already seen,
the parity-even part transforms as
Lˆp−evenQ + Lˆp−evenT + Lˆp−evenQT = Lp−evenQ + Lp−evenT + Lp−evenQT
+
[
2(2a1 + 2na3 + a5) +
1
2
(
− c1 + (1− n)c2
)]
Qµξ
µ
+
[
2(2a2 + 2a4 + na5) +
1
2
(
c1 + (1− n)c3
)]
qµξ
µ
+
[
− 2b1 + b2 + (1− n)b3 + 2(c1 + nc2 + c3)
]
Sµξ
µ[
4(na1 + a2 + n
2a3 + a4 + na5) +
(n− 1)
4
(
2b1 − b2 + (n− 1)b3
)
− (n− 1)(c1 + nc2 + c3)
]
ξµξ
µ
(8.318)
where
Lp−evenQ = a1QαµνQαµν + a2QαµνQµνα + a3QµQµ + a4qµqµ + a5Qµqµ
Lp−evenT = b1SαµνSαµν + b2SαµνSµνα + b3SµSµ
Lp−evenQT = c1QαµνSαµν + c2QµSµ + c3qµSµ (8.319)
Now, the parity-odd part transforms according to
Lˆp−oddQ = Lp−oddQ
Lˆp−oddT = Lp−oddT + b5
1− n
2
tµξ
µ − 2b6tµξµ
Lˆp−oddQT = Lp−oddQT + 2tµξµ(nc4 + c5 + c6)
as can be easily checked. As a result, the total Lagrangian density L = Lp−even + Lp−odd
undergoes the transformation
Lˆ = Lˆp−even + Lˆp−odd = L
+
[
2(2a1 + 2na3 + a5) +
1
2
(
− c1 + (1− n)c2
)]
Qµξ
µ
+
[
2(2a2 + 2a4 + na5) +
1
2
(
c1 + (1− n)c3
)]
qµξ
µ
+
[
− 2b1 + b2 + (1− n)b3 + 2(c1 + nc2 + c3)
]
Sµξ
µ[
4(na1 + a2 + n
2a3 + a4 + na5) +
(n− 1)
4
(
2b1 − b2 + (n− 1)b3
)
− (n− 1)(c1 + nc2 + c3)
]
ξµξ
µ
+2
(1− n
4
b5 − b6 + nc4 + c5 + c6
)
tµξ
µ (8.320)
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So, projective invariance is ensured if the parameters satisfy
4(2a1 + 2na3 + a5)− c1 + (1− n)c2 = 0 (8.321)
4(2a2 + 2a4 + na5) + c1 + (1− n)c3 = 0 (8.322)
− 2b1 + b2 + (1− n)b3 + 2(c1 + nc2 + c3) = 0 (8.323)
16(na1 + a2 + n
2a3 + a4 + na5)
+(n− 1)
(
2b1 − b2 + (n− 1)b3 − 4(c1 + nc2 + c3)
)
= 0 (8.324)
1− n
4
b5 − b6 + nc4 + c5 + c6 = 0 (8.325)
Note that in comparison with the pure parity-even case, the first four constraints remain the
same, and a fifth additional constraint is imposed only among the parameters of the parity-
odd scalars. The important thing is that the constraints again do not mix the parameters
of the parity-even with the parameters of the parity-odd scalars.
8.1.9 Conformally Invariant Quartic Actions
Having established the transformation laws for the quadratic torsion and non-metricity
scalars let us now find some (of the many!) quartic combinations that remain invariant
under conformal metric transformations. To start with, let us first note that
(nA¯1 − A¯3) = e−2θ(nA1 − A3)
(A¯2 − A¯4) = e−2θ(A2 − A4)(
A¯5 − n
2
A¯4 − 1
2n
A¯3
)
= e−2θ
(
A5 − n
2
A4 − 1
2n
A3
)
B¯i = e
−2θBi , ∀ i
(C¯1 − C¯3) = e−2θ(C1 − C3)
(nC¯1 − C¯2) = e−2θ(nC1 − C2)
(nC¯3 − C¯2) = e−2θ(nC3 − C2)
(2C¯2 − nC¯1 − nC¯3) = e−2θ(2C2 − nC1 − nC3)
under g¯µν = e
2θgµν . This in turn means that any of the above combinations when squared
or multiplied by another combination of the list, yields a conformally invariant scalar. For
instance
√−g(nA1 − A3)2 (8.326)
208
√−g(A2 − A4)B2 (8.327)
are both conformally invariant. Following the above procedure one can find more confor-
mally invariant quartic scalars.
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Chapter 9
Discussion/Conclusions
Metric-Affine Theories of Gravity have certainly paved the way towards a better under-
standing of gravitation. The enriched (non-Riemannian) geometry in such theories is well
understood (in terms of torsion and non-metricity) and the modifications compared to GR
have also a nice geometrical meaning. In addition, one of the main advantages of MAG is
that it has direct link with the microscopic properties of matter[68]. Therefore, it makes
it easier to unify gravitation with other forces and as a possible result, may allow for the
quantization of gravity[2]. As pointed out in [69] the non-Riemannian spacetime geometry
can only be detected by probing matter with microstructure1.
In this thesis we tackled and answered but few of the many questions that arise in
such interesting geometries. Let us review what we have done here. After introducing
the basic geometric elements that constitute a non-Riemannian geometry, we gave many
of examples in order to illustrate the role of torsion and non-metricity on geometrical
grounds. Then, we went on and derived the field equations for specific Theories and later
on we generalized for general Metric-Affine Theories. We paid special attention to f(R)
theories and presented another way to break the projective invariance in these theories.
The peculiar case f(R) = αR2 was also separately studied in a next chapter and the
cosmological solutions were given. We then extended a known method to generate torsion
(by coupling surface terms to scalars) to include non-metricity. Some models where both
torsion and non-metricity can be excited were presented.
Having stressed out how important it is to have a tool to solve for the affine connection
we proved, for the first time in the literature, a step by step way to solve for the affine
1See for instance [70].
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connection. We started with certain assumptions about the additional action2 that may
be added to the Einstein-Hilbert, generalized our result to f(R) and then to arbitrary
actions. We presented and proved our results as 3 subsequent Theorems and applied each
Theorem to a specific example to illustrate the procedure. We also discussed the cases of
dynamical/non-dynamical connections and how our Theorems may applied to classify the
dynamical content of the connection of a given theory.
Continuing, we focused our attention on the effects of torsion and non-metricity in
Cosmology. More specifically, after discussing the kinematics of FLRW universes with
torsion and non-metricity, we presented the most general form that torsion can have in
such highly symmetric spacetimes (the result was already known in the literature). In
addition, using symmetry arguments we derived the most general form of non-metricity in
such spacetimes. We also showed how the results are simplified in the case of Weyl and
fixed length vector non-metricity. The modified Friedmann equations, in the presence of
non-metricity, were also given in this Chapter.
Then, in Chapter 7 we derived for the first time in the literature the Raychaudhuri
equation with both torsion and non-metricity. We should point out that in the presence of
torsion only (along with curvature) the Raychaudhuri equation was known in the literature
and has been derived independently from many groups (see for instance [62, 61, 65, 63]
). However, in the presence of non-metricity such expression was not known till now. We
therefore derived the most general form of the Raychaudhuri equation by allowing the
presence of both torsion and non-metricity (and also considered general dimension n). We
then applied the results to cosmology and found the cosmological solutions of theories
that have torsion of vectorial form and vanishing non-metricity. Then, we switched on
Weyl non-metricity and considered vanishing torsion. It is worth noting that the solutions
for the scale factor look identical upon exchanging the torsion and Weyl vectors. This is
a consequence of the interrelation between vectorial torsion and Weyl non-metricity for
projective invariant theories. We also found a solution for fixed length vector non-metricity
and derived the evolution of vorticity for general non-Riemannian spaces.
Finally, we defined three possible scale transformations that one can consider in a
Metric-Affine Geometry. These are, conformal transformations of the metric (with fixed
connection), projective transformations of the connection (with fixed metric) and frame
2More specifically we considered actions that are linear in the connection.
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rescalings of the orthonormal frame that result in a combination of a conformal transfor-
mation of the metric along with a special projective transformation of the connection. We
carefully obtained all the independent quadratic scalars for pure torsion, pure non-metricity
and mixed terms. We considered general quadratic theories and obtained the parameter
space of the theories respecting each of the aforementioned transformations. We then, ex-
tended the discussion and also included parity violating terms. For this case we also found
the parameter space for theories invariant under each transformation. The general field
equations for all cases were also derived.
Let us now discuss some future extensions of the above study. First of all let us note that
the three Theorems for the affine connection may be used in order to study wide classes of
MAG Theories and possibly classify theories with regards to the dynamical content of their
connections. For instance, which subclasses of the general Horndeski’s theory admit a non-
dynamical connection? Upon what assumptions the connection becomes dynamical? These
are but few cases where the connection Theorems can be applied. For instance we may
just as well use the results of the Theorems to study teleparallel and symmetric teleparallel
theories of gravity in the coordinate formalism. Turning our attention to the generalized
Raychaudhuri equation, the applications are endless. For instance we could study how the
singularity Theorems are modified, find solutions of astronomical and cosmological interest,
examine further what effects the non-metric terms produce an so on. Also it would be
interesting to find solutions for the modified Friedmann equations with non-metricity that
we presented in Chapter 6 and compare them with the ones of pure torsion dominated
universes.
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Appendix A
9.0.1 Flat Space
As a first example let us consider the theory (in the Metric-Affine framework) given by the
Einstein-Hilbert action alone. As we had shown, this theory admits an additional vectorial
unspecified degree of freedom. In addition, we saw that this degree of freedom does not
affect Einstein equations but it does affect the autoparallels as we will show now. As we
proved, the affine connection for this theory takes the form
Γλ µν = Γ˜
λ
µν −
2
(n− 1)Sνδ
λ
µ = Γ˜
λ
µν +
1
2n
δλµQν (9.1)
Now, to investigate whether there is a difference or not between geodesics and autoparallels
let us consider a flat space, namely one that there is always a coordinate system in which we
have gµν = ηµν = diag(−1, 1, 1, ..., 1)3 and Γ˜λ µν = 0. Then, the geodesic equation becomes
d2xµ
dλ2
+ Γ˜µ αβ
dxα
dλ
dxβ
dλ
= 0⇒
x¨µ = 0 (9.2)
and integrating twice, it follows that
xµ(λ) = cµλ+ bµ, cµ, bµ = const. (9.3)
which is the equation for a straight line as expected. Now let us find the autoparallel
curves. Before doing so, let us slightly generalize and compute how a general vector field
uµ changes under parallel transport along a given curve. To this end we use the parallel
transport equation that we have already given previously, for the connection at hand. We
have
u˙µ + Γµ αβu
αx˙β = 0 (9.4)
3This holds for Lorentzian spaces. For a Riemannian space (only positive inner products) one would
have gµν = δµν=diag(1,1,1,...,1).
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but for the given model and since we are considering flat space, it holds that
Γλ µν = Γ˜
λ
µν︸︷︷︸
=0
+
1
2n
δλµQν =
1
2n
δλµQν (9.5)
so that
u˙µ +
1
2n
Qν
dxν
dλ
uµ = 0⇒ duµ + 1
2n
Qνdx
νuµ = 0
Now, multiplying through by e
1
2n
∫
Qνdxν it follows that
e
1
2n
∫
Qνdxνduµ +
1
2n
Qνdx
νe
1
2n
∫
Qνdxνuµ ⇒
d
(
uµe
1
2n
∫
Qνdxν
)
= 0⇒
uµe
1
2n
∫
Qνdxν = const. = uµ(0) (9.6)
Therefore
uµ = uµ(0)e−
1
2n
∫
Qνdxν (9.7)
where uµ(0) is the initial value of the vector field. If the loop is closed the above becomes
uµ = uµ(0)e−
1
2n
∮
C Qνdx
ν
(9.8)
Thus, the magnitude changes according to
‖u‖2 = uµuµ = ‖u(0)‖2e− 1n
∮
C Qνdx
ν
(9.9)
From the last two equations we conclude that when we parallel transport a vector in flat
space (but in the presence of torsion and non-metricity!4) its direction remains the same
but its magnitude changes. If we take now uµ to be the tangent vector on the curve, that
is uµ = x˙µ = dx
µ
dλ
, the latter becomes
x˙µ = x˙µ(0)e−
1
2n
∮
C Qνdx
ν
(9.10)
Integrating the above once more, we derive the autoparallel curves
xµ(λ) = xµ(0) + x˙µ(0)
∫
e−
1
2n
∮
C Qνdx
ν
dλ (9.11)
As we can see now, it happens that autoparallels are also straight lines in this space. Indeed,
using the above, one can write
x0(λ)− x0(0)
x˙0(0)
=
x1(λ)− x1(0)
x˙1(0)
= ... =
xn−1(λ)− xn−1(0)
x˙n−1(0)
(9.12)
which are the equations of straight lines in n-dim space.
4To be more specific, in the presence of a vectorial degree of freedom that gives torsion and non-metricity
as given in this model.
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9.0.2 Poincare half-plane
Next we consider the Poincare half-plane which is given by the metric
ds2 =
1
y2
(
dx2 + dy2
)
, y > 0 (9.13)
that is, a space with metric tensor gij =
1
y2
diag(1, 1) = 1
y2
δij, i, j = 1, 2. As it can be easily
seen, the non-vanishing Christoffel symbols for the given metric are
Γ˜2 22 = Γ˜
1
12 = Γ˜
1
21 = −Γ˜2 11 = −
1
y
(9.14)
Therefore, the geodesic equations
x¨k + Γ˜k ijx˙
ix˙j = 0 (9.15)
read
x¨− 2 x˙y˙
y
= 0 (9.16)
y¨ +
x˙2
y
− y˙
2
y
= 0 (9.17)
To solve this system, first assume that x˙ 6= 0, then dividing (9.16) by it we obtain
x¨
x˙
− 2 y˙
y
= 0⇒
d
dλ
(
ln x˙− ln y2
)
= 0⇒ d
dλ
(
ln
x˙
y2
)
= 0⇒
x˙
y2
= const. = c1 (9.18)
In addition, multiplying the second equation by 1/y we have
yy¨ − y˙2
y2
+
x˙
y2
x˙ = 0 (9.19)
Now, noting that
d
dλ
(
y˙
y
)
=
yy¨ − y˙2
y2
(9.20)
and substituting x˙
y2
= c1 from (9.18), it follows that
d
dλ
(
y˙
y
)
+ c1x˙ = 0⇒ d
dλ
(
y˙
y
+ c1x
)
= 0
that is
y˙
y
+ c1x = const. = c2 (9.21)
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and multiplying through by y2 we finally arrive at
yy˙ + c1y
2︸︷︷︸
=x˙
x = y2︸︷︷︸
=x˙/c1
c2 ⇒
yy˙ + xx˙− c2
c1
x˙ = 0⇒
d
dλ
(
y2
2
+
x2
2
− c2
c1
x
)
= 0⇒
y2 + x2 − 2c2
c1
= c3 (9.22)
completing the square in x we then find that
y2 + x2 − 2c2
c1
+
(
c2
c1
)2
= c3 +
(
c2
c1
)2
≡ a2 ⇒(
x− c2
c1
)2
+ y2 = a2 (9.23)
which represent half-circles in the upper half-plane (y > 0). These are the one type of
geodesics in the Poincare half-plane. Notice that in arriving to this result we have assumed
that x˙ 6= 0. So, we should also solve the geodesic equations in the case x˙ = 0 ⇒ x(λ) =
const. = c4. Then, the first geodesic equation is trivially satisfied and from the second one
we have
yy¨ − y˙2
y2
= 0⇒ d
dλ
(
y˙
y
)
= 0⇒ y˙
y
= const. = c5 (9.24)
which, once integrated gives
y(λ) ∝ ec5λ (9.25)
The latter one along with x(λ) = const. = c4 represent half-lines in the upper half-plane.
Therefore we conclude that in the Poincare half-plane there exist two kinds of geodesics5,
half-circles and half-lines. It is interesting to look now for solutions of the autoparallel equa-
tions in the Poincare half-plane and see whether they are the same or not with geodesics.
We again consider the model where the connection is given by
Γk ij = Γ˜
k
ij +
1
2n
δkiQj (9.26)
Then, the autoparallel equations are
x¨k + Γ˜k ijx˙
ix˙j = − 1
2n
Qjx˙
jx˙k (9.27)
5The initial conditions, of course, specify in which one among these one is on.
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Thus, setting k = 1 and k = 2 respectively, we get
x¨− 2 x˙y˙
y
= − 1
2n
(Qjx˙
j)x˙ (9.28)
and
y¨ +
x˙2
y
− y˙
2
y
= − 1
2n
(Qjx˙
j)y˙ (9.29)
For x˙ 6= 0 the first one becomes
x¨
x˙
− 2 y˙
y
= − 1
2n
(Qjx˙
j)⇒
d
dλ
(
ln
x˙
y2
)
= − 1
2n
(Qjx˙
j) (9.30)
such that
ln
x˙
y2
= − 1
2n
∫
Qjdx
j + C1 ⇒
x˙
y2
= Ae−
1
2n
∫
Qjdx
j
(9.31)
where A = eC1 . This is a first integral of the system. Taking the second equation now, and
dividing by y it follows that
y¨y − y˙2
y2
+
x˙
y2
x˙ = − 1
2n
(Qjx˙
j)
y˙
y
⇒
d
dλ
(
y˙
y
)
+ Ae−
1
2n
∫
Qjdx
j
x˙ = − 1
2n
(Qjx˙
j)
y˙
y
(9.32)
where we have employed (9.31). Multiplying the latter by e+
1
2n
∫
Qjdx
j
we obtain
e
1
2n
∫
Qjdx
j
d
(
y˙
y
)
+
1
2n
(Qidx
i)e
1
2n
∫
Qjdx
j y˙
y︸ ︷︷ ︸
≡ d
dλ
(
y˙
y
e
1
2n
∫
Qjdx
j
)
+Ax˙ = 0⇒
d
dλ
(
y˙
y
e
1
2n
∫
Qjdx
j
+ Ax
)
= 0 (9.33)
such that
y˙
y
e
1
2n
∫
Qjdx
j
+ Ax = const. = B (9.34)
Now, in order to eliminate the exponential factor from the latter we use equation (9.31),
namely
e
1
2n
∫
Qjdx
j
=
Ay2
x˙
(9.35)
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and the above recasts to
A
yy˙
x˙
+ Ax−B = 0 (9.36)
or
yy˙ + xx˙− B
A
x˙ = 0⇒
d
dλ
(
y2
2
+
x2
2
− B
A
x
)
= 0⇒ y2 + x2 − 2B
A
x = C
Completing the square again, we arrive at(
x− B
A
)2
+ y2 = r20, r
2
0 = C +
(
B
A
)2
(9.37)
Thus, one type of geodesics is again half-circles. Now, for x˙ = 0 we have
y¨ − y˙
2
y
= − 1
2n
Q2y˙
2 ⇒
d
dλ
(
y˙
y
)
= − 1
2n
Q2y˙
y˙
y
(9.38)
Setting u y˙
y
= it follows that
du
u
= − 1
2n
Q2dy ⇒ u = C0e− 12n
∫
Q2dy ⇒
y˙ = yC0e
− 1
2n
∫
Q2dy ⇒
∫
1
y
e−
1
2n
∫
Q2dydy = C0λ+ const. (9.39)
When the latter is reversed to define y = y(λ) together with x(λ) = const. will again
represent straight half-lines in the upper half-plane. Therefore we conclude that the au-
toparallels are exactly the same with the geodesics in the Poincare half-plane and for the
given metric. The reason for that is due to the fact that the connection
Γk ij = Γ˜
k
ij +
1
2n
δkiQj (9.40)
is projectively equivalent to Γ˜k ij. And, as it is well known from theory, two connections
Γk ij, C
k
ij that are projectively equivalent, i.e. there exists a vector ai such that
Γk (ij) = C
k
(ij) + δ
k
i aj + δ
k
j ai (9.41)
share the same autoparallel curves! In our case
Γk (ij) = Γ˜
k
(ij) +
1
4n
δkiQj +
1
4n
δkjQi (9.42)
and by comparison with the above we conclude that Ck (ij) = Γ˜
k
(ij) and ai =
1
4n
Qi. That
is, the connections Γk ij and Γ˜
k
ij are projectively equivalent and therefore share the same
autoparallels which are the geodesics of Γ˜k ij that we have already found.
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9.0.3 Illustrative examples
Let us now consider two simple cases in which the effect of torsion and non-metricity is
apparent and produces deviations from the geodesic motion. Rewriting the equation for
autoparallels
d2xλ
dλ2
+ Γ˜λ µν
dxµ
dλ
dxν
dλ
=
= −gαλdx
µ
dλ
dxν
dλ
[
1
2
Qµνα +
1
2
Qµαν − 1
2
Qαµν − 2Sαµν
]
(9.43)
let us suppose that a configuration of torsion and non-metricity exists such that[
1
2
Q(µν)α +
1
2
Q(µ|α|ν) − 1
2
Qα(µν) − 2Sα(µν)
]
= aαgµν (9.44)
where aµ represents a vectorial degree of freedom. Then, the above equation becomes
d2xλ
dλ2
+ Γ˜λ µν
dxµ
dλ
dxν
dλ
=
= −gαλaαgµν = −aλgµν dx
µ
dλ
dxν
dλ
⇒
x¨λ + Γ˜λ µν x˙
µx˙ν = −aλx˙µx˙µ (9.45)
We now proceed by solving the latter in the case of 2− dim Euclidean flat space as well as
for the Poincare half-plane, for specific choices of aµ.
2− dim Euclidean flat space
For this space the geodesics are of course straight lines. However, as we will show, the
autoparallels (for this configuration) are not. We have
gij = δij (9.46)
and
Γ˜i jk = 0 (9.47)
Furthermore, taking the vector ai to be
ai = (1, 1) (9.48)
the differential equations giving the autoparallel curves, become
x¨ = −(x˙2 + y˙2) (9.49)
y¨ = −(x˙2 + y˙2) (9.50)
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Therefore
x¨ = y¨ ⇒ (9.51)
x˙ = y˙ + c1 ⇒ (9.52)
x = y + c1λ+ c2 (9.53)
Now, inserting (9.52) into (9.49) in order to to eliminate y˙, it follows that
x¨ = −
[
x˙2 + (x˙− c1)2
]
(9.54)
To solve this, consider the transformation
z = x˙− c1
2
⇒ (9.55)
z˙ = x¨ (9.56)
such that
z˙ = −
[ (
z +
c1
2
)2
+
(
z − c1
2
)2 ]
= −2
[
z2 +
(c1
2
)2]
⇒ (9.57)
dz[
z2 +
(
c1
2
)2] = −2dλ (9.58)
which, upon integration, gives
1(
c1
2
) arctan z(
c1
2
) = −2λ+ c˜3 ⇒
z =
c1
2
tan
(
c3 − c1λ
)
(9.59)
where c3 = c˜3c1/2. Therefore
x˙ =
c1
2
[
1 + tan
(
c3 − c1λ
)]
(9.60)
which with a final integration results in
x(λ) =
c1
2
[
λ+
1
c1
ln | cos (c3 − c1λ) |
]
+ c4 (9.61)
Furthermore, using the fact that
x = y + c1λ+ c2 (9.62)
we also find y in terms of λ,
y(λ) =
c1
2
[
−λ+ 1
c1
ln | cos (c3 − c1λ) |
]
+ (c4 − c2) (9.63)
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and we have find the parametric solution for autoparallels. Going one step further we can
solve (9.62) for λ and eliminate it to express the solution as
x+ y = ln | cos (c3 + c2 + y − x) |+ (2c4 − c2) (9.64)
from which it is now apparent that the solutions are not, in general ( that is for c1 6= 0 ),
straight lines.
Poincare half-plane
As another example we consider again the Poincare half-plane. For this space, as we proved
before, there exist two kind of geodesics, half-circles and half-lines on the upper half-plane.
It is interesting to see know how the autoparallels would look like considering again a
torsion and non-metricity configuration which gives a connection of the form
Γi jk = Γ˜
i
jk + a
igjk (9.65)
Thus, the autoparallel curves satisfy
x¨i + Γ˜i jkx˙
jx˙k = −x˙jx˙kaigjk (9.66)
namely (setting i = 1, 2 respectively)
x¨− 2 x˙y˙
y
= − 1
y2
(x˙2 + y˙2)a1 (9.67)
y¨ +
x˙2
y
− y˙
2
y
= − 1
y2
(x˙2 + y˙2)a2 (9.68)
Now, this can be solved most easily6 by taking a vector ai that goes like
ai = (0,−y) (9.69)
Then, the above equations read
x¨ = 2
x˙y˙
y
(9.70)
y¨ =
2y˙2
y
(9.71)
For x˙ 6= 0 we divide the two to arrive at
x¨
x˙
=
y¨
y˙
(9.72)
6And at the same time avoiding the triviality ai = (0, 0).
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That is
d
dλ
(
ln
y˙
x˙
)
= 0⇒
y˙ = c1x˙⇒
y = c1x+ c2 (9.73)
which represent straight lines on the upper half-plane. For x˙ = 0 the solutions are
x = c1
y =
1
c3 − c2λ (9.74)
which are again straight lines that are parallel to the y−axis. Therefore, we conclude that
for the given torsion- non-metricity configuration, on the Poincare plane, the autoparallels
are only straight lines.
9.1 Projective equivalent connections
Let us state and prove here a well-known Theorem about equivalent connections. The
Theorem states that given two symmetric connections Γλ µν and Γ˜
λ
µν related by
Γλ µν = Γ˜
λ
µν + δ
λ
µAν + δ
λ
νAµ (9.75)
where Aµ is an arbitrary vector field, the two connections define the same autoparallel
curves, just with a different parametrization. Indeed, suppose C˜ : x˜µ = x˜µ(λ)( λ being the
curve parameter) is the autoparallel curve derived from Γ˜λ µν and therefore satisfies
d2x˜α
dλ2
+ Γ˜α µν
dx˜µ
dλ
dx˜ν
dλ
= 0 (9.76)
Now let C : xµ = xµ(λ) be the autoparallel curve satisfied by Γλ µν and so
d2xα
dλ2
+ Γα µν
dxµ
dλ
dxν
dλ
= 0 (9.77)
we state that the connection Γλ µν in the latter equation can be replaced by Γ˜
λ
µν if the
parametrization of the curved is changed. To see this let us expand Γλ µν in the above
using equation (9.86) to obtain
d2xα
dλ2
+ Γ˜α µν
dxµ
dλ
dxν
dλ
= −(δαµAν + δανAµ)
dxµ
dλ
dxν
dλ
⇒
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d2xα
dλ2
+ Γ˜α µν
dxµ
dλ
dxν
dλ
= −
(
2Aµ
dxµ
dλ
)
dxα
dλ
⇒
d2xα
dλ2
+ Γ˜α µν
dxµ
dλ
dxν
dλ
= f(λ)
dxα
dλ
(9.78)
where we have set
f(λ) = −2Aµdx
µ
dλ
(9.79)
Now consider the change of variables s = s(λ). Using the chain rule it follows that
dxα
dλ
=
dxα
ds
ds
dλ
=
dxα
dλ
s˙ (9.80)
as well as
d2xα
dλ2
=
d2xα
ds2
s˙2 +
dxα
dλ
s¨ (9.81)
where the dot denotes differentiation with respect to λ. Plugging these into our autoparallel
equation, we obtain
d2xα
ds2
+ Γ˜α µν
dxµ
ds
dxν
ds
=
1
s˙2
(
f(λ)s˙− s¨
)dxα
ds
(9.82)
from which we see that if we choose s(λ) such that
f(λ)s˙− s¨ = 0 (9.83)
the right hand side vanishes and the autoparallel equation is identical to the one satisfied
by Γ˜α µν . In addition, integrating twice the latter differential equation we find the exact
re-parametrization that we need to perform
s(λ) =
∫
g(λ)dλ (9.84)
where
g(λ) = e
∫
f(λ)dλ = e−
∫
2Aµdxµ (9.85)
Therefore we conclude that two symmetric connections Γλ µν and Γ˜
λ
µν related by
Γλ µν = Γ˜
λ
µν + δ
λ
µAν + δ
λ
νAµ (9.86)
share the same autoparallel curves but with a different parametrization in general. As we
do throughout the thesis we use this result where we take Γλ µν to be our general affine
connection and identify Γ˜λ µν with the Levi-Civita connection.
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9.2 Projective equivalent connections-Extension to non-
symmetric connections
Let us generalize now the previous Theorem in the case where the connection is not nec-
essarily symmetric, that is we allow torsion in our space. We claim that two connections
Γλ µν and Γ˜
λ
µν related by
Γλ µν = Γ˜
λ
µν + δ
λ
µAν + δ
λ
νBµ +K
λ
µν (9.87)
where Aµ, Bµ are arbitrary vector fields and K
λ
µν is a tensor that is antisymmetric in µ, ν.
As before suppose C˜ : x˜µ = x˜µ(λ) is the autoparallel curve for Γ˜λ µν , that is
d2x˜α
dλ2
+ Γ˜α µν
dx˜µ
dλ
dx˜ν
dλ
= 0 (9.88)
Now let C : xµ = xµ(λ) be the autoparallel curve of Γλ µν and so
d2xα
dλ2
+ Γα µν
dxµ
dλ
dxν
dλ
= 0⇒
d2xα
dλ2
+ Γ˜α µν
dxµ
dλ
dxν
dλ
= −(δαµAν + δανBµ)
dxµ
dλ
dxν
dλ
+K λµν
dxµ
dλ
dxν
dλ
⇒
d2xα
dλ2
+ Γ˜α µν
dxµ
dλ
dxν
dλ
= −
(
(Aµ +Bµ)
dxµ
dλ
)
dxα
dλ
⇒
d2xα
dλ2
+ Γ˜α µν
dxµ
dλ
dxν
dλ
= f(λ)
dxα
dλ
(9.89)
where now we have set
f(λ) = −(Aµ +Bµ)dx
µ
dλ
(9.90)
and on going from the second to the third line we have used the fact that K λµν
dxµ
dλ
dxν
dλ
= 0
since K λµν is antisymmetric in µ, ν. In the exact same way we did for the symmetric
connection, we again consider the re-parametrization s = s(λ) and the above equation
takes the form
d2xα
ds2
+ Γ˜α µν
dxµ
ds
dxν
ds
=
1
s˙2
(
f(λ)s˙− s¨
)dxα
ds
(9.91)
and as before we choose s(λ) such that
f(λ)s˙− s¨ = 0 (9.92)
Therefore we end up with
d2xα
ds2
+ Γ˜α µν
dxµ
ds
dxν
ds
= 0 (9.93)
224
where
s(λ) =
∫
g(λ)dλ (9.94)
and
g(λ) = e
∫
f(λ)dλ = e−
∫
(Aµ+Bµ)dxµ (9.95)
So we conclude that if we have an affine connection of the form
Γλ µν = Γ˜
λ
µν + δ
λ
µAν + δ
λ
νBµ +K
λ
µν (9.96)
where Γ˜λ µν is the Levi-Civita connection and the rest is terms coming from torsion and
non-metricity, this connection has the same autoparallel curves with Γ˜λ µν , that is, for such
a connection autoparallels and geodesics coincide.
Autoparallel-Geodesic deviation for small torsion and non-metricity
Now, one may ask, how much do autoparallels differ from geodesics when the non-Riemannian
effects (torsion and non-metricity) are small? To this end let us consider a geodesic curve
xµ = xµ(λ), which of course satisfies the equation
x¨α + Γ˜α µν x˙
µx˙ν = 0 (9.97)
In addition, let us consider an autoparallel curve yµ = yµ(λ), for which as we know it holds
that
y¨α + Γα µν y˙
µy˙ν = 0 (9.98)
Now let us suppose that the non-Riemannian effect (deviation from the Levi-Civita con-
nection) is small enough. Then, the affine connection can be written as
Γα µν ≈ Γ˜α µν + δΓα µν (9.99)
where δΓα µν represents the small deviation from the Levi-Civita connection. Accordingly,
the two curves also differ by a small amount δxµ and one has
yµ ≈ xµ + δxµ (9.100)
Taking all the above into consideration and neglecting higher order terms in δΓα µν , δx
µ,
it follows that
¨(δxα) + 2Γ˜α µν x˙
µ( ˙δxν) + δΓα µν x˙
µx˙ν = 0 (9.101)
225
9.3 Geodesic/Autoparallel deviation
Let us study here a concept that is of great importance in General Relativity and that
is the geodesic deviation equation. Physically this describes how a congruence of free
falling particles that initially rest on nearby geodesics (in GR geodesics and autoparallels
coincide) deviate or converge as they move under the presence of curvature. Mathematically
it expresses the deviation of nearby geodesics (as we move along them) from being parallel
due to the curvature of space. We will study here how the equations modify when also
torsion and non-metricity are present in the space along with curvature. A crucial point
here is that, as we have mentioned many times before, geodesics and autoparallels are
different curves in general. Therefore, we will study how nearby geodesics/autoparallels
deviate from on another as we move along them. Let us start the discussion by considering
a curve C : xµ = xµ(t) which for the most part will remain general and only assume it to
be a geodesic or autoparallel after the calculations are performed. In the usual manner (as
done in most textbooks) let us consider the tangent vector to our reference curve
T µ ≡ ∂x
µ
∂t
(9.102)
and the deviation vector pointing at nearby geodesics/autoparallels
Xµ ≡ ∂x
µ
∂s
(9.103)
where t is the affine parameter along the fixed curve (geodesic/autoparallel) and s the
parameter pointing at nearby geodesics/autoparallels. Then, xµ = xµ(t, s) defines a surface,
the vectors T µ, Xµ form a coordinate basis and it holds that
[X,T ]α = Xβ∂βT
α − T β∂βXα = 0 (9.104)
Now, in expressing the partial derivatives, appearing in the commutator above, with the
covariant ones we note that there is an extra term appearing due to torsion. More precisely,
expanding the above one has
Xβ∇βTα − T β∇βXα + 2S αβγ XβT γ = 0 ⇒
T β∇βXα = Xβ∇βTα + 2S αβγ XβT γ (9.105)
Now, define the ’relative velocity’of geodesics/autoparallels via
V α ≡ T β∇βXα (9.106)
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and subsequently, the ’relevant acceleration’
aα ≡ T γ∇γ(T β∇βXα) (9.107)
Expanding the latter, we obtain
aα = T γ∇γ(T β∇βXα) =
= T γ∇γ(Xβ∇βTα + 2S αβγ XβT γ) =
= (T γ∇γXβ)(∇βTα) + T γXβ∇γ∇βTα + T γ∇γ(2S αβγ XβT γ) (9.108)
and upon using (9.105) and the definition of the anti-symmetrized covariant derivative
acting on a vector, a straightforward but rather lengthy calculation yields
aµ = Rµ νρσT
νT ρXσ + T λ∇λ(2S µαβ XαT β) +Xλ∇λ(T β∇βT µ) (9.109)
Note now that the third term on the RHS of the above is zero only for autoparallels and
not for geodesics. So, for autoparallels we have that
T β∇βT µ = 0 (9.110)
and as a result the autoparallel deviation equation looks like
aµ = Rµ νρσT
νT ρXσ + T λ∇λ(2S µαβ XαT β) (9.111)
As for the geodesic, it holds that
T β∇˜βT µ = 0 (9.112)
where ∇˜β is the covariant derivative computed with respect to the Levi-Civita connection.
Therefore, on a geodesic T β∇βT µ is not zero but rather
T β∇βT µ = T β∇˜βT µ +NµνρT ν = NµνρT ν (9.113)
and so, the geodesic deviation equation is given by
aµ = Rµ νρσT
νT ρXσ + T λ∇λ(2S µαβ XαT β) +Xλ∇λ(NµνρT νT ρ) (9.114)
9.3.1 Expressing the connection in terms of the Palatini tensor
In this section we are going to express the general affine connection in terms of the Palatini
tensor plus vectorial torsion and non-metricity contributions7 We start by writing down
7Of course there is also the Levi-Civita part to it.
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the definition of the Palatini tensor and expand the various terms to arrive at
P µνλ = −gµν
∇λ√−g√−g −∇λg
µν + gµσ
∇σ√−g√−g δ
ν
λ + δ
ν
λ∇σgµσ (9.115)
+2(Sλg
µν − Sµδνλ + gµσS νσλ ) (9.116)
and by using
Q µνλ = +∇λgµν
∇λ√−g√−g = −
1
2
Qλ
Q˜µ = ∇σgσµ
it follows that
P µνλ = −gµν
Qλ
2
−Q µνλ + δνλ
(
Q˜µ − Q
µ
2
)
(9.117)
+2(Sλg
µν − Sµδνλ + gµσS νσλ ) (9.118)
and upon multiplying (and contracting) with gαλ we finally obtain
Pαµν = gµν
(
Qα
2
+ 2Sα
)
− (Qαµν + 2Sαµν) + gνα
(
Q˜µ − Q
µ
2
− 2Sµ
)
(9.119)
Note now that the second combination (Qαµν + 2Sαµν) plus circular permutations is the
exact one appearing on the decomposition of the connection.
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Chapter 10
Appendix B
10.1 Properties of the Palatini tensor
We prove here some basic properties of the Palatini tensor that we have been using through-
out the thesis. Recalling its definition
P µνλ = −
∇λ(√−ggµν)√−g +
∇σ(√−ggµσ)δνλ√−g + 2(Sλg
µν − Sµδνλ + gµσS νσλ )
and contracting in µ, λ, immediately follows that
P µνµ = −
∇µ(√−ggµν)√−g +
∇σ(√−ggνσ)√−g + 2(S
ν − Sν + 0) = 0⇒
P µνµ = 0 (10.1)
thus, the Palatini tensor is traceless in first and second index. Contracting now in ν, λ we
have
P µνν = (n− 1)
∇σ(√−ggµσ)√−g + 2(2− n)S
µ (10.2)
and upon using
∇σgµσ = Q˜µ (10.3)
along with
∇σ√−g√−g = −
1
2
Qσ (10.4)
the latter recasts to
P µνν = (n− 1)
[
Q˜µ − 1
2
Qµ
]
+ 2(2− n)Sµ (10.5)
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To obtain a third identity, we multiply (and contract) with gµν and use the above relations
for the Weyl and second non-metricity vector, to arrive at
gµνP
µν
λ =
(n− 3)
2
Qλ + Q˜λ + 2(n− 2)Sλ (10.6)
Now, defining P µ ≡ P µνν and P˜ µ ≡ gαβP µαβ adding and subtracting the above two, we
get
P µ + P˜ µ = nQ˜µ −Qµ (10.7)
and
P µ − P˜ µ = (n− 2)(Q˜µ −Qµ − 4Sµ) (10.8)
respectively, and notice that both of the above combinations are projective invariant! An-
other useful relation comes about by taking the antisymmetric part of the Palatini tensor,
which is equal to
P
[µν]
λ = 2A
[µδ
ν]
λ + 2g
σ[µS
ν]
σλ (10.9)
where
Aµ =
1
2
Q˜µ − 1
4
Qµ − Sµ (10.10)
Using the definitions of non-metricity tensor and vectors we can easily express the Palatini
tensor in the form
P µνλ = δ
ν
λ
(
Q˜µ − 1
2
Qµ − 2Sµ
)
+ gµν
(
1
2
Qλ + 2Sλ
)
− (Q µνλ + 2S µνλ ) (10.11)
such that
Pαµν = gαν
(
Q˜µ − 1
2
Qµ − 2Sµ
)
+ gµν
(
1
2
Qα + 2Sα
)
− (Qαµν + 2Sαµν) (10.12)
Note now, that the fully antisymmetric part of the Palatini tensor is determined only by
the torsion tensor (the non-metricity part drops out)
P [αµν] = −2S[αµν] (10.13)
In addition, the completely symmetric part of it is solely determined by non-metricity.
Indeed, the above can also be written as
Pαµν = gανQ˜µ + 2gν[µ
(
1
2
Qα] + 2Sα]
)
− (Qαµν + 2Sαµν) (10.14)
and by taking the fully symmetric part it follows that
P (αµν) = g(ανQ˜µ) −Q(αµν) (10.15)
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10.1.1 The Hodge Star Operator
Given a p-form Ψ expanded in the coordinate 1-form basis {dxa},
Ψ =
1
p!
Ψa1a2...apdx
a1 ∧ dxa2 ∧ ... ∧ dxap (10.16)
the operation of the Hodge star ∗ maps it into the (n− p) -form
∗Ψ := 1
(n− p)!p!
√
|g|ga1c1 ...gapcpa1...apb1...bn−pΨc1...cpϑb1 ∧ ... ∧ ϑbn−p (10.17)
10.1.2 Calculus of Variations
Let us see how the Calculus of Variations arises out of pure mathematical curiosity. Con-
sider the integral1
I[y(x)] =
∫ x2
x1
dxf(y(x), y′(x), x) (10.18)
where y(x) is a function of x, y′(x) = dy
dx
and f an arbitrary function of the given arguments.
We ask now, for which curve y(x) does the above integral get its extreme value (maximum
or minimum)? Note that if we had a function I() we would know how to proceed, the
extremum (or extrema if there are more than one) occurs exactly there where
dI
d
= 0 (10.19)
However, in our case, after the integration is performed we are left with a number (which
of course cannot be varied). Here is where the magic of mathematics comes in. Suppose
we have found that function which extremizes the integral, call it y(x). We then consider
a family of curves parametrized by  , deviating by this solution. We denote them by
Y (x, ) (10.20)
and we demand that they continuously depend on  and for  = 0 we recover our extreme
curve y(x), namely
Y (x, 0) = y(x) (10.21)
In addition all the curves should end up to the same points on the plane, namely
Y (x1, ) = y(x1) = y1, Y (x2, ) = y(x2) = y2 (10.22)
1We call I[y(x)] a functional. A functional is a map Cn → R , where Cn is the set of n − times
differentiable continuous functions. It should be differentiated from a function which is a map R→ R.
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Now, we have constructed a function-I() which we are allowed to vary with respect to .
One then has
dI
d
=
d
d
∫ x2
x1
dxf(Y (x, ), Y ′(x, ), x) =∫ x2
x1
dx
∂
∂
f(Y (x, ), Y ′(x, ), x) =
and using the chain rule
dI
d
=
∫ x2
x1
dx
[ ∂f
∂Y
∂Y
∂
+
∂f
∂Y ′
∂Y ′
∂
]
(10.23)
but since partial derivatives commute, we may write
∂Y ′
∂
=
∂
∂x
(∂Y
∂
)
(10.24)
and therefore
dI
d
=
∫ x2
x1
dx
[ ∂f
∂Y
∂Y
∂
+
∂f
∂Y ′
∂
∂x
(∂Y
∂
)]
=
=
∫ x2
x1
dx
[ ∂f
∂Y
∂Y
∂
+
∂
∂x
( ∂f
∂Y ′
∂Y
∂
)
− ∂Y
∂
∂
∂x
( ∂f
∂Y ′
)]
(10.25)
Now we remove the parameter  by setting  = 0 since the introduction of it was made for
auxiliary reasons. Then, partial derivatives with respect to x are reduced to total ones
∂
∂x
→ d
dx
(10.26)
and by definition
Y (x, )
∣∣∣
=0
= Y (x, 0) = y(x) (10.27)
Note also that since the parametrization is regular, one has
∂Y
∂
6= 0, ∀  (10.28)
The extremum then occurs exactly there where
dI
d
∣∣∣
=0
= 0 (10.29)
Taking all the above into account, one arrives at
0 =
∫ x2
x1
dx
[ ∂f
∂Y
∣∣∣
=0
∂Y
∂
∣∣∣
=0
+
d
dx
( ∂f
∂Y ′
∂Y
∂
)∣∣∣
=0
− ∂Y
∂
∣∣∣
=0
d
dx
( ∂f
∂Y ′
)∣∣∣
=0
]
=
=
[( ∂f
∂Y ′
∂Y
∂
)∣∣∣
=0
]∣∣∣x2
x1
+
∫ x2
x1
dx
(∂Y
∂
)∣∣∣
=0
[∂f
∂y
− d
dx
( ∂f
∂y′
)]
(10.30)
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Now as an immediate consequence of (10.22) we have that
∂Y
∂
∣∣∣
=0, x=xi
= 0, i = 1, 2 (10.31)
at the end points x1, x2. Indeed, Taylor expanding Y (x, ) in  around the solution y(x) it
follows that
Y (x, ) ≈ y(x) + ∂Y
∂
∣∣∣
=0
+O(2) (10.32)
and by evaluating the latter at xi (i = 1, 2) we obtain
yi ≈ yi + ∂Y
∂
∣∣∣
=0,x=xi
⇒
∂Y
∂
∣∣∣
=0,x=xi
= 0 (10.33)
to first order in . Using this we see that the first term in the second line of (10.30) vanishes
and we are left with ∫ x2
x1
dx
(∂Y
∂
)∣∣∣
=0
[∂f
∂y
− d
dx
( ∂f
∂y′
)]
(10.34)
and since this must be true for any
(
∂Y
∂
)∣∣∣
=0
we conclude that
∂f
∂y
− d
dx
( ∂f
∂y′
)
= 0 (10.35)
We are now in a position to answer the question we raised at the beginning of this section.
The function y(x) that extremizes the integral
I[y(x)] =
∫ x2
x1
dxf(y(x), y′(x), x) (10.36)
can be found by solving the differential equation (10.35). It is, in fact, an astonishing result.
However, the whole derivation was somewhat involved. There exists an equivalent method
that can be used in a more straightforward manner and appears to be more practical in
applications. Let us unfold it here. To first order in  we can write
Y (x, ) ≈ y(x) + g(x) (10.37)
where g(x) = (∂Y )|=0. We then define the deviation from the extreme path y(x) via
δy := Y (x, )− y(x) = g(x) (10.38)
so that Y (x, ) = y(x) + δy. We also define the variation of the functional through
δI := I[Y ]− I[y] = I[y + δy]− I[y] (10.39)
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Then, for small deviations, expanding in  one has
δI = I[y + δy]− I[y] = I[y + g(x)]− I[y] ≈
≈ I[y] + dI
d
∣∣∣
=0
g(x)︸ ︷︷ ︸
=δy
−I[y] = dI
d
∣∣∣
=0
δy
and therefore
δI = I[y + δy]− I[y] ≈ dI
d
∣∣∣
=0
δy (10.40)
to first order in . The latter implies that the condition-dI
d
∣∣∣
=0
= 0 for the extreme curve
y(x) is translated into the equivalent restriction
δI = I[y + δy]− I[y] = 0 (10.41)
and due to the fact that the derivation was made for small  to first order, the above
equation is called the first variation. This method is indeed more straightforward to use as
the following examples demonstrate.
10.1.3 Principle of Least Action
The principle of least action seems to be the most profound and useful tool in theoretical
physics. Simply put, it is the application of Calculus of Variations for physical problems.
There are several reasons contributing to this privileged position of this principle. First
of all, its apparent simplicity and elegance lead to straightforward examinations of the
systems under consideration . In addition, it provides a new, powerful way to look at
known problems, gives additional intuition, and the symmetries of the system appear in an
apparent way. Another reason is its Universality. Namely, it is used in many different areas
of physics with great success in all cases. For instance, it is used in Classical mechanics,
Electrodynamics, Particle Physics, and in Gravity as we have solely used it throughout this
thesis. These are but few reasons telling us why the Principle of Least Action is considered
to be the most profound concept of modern theoretical physics. In the following subsections
we present some of its many applications and examine the physical significance in each case.
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10.1.4 With dependence on higher derivatives
Let us now allow for a Lagrangian which depends on higher order (greater than the first)
derivatives. The form of such a Lagrangian is
L = L
(
y(x), y′(x), ..., y(n)(x), x
)
(10.42)
where, with y(n)(x) we denote the n − th derivative of y(x) with respect to x, namely
y(n)(x) := d
n
dxn
y(x). Now we also assume that all the derivatives up to (n− 1)-order of the
variation vanish at the boundaries, along with δy. In words
δy|ti = 0 = δy′|ti = ... = δy(n−1)|ti (10.43)
where i = 1, 2. By definition we have
δL = L(y + δy, y′ + δy′, ..., y(n) + δy(n), x)− L(y, y′, ..., y(n), x) (10.44)
and Taylor expanding L(y+ δy, y′+ δy′, ..., y(n), x) we arrive at (keeping only linear terms2)
L(y + δy, y′ + δy′, ..., y(n), x) ≈ L(y, y′, ..., y(n), x)+ (10.45)
∂L
∂y
δy +
∂L
∂y′
δy′ + ...+
∂L
∂y(n)
δy(n)
and therefore
δL =
∂L
∂y
δy +
∂L
∂y′
δy′ + ...+
∂L
∂y(n)
δy(n) (10.46)
The variation of the action will then be
δS = δ
∫
dxL(y, y′′, ..., y(n), x) =
∫
dxδL =
=
∫ x2
x1
dx
(∂L
∂y
δy +
∂L
∂y′
δy′ + ...+
∂L
∂y(n)
δy(n)
)
(10.47)
Now, to manipulate the terms involving derivatives of δy we first compute∫ x2
x1
dx
∂L
∂y′
δy′ =
∫ x2
x1
dx
[ d
dx
(∂L
∂y′
δy
)
− δy d
dx
(∂L
∂y′
)]
=
=
(∂L
∂y′
δy
)∣∣∣x2
x1︸ ︷︷ ︸
=0
−
∫ x2
x1
dxδy
[ d
dx
(∂L
∂y′
)]
= −
∫ x2
x1
dxδy
[ d
dx
(∂L
∂y′
)]
⇒
∫ x2
x1
dx
∂L
∂y′
δy′ = −
∫ x2
x1
dxδy
[ d
dx
(∂L
∂y′
)]
(10.48)
2Since the variations δy,... etc are small we can drop quadratic and higher order terms.
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continue with ∫ x2
x1
dx
∂L
∂y′′
δy′′ =
∫ x2
x1
dx
[ d
dx
( ∂L
∂y′′
δy′
)
− δy′ d
dx
( ∂L
∂y′′
)]
=
=
( ∂L
∂y′′
δy′
)∣∣∣x2
x1︸ ︷︷ ︸
=0
−
∫ x2
x1
dx
[ d
dx
(
δy
d
dx
∂L
∂y′′
)
− δy d
2
dx2
( ∂L
∂y′′
)]
=
=
[
δy
d
dx
( ∂L
∂y′′
)]∣∣∣x2
x1︸ ︷︷ ︸
=0
+
∫ x2
x1
dxδy
[ d2
dx2
( ∂L
∂y′′
)]
=
=
∫ x2
x1
dxδy
[ d2
dx2
( ∂L
∂y′′
)]
⇒∫ x2
x1
dx
∂L
∂y′′
δy′′ =
∫ x2
x1
dxδy
[ d2
dx2
( ∂L
∂y′′
)]
(10.49)
now we see the pattern, all the derivatives on δy are now acting on the terms that contain
partial derivatives of L with respect to y, and for an odd number of partial integrations
we pick up a factor −1 whilst for even number a factor of +1. Indeed, for any term ∂L
∂y(k)
,
with k = 0, 1, 2, ..., n the k − th derivative it will hold∫ x2
x1
dx
∂L
∂y(k)
δy(k) =
∫ x2
x1
dx
[ d
dx
(
δy(k−1)
∂L
∂y(k)
)
− δy(k−1) d
dx
( ∂L
∂y(k)
)]
=
=
(
δy(k−1)
∂L
∂y(k)
)∣∣∣x2
x1︸ ︷︷ ︸
=0
−
∫ x2
x1
dxδy(k−1)
[ d
dx
( ∂L
∂y(k)
)]
= ...︸︷︷︸
k−times
=
= (−1)k
∫ x2
x1
dxδy
[ dk
dxk
( ∂L
∂y(k)
)]
⇒
and so, indeed ∫ x2
x1
dx
∂L
∂y(k)
δy(k) = (−1)k
∫ x2
x1
dxδy
[ dk
dxk
( ∂L
∂y(k)
)]
(10.50)
Therefore, the variation yields
δS = δ
∫ x2
x1
dxL(y, y′′, ..., y(n), x) =
∫ x2
x1
dxδL =
=
∫ x2
x1
dx
(∂L
∂y
δy +
∂L
∂y′
δy′ + ...+
∂L
∂y(n)
δy(n)
)
=
=
∫ x2
x1
dxδy
[∂L
∂y
− d
dx
(∂L
∂y′
)
+ ...+ (−1)n d
n
dxn
( ∂L
∂y(n)
)]
=
=
∫ x2
x1
dxδy
[ n∑
k=0
(−1)k d
k
dxk
( ∂L
∂y(k)
)]
= 0 (10.51)
and for the last one to hold true we must have
n∑
k=0
(−1)k d
k
dxk
( ∂L
∂y(k)
)
= 0 (10.52)
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10.1.5 Classical Particle Mechanics
Consider now a classical particle moving in an 1−dim potential V (q), where q is a canonical
coordinate. The Lagrangian for this system is simply
L(q, q˙) = T − V = 1
2
mq˙2 − V (q) (10.53)
The Principle of Least Action gives
δ
∫ t2
t1
dtL(q, q˙) = 0⇒ (10.54)
∫ t2
t1
dt δL(q, q˙) = 0 (10.55)
and as has been proven before for the general case
δL =
∂L
∂q
δq +
∂L
∂q˙
δq˙ (10.56)
with δq = 0 at the endpoints t1, t2. Partially integrating the second term, it follows that
δL =
∂L
∂q
δq +
d
dt
(∂L
∂q˙
δq
)
− δq d
dt
(∂L
∂q˙
)
(10.57)
so that, equation (10.55) gives
0 =
∫ t2
t1
dt
[∂L
∂q
δq +
d
dt
(∂L
∂q˙
δq
)
− δq d
dt
(∂L
∂q˙
)]
=
=
(∂L
∂q˙
δq
)∣∣∣t2
t1
+
∫ t2
t1
dtδq
[∂L
∂q
− d
dt
(∂L
∂q˙
)]
=
=
∫ t2
t1
dtδq
[∂L
∂q
− d
dt
(∂L
∂q˙
)]
(10.58)
Now since t1 and t2 are arbitrary and the latter should vanish for any variation δg we
conclude that
∂L
∂q
− d
dt
(∂L
∂q˙
)
= 0 (10.59)
this is the famous Euler-Lagrange equation.
10.1.6 Some basic Variations
We present and prove here some of the basic variations that have ,extensively,been used
throughout the derivations. Let us start by the definition of the inverse metric tensor
gµνg
να = δαµ (10.60)
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and vary the last by noting that δαµ is constant, to get
0 = (δgµν)g
να + (δgνα)gµν (10.61)
Now, contracting with gαβ we arrive at
0 = (δgµν)δ
ν
β + (δg
να)gµνgαβ ⇒
δgµβ = −gµνgαβ(δgνα) (10.62)
An alternative derivation of the same relation goes as follows,
δgµν = δ(gµαgνβg
αβ) =
= (δgµα)gνβg
αβ + gµα(δgνβ)g
αβ + gµα)gνβ(δg
αβ) =
= (δgµα)gνβg
αβ + δgµν + δgνµ ⇒
δgµν = (δgµα)gνβg
αβ + δgµν + δgνµ ⇒
δgµν = −gµαgνβδgαβ (10.63)
Now varying
gµνg
µν = 4 (10.64)
we get
gµνδgµν = −gµνδgµν (10.65)
Of course, the above results hold true for an general n − dimensional Riemannian (or
pseudo-Remannian) space namely
gabg
bc = δca (10.66)
and
gabg
ab = n (10.67)
so that
δgab = −gacgbdδgcd (10.68)
as well as
gabδgab = −gabδgab (10.69)
where the indices a, b, c, d, ... run over the dimensionality of the space (namely from 1 to
n). Let us now compute the variation of the square root of the determinant of the metric
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tensor. We do the calculation fully general for n− dim Riemannian spaces and then apply
it for the pseudo-Riemannian 4 − dim space of General relativity . Firstly, we write the
determinant simply as
g ≡ det(gab) (10.70)
We have that
δ(
√
g) =
1
2
√
g
δg (10.71)
Now, for any square n× n- matrix A it holds that
det(A) = eTr(A) (10.72)
Setting A → gab in the above, we arrive at
g = det(gab) = e
Tr(gab) (10.73)
and under the variation gab → gab + δgab it follows that
det(gab + δgab) = e
Tr(gab+δgab) = eTr(gab)+Tr(δgab) = eTr(gab)︸ ︷︷ ︸
≡g
eTr(δgab) (10.74)
where on going from the second to the third equality we employed the linearity of the trace.
Since the variations δg are small, in the expansion of eTr(δgab) we can neglect second and
higher order terms
(
(δg)2 ≈ 0
)
and we shall have
eTr(δgab) ≈ 1 + Tr(δgab) (10.75)
and therefore
det(gab + δgab) ≈ g
(
1 + Tr(δgab)
)
(10.76)
but, by the definition of the trace
Tr(δgab) = g
abδgab (10.77)
so that
det(gab + δgab) ≈ g
(
1 + gabδgab
)
(10.78)
Using the latter to the definition of the variation, we arrive at
δg = δ
(
det(gab)
)
= det(gab + δgab)− det(gab) ≈
≈ g
(
1 + gabδgab
)
− g = ggabδgab (10.79)
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It has been proven before that
gabδgab = −gabδgab (10.80)
thus we finally obtain
δg = −ggabδgab (10.81)
It also follows that
δ(
√
g) =
1
2
√
g
δg = −1
2
g√
g
gabδg
ab = −1
2
√
ggabδg
ab ⇒
δ(
√
g) = −1
2
√
ggabδg
ab (10.82)
Now, in order to get the expression for the 4 − dim pseudo-Riemannian space of General
relativity, we simply replace g → −g and let the indices run from 0 to 3 (The usual Greek
ones). We then have
δ(
√−g) = −1
2
√−ggµνδgµν (10.83)
where µ, ν = 0, 1, 2, 3. In addition eq. (10.81) provides a nice formula that allows one to
compute in compact form, variations of any power of the determinant. Indeed, for a general
Riemannian space, the variation of the n− th3 power of g will be
δ(gn) = ngn−1δg = −ngn−1ggabδgab = −ngngabδgab ⇒
δ(gn) = −ngngabδgab (10.84)
If we now sum over the body of all natural numbers (n ∈) we obtain
∞∑
n=0
δ(gn) = −
( ∞∑
n=0
ngn
)
gabδg
ab (10.85)
Assuming now that g < 1, in order to calculate the sum appearing on the right hand side
we start by
1
1− x =
∞∑
n=0
xn , |x| < 1 (10.86)
and differentiate with respect to x, to get
1
(1− x)2 =
∞∑
n=0
nxn−1 , |x| < 1 (10.87)
multiplying through by x
x
(1− x)2 =
∞∑
n=0
nxn , |x| < 1 (10.88)
3This n here has nothing to do with the dimension of spacetime, it is merely an arbitrary real number
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Thus, setting x = g to the last one, we obtain
g
(1− g)2 =
∞∑
n=0
ngn , |g| < 1 (10.89)
so that equation (10.85) assumes the nice form
∞∑
n=0
δ(gn) = − g
(1− g)2 gabδg
ab , |g| < 1 (10.90)
We should mention here that we arrived to this compact form because of our assumption
that |g| < 1. This is a necessary condition we must impose in order for the sum to converge.
When |g| ≥ 1 the sum diverges and such a compact formula does not exist.
10.2 The Affine Group
10.2.1 The rigid Affine Group A(n,R)
Consider a flat n−dim affine space Rn. We define the rigid affine group to be the semi-direct
product group
A(n,R) := Rn GL(n,R) (10.91)
where Rn represents the group of n − dim translations4, and GL(n,R) is the group of
n− dim general linear transformations. Note that the symbol , in the above, denotes the
semi-direct product of two groups. The affine group can be seen as the generalization of
the Poincare group (in n− dim)
P := Rn  SO(1, n− 1) (10.92)
with the group SO(1, n− 1) being generalized to GL(n,R). The action of the affine group
on an affine n-vector x = {xa}, a = 0, 1, ..., n− 1, goes as follows
x −→ x′ = Λx+ τ (10.93)
where Λ = {Λab} is an element of GL(n,R) and τ = {τa} ∈ Rn. Considering two successive
actions of the affine group on x, it follows that
x′′ = Λ′x′ + τ ′ = Λ′(Λx+ τ) + τ ′ ⇒
4Usually, one also uses the symbol Tn for n− dim translations.
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x′′ = (Λ′Λ)x+ (Λ′τ + τ ′) (10.94)
Thus, on the group level, we have the composition law
(Λ′, τ ′) ◦ (Λ, τ) = (Λ′Λ,Λ′τ + τ ′) (10.95)
Note that due to the mixing of the elements of the two groups, as seen in the second argu-
ment of the right-hand side we do not have a direct product group.5 We therefore have a
semi-direct product group. It is of convenience now, to use a Mo¨bius type representation.
The latter consists of exactly that subgroup of GL(n + 1, R) which leaves the n − dim
hyperplane R¯n :=
{
x¯ =
x
1
 ∈ Rn+1 } invariant. In words
A(n,R) =
{Λ τ
0 1
 ∈ GL(n+ 1, R)∣∣∣Λ ∈ GL(n,R), τ ∈ Rn} (10.96)
As a result, an affine transformation on x¯ will yield
x¯′ = Ax¯ =
Λ τ
0 1
x
1
 =
Λx+ τ
1
 (10.97)
which of course reproduces the transformation law x→ x′ = Λx+ τ , for the Rn subpart, as
required. We now proceed by giving the algebra a(n,R) of the rigid affine group. For the
translational part we have the n− dim translation operators Pc. In addition, the gl(n,R)
algebra is spanned by the generators Lab. Thus, the full algebra of the rigid affine group is
given by
[Pa, Pb] = 0 (10.98)
[Lab, Pc] = δ
a
cPb (10.99)
[Lab, L
c
d] = δ
a
dL
c
b − δcbLad (10.100)
5Recall that the direct product group G, of two groups h and g with composition laws ◦ and • respec-
tively, is defined by G = h⊗ g and the composition law reads G1 ∗ G2 =(h1 ◦ h2 , g1 • g2), with h1, h2 ∈ h
, g1, g2 ∈ g. That is the subgroups do not mix under the composition.
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10.2.2 The Gauged Affine Group A(n,R)
We now want to find an expression for the affine gauge group. In order to do so, we let the
transformation parameters (that is Λ, τ) go local. Namely
Λ→ Λ(x)
τ → τ(x)
We then define the affine gauge group to be
A(n,R) =
{Λ(x) τ(x)
0 1
∣∣∣Λ(x) ∈ GL(n,R), τ(x) ∈ T (n,R)} (10.101)
In a Yang-Mills like manner, we go on introducing the generalized affine connection
Γ¯ =
Γ(L) Γ(T )
0 0
 =
Γ(L) ba Lab Γ(T ) aPa
0 0
 (10.102)
where Γ(L) is an n×n matrix corresponding to the linear transformations part, and Γ(T ) an
n-dim row vector related to the translational part. The above connection is also an 1-form
and can be expanded as
Γ¯ = Γ¯µdx
µ (10.103)
In addition, it transforms inhomogeneously under an affine gauge transformation, according
to
Γ¯
A−1(x)−→ Γ¯′ = A−1(x)Γ¯A(x) + A−1(x)dA(x) (10.104)
with A(x), A−1(x) ∈ A(n,R). Our definition of an active transformation is that which is
formed by the action of the inverse group element A(x)−1. The components of the latter
can be found by using
A(x)A−1(x) = 1(n+1)×(n+1) (10.105)
which readily gives
A−1(x) =
Λ−1(x) −Λ−1(x)τ(x)
0 1
 (10.106)
Now, the curvature 2-form R¯, associated with the above connection, will be6
R¯ := dΓ¯ + Γ¯ ∧ Γ¯ =
dΓ(L) dΓ(T )
0 0
+
Γ(L)∧ Γ(T )∧
0 0
Γ(L) Γ(T )
0 0
⇒
6The exterior product of Lie algebra-valued forms is evaluated with respect to the adjoint group repre-
sentation
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R¯ =
dΓ(L) + Γ(L) ∧ Γ(L) dΓ(T ) + Γ(L) ∧ Γ(T )
0 0
 =
R(L) R(T )
0 0
 (10.107)
Note that the curvature does transform covariantly under the action of the affine group.
Indeed, we have the transformation rule
R¯
A−1(x)−→ R¯′ = A−1(x)R¯A(x) (10.108)
under the group action. Consider now an affine p-form
Ψ¯ =
Ψ
1
 (10.109)
Then, the exterior covariant derivative (D¯ := d+ Γ¯∧) will act on it, according to
D¯Ψ¯ =
dΨ + Γ(L) ∧Ψ + Γ(T )
0
 =
DΨ + +Γ(T )
0
 (10.110)
Therefore, in order to recover the covariant exterior derivative D := d + Γ(L), with Γ(L) =
Γ ba ρ(L
a
b),
7 one must impose Γ(T ) = 0. Acting once more with the covariant exterior
derivative operator on the above, it follows that
D¯D¯Ψ¯ =
DDΨ + +DΓ(T )
0
 = R¯Ψ¯ (10.111)
Now, having the form of A−1(x) and the transformation law (10.104) for the generalized
affine connection-Γ¯, we find the transformation laws for the linear and translation parts,
to be
Γ¯(L)
A−1(x)−→ Γ¯(L)′ = Λ−1(x)Γ¯(L)Λ(x) + Λ−1(x)dΛ(x) (10.112)
Γ¯(T )
A−1(x)−→ Γ¯(T )′ = Λ−1(x)Γ¯(T ) + Λ−1(x)Dτ(x) (10.113)
respectively. From the above we conclude that the transformation rule for the Γ(L) part is
that of a Yang-Mills type connection (closes to itself without including any τ(x)′s from the
group T (n,R)) for GL(n,R) and so we make the identification
Γ(L) = Γ = Γ ba L
a
b (10.114)
7The quantity ρ(Lab) denotes representation type and depends on the field on which the covariant
derivative acts upon.
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Namely, we identify Γ(L) with the linear connection Γ. Now, as long as the Γ(T ) part is
concerned, we see that the latter does not transform as a covector (due to the additional
term Dτ(x)) and therefore acquires no identification with Lie algebra-valued connection of
Rn.8
8Recall that the generators of the Rn algebra are the translation operators Pa.
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